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Preface

The onset of the SARS—CoV-2 virus, responsible for the initial COVID-19 outbreak
and the subsequent pandemic, has brought to almost all countries across the
globe enormous problems affecting health, safety, economics and, more generally,
all expressions of collective behaviour in our societies. The need to tackle this
crisis situation has promoted a huge literature in the field, and some advanced
contributions have traced new challenging research lines that have effectively
contributed to a deeper understanding of the complex system under consideration.

This intense activity has motivated the editing of this book, which presents 10
chapters devoted to different aspects of the interaction of mathematics with biology,
virology and immunology. Research activity has also focused on the impact of the
pandemic on economics, social sciences and welfare policy. The awareness of the
role that science can have to contribute to fighting the pandemic has grown rapidly
not only among scientists but also in the society and governments.

In particular, the mathematical sciences (specifically modelling and computa-
tional simulation) can contribute to understanding the scenarios of outcomes that
follow the onset of a pandemic depending on the actions that are developed at
a local, national and international level. Therefore, mathematics can contribute to
the decision making of crisis managers in charge of planning actions to weaken
the damage of the pandemic, and policymakers who are tackling all related social
and economic problems. These reasonings cannot be confined to mathematics
alone since, according to our opinion, one requires a coordinated, and hopefully,
synergetic interaction of all the so-called hard sciences. It is to be hoped that
from fruitful and virtuous interactions one might end up with devices of artificial
intelligence where models and computing interact with data in order to support crisis
managers and further developments of research activity.

The contents of the various contributions to this edited book are described in the
first “editorial” chapter which refers to key research objectives. Therefore, we do
not repeat the contents but remark on the key features of the contributions. In more
detail, five key topics are brought to the readers’ attention:



vi

Preface

. An interdisciplinary vision, where the impact of the pandemic on social and

economic problems is deeply studied

. A search for new mathematical tools towards modelling and simulations devel-

oped within a multiscale vision

. The modelling of spatial dynamics, considering both networks and spread in

continuous environments

. A study and interpretation of real data related to well-defined regional and state

environments

. Analytic and computational methods generated to the application of models

which account also for control problems

According to these reasonings, we trust that this book can guide future research

activity in the field.

Granada, Spain Nicola Bellomo
St. Andrews, Scotland, UK Mark A. J. Chaplain
November 2021
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Modelling, Simulations, and Social )
Impact of Evolutionary Virus Pandemics i

Nicola Bellomo, Diletta Burini, Mark A. J. Chaplain, and Nisrine Outada

1 Aims and Plan of the Chapter

The onset of the SARS—CoV-2 virus responsible for the initial COVID-19 outbreak
and the subsequent pandemic has brought to almost all countries across the globe
huge problems affecting health, safety/security, economics, and practically all
expressions of collective behaviour in our societies heavily oppressed throughout
the world. Indeed, the pandemic has generated severe problems affecting health, but
also the economies in our societies have been affected thus requiring a new vision
of social organization and a greater attention to welfare problems.

On the other hand, the pandemic has contributed to improving individual
collaboration, against selfishness, and collective trust in the role of science including
the mathematical sciences, specifically, mathematical modelling and simulations.
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These can contribute to understanding the scenarios of the outcomes that follow
the onset of a pandemic depending on the actions that are developed at a local,
national, and international level. Therefore, mathematics can contribute to the
decision making of crisis managers in charge of planning actions to weaken the
damage of the pandemic, and policy makers who are tackling all related social and
economic problems. However, these reasonings cannot be confined to mathematics
alone since, according to our opinion, one requires a coordinated and, hopefully,
synergetic interaction of all the so-called hard sciences. It is to be hoped that
from fruitful and virtuous interactions one might end up with devices of artificial
intelligence where models and computing interact with data in order to support crisis
managers and further developments of research activity.

The overall situation has promoted an enormous, one may even say excessive,
literature in the field, where specific contributions, selected among several ones,
have traced new challenging research lines which have contributed to a deeper
understanding of the complex system under consideration. This general state of
the art has motivated the editing of this book which presents 10 chapters devoted
to different aspects of the interaction not only between mathematics and biology,
virology, immunology but also economics, social sciences, and welfare policy. This
interdisciplinary vision was the guiding hint of [8] which has been, subsequently,
followed by various authors including those of this edited book.

This editorial chapter aims not only at presenting the contents of the following
chapters but also at identifying some research perspectives that will engage applied
mathematicians within the framework of the aforementioned interdisciplinary
vision. The search for scientific perspectives can be related to a selection of hints
that can guide future research activity in the field. In more details, we identify five
key topics—KT—selected according to the authors’ bias and research knowledge
that might guide future mathematical contributions.

KT1 The modelling approach should go far beyond deterministic population
dynamics, as individual reactions to the infection and pandemic events are hetero-
geneously distributed throughout the population. Different types of heterogeneity
appear in addition to that corresponding to biology. For instance physical, related to
age, or social including the level of education which leads to a greater or lower
level of ability to reach an advanced level of awareness concerning the risk of
contagion [22, 23, 25].

KT2 Modelling should be developed according to a multiscale vision. Indeed,
the pathology of individuals depends on the within-host dynamics at a small
scale inside the lung. The dynamics concern also the competition between virus
particles and the immune system. Interactions between individuals, either infected
or susceptible, occur at a large scale, which, however, is related to the small scale as
the infection rate depends on the viral charge. This topic is studied in a parallel field
of biology—see the multiscale approach to modelling pattern formation in cancer
phenomena [26], and the modelling between cancer and immune cells [12].
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KT3 Spatial dynamics play an important feature and have to be included in the
overall approach. These should account not only for the dynamics of interactions in
crowds and, more generally, the aggregation of individuals but also for interactions
induced by transportation networks since we live in a globally connected world.
Pursuing this objective leads to new concepts of networks that require to be
considered in the complex organization of human societies referring to their
transportation systems and in some way related to social interactions including the
organization of the broad variety of social activities.

KT4 Models should consider the aspects of post-Darwinist dynamics with muta-
tions and selection. Viruses can mutate by errors in the reproduction dynamics. Most
of these mutations generate individual entities which are suppressed since they are
less fit with regard to the environment, but some generate fitter variants with higher
reproductive ability. The modelling should consider the overall complexity of the in-
host competition as well as therapeutical actions that can mitigate the aggressiveness
of the virus and/or the activation of the immune system.

KT5 Asobserved in [10], the modelling of the in-host competition should consider
that the immune system is constituted by several interacting populations each of
which can progress and proliferate. Each population has a well-defined role and
some of them are messengers carrying different types of information [18]. The
literature in the field is growing rapidly, see [14, 27], as a natural development
of classical theories [15], while the immune system evolves by learning about the
presence of the “unwelcome guest”.

The list given above does not claim to be complete. However, it already identifies
a number of highly challenging perspectives. Some of them have been already
introduced in the pioneering article [8] which is considered in some of the chapters
of this special issue. The description of the contents of this book is delivered in
Sect. 2, while Sect. 3 focuses on a forward look to research perspectives.

2 On the Contents of the Edited Book

This section presents the contents of the chapters which follow this editorial
chapter in the edited book. The interested reader can identify, already by a concise
description of the contents, how each chapter tackles, at least in part, the key topics
(hints) indicated in Sect. 1. Here we simply mention that all KTs are somehow
interconnected among themselves as we will critically overview in the next section
looking ahead to research perspectives.

Chapter 2 presents two different approaches to modelling the spread of COVID-
19 focusing on the current epidemiological situation of vaccination roll-out [1].
The first approach consists in a stochastic SHARUCD modelling framework which
developed with a modelling task force created to support public health managers
during the COVID-19 crisis. Validation is treated on the basis of empirical data
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available for the Basque Country, Spain. The second approach is based on the kinetic
theory of active particles (KTAP) model for the spread of a disease.

Chapter 3 deals with the mathematical modelling of epidemic phenomena by
means of kinetic equations [4]. The following topics are treated: (i) the role of
social characteristics of the interacting individuals, such as the age of individuals,
the number of social contacts, and their economic wealth, played in the spread of an
epidemic; (ii) optimal control formulation, based on the policy makers’ perception
of the progress of the epidemic, to contain the epidemics; (iii) multiscale transport
settings to model spatial dynamics on both one-dimensional networks and realistic
two-dimensional geographic settings.

Chapter 4 provides, as in [5, 8], a sharp analysis of the complexity and multiscale
features of COVID-19 pandemics. This study specifically focuses on the spread of
the virus in Hawaii, with natural geography barriers between the major cities, and
on the spread in New Jersey, where population centres are tightly connected within
the state, and the neighbouring major cities, New York and Philadelphia. Then, out
of this analysis, the authors study the advantages and limitations of agent-based and
compartmental transmission models which are referred to the specific geographic
and socio-demographic characteristics of the aforementioned regions. This sharp
analysis leads to quantify the predictive ability of models.

Chapter 5 During the COVID-19 pandemic, conflicting opinions on physical
distancing swept across social media, affecting both human behaviour and the
spread of COVID-19. Inspired by such phenomena, we construct a two-layer
multiplex network for the coupled spread of a disease and conflicting opinions.
We model each process as a contagion. On one layer, we consider the concurrent
evolution of two opinions—pro-physical-distancing and anti-physical-distancing—
that compete with each other and have mutual immunity to each other. The disease
evolves on the other layer, and individuals are less likely (respectively, more likely)
to become infected when they adopt the pro-physical-distancing (respectively, anti-
physical-distancing) opinion.

Chapter 6 The multiscale nature of virus dynamics is exemplified by a detailed
discussion of the link between macroscopic compartmental models and microscopic
individual based models [19]. Special attention is paid to uncertainty quantification,
calibrating models by real data, and to interactions between humans which generate
virus diffusion. These interactions concern a much larger scale and enhance
complexity and are source of uncertainty. Then, the authors move to the information
that can be achieved by macroscopic compartmental models focusing on different
scales where the dynamics develop depending also on the geographic features of the
areas, where the epidemic develops.

Chapter 7 introduces an agent-based model of a workplace where the mood
(i.e., the motivation to work) improves when the agent is socializing and deteriorates
when it is working [20]. The modelling considers new concepts of social distancing
which are different from the physical distancing measures and investigates their
effects on peoples’ mental well-being and the subsequent influence on work
productivity. Heterogeneity is considered by modelling that low motivated agents
seek company and high motivated agents focus on work. The study shows how
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decreasing the frequency or the quality of the social interactions lead the agents to
enter a burnout regime, where their motivations diverge to negative infinity, with the
consequent vanishing of productivity.

Chapter 8 develops a study on the interplay between transmission dynamics and
quarantine intervention of the COVID-19 outbreak in a cluster community [21].
A novel Transmission-Quarantine epidemiological model by non-linear ordinary
differential equations system is proposed. Real epidemiological data from the Cruise
ship “Diamond Princess” are used to design a Transmission-Quarantine work-flow
which determines the optimal case-specific parameters and validate the proposed
model by comparing the simulated curve with the real data. Firstly, a general SEIR-
type epidemic model is applied to study the transmission dynamics of COVID-19
without quarantine intervention, and subsequently the more general case is studied
in view of actions to mitigate the effects of the epidemics.

Chapter 9 focuses on the modelling and simulation of an infectious disease
spreading in a medium size population occupying a confined environment, such
as an airport terminal [24]. The authors develop a kinetic type model for active
particle methods in crowd dynamics, see [7]. The resulting kinetic model features
a variable that denotes the level of exposure to people spreading the disease, a
parameter describing the contagion interaction strength, and a kernel function that is
a decreasing function of the distance between a person and a spreading individual.
Computational tests and additional analysis on the modelling of the contagion
dynamics complete the contents of the chapter.

Chapter 10 studies modelling and computational aspects of a model which
accounts for time-dependent susceptible-exposed-infectious-recovered-died
reaction-diffusion system for the virus pandemics [28]. Macroscopic models are
derived from the underlining description at the microscopic scale by a multiscale
decomposition which leads to an equivalent formulation of the kinetic theory model
which couples the microscopic equations with the macroscopic equations. An
asymptotic preserving numerical scheme to solve the equivalent formulation is
developed and validated by various numerical tests.

3 Reasonings on Research Perspectives

The chapters presented in Sect. 2 have already delivered interesting contributions to
the key problems proposed in Sect. 1. These research results focus on multiscale
problems, calibration of models by real data analysis, control problems related
actions to contain crisis situations, micro-macro derivation, and various other
topics. It is interesting to observe that all authors have shown a deep awareness
of the complexity features of the biological-social system under consideration
and, consequently, of the need to develop new mathematical tools and conceptual
approaches rather than blindly using what is already available in the literature.
Accordingly, we can state that the scientific research is actively operating on
the challenging topics under consideration and that advanced results have been
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achieved. Indeed, these chapters show that new frontiers of applied mathematics
have been opened by the complex interaction between mathematical sciences and
the time-space dynamics of pandemics driven by a mutating virus. It would be
important, also for the benefit of our society, that the scientific effort stimulated
by the pandemics will continue into the future. In fact, a spectrum of new mutations
or different types of virus could, unfortunately, still appear.

Looking ahead to research perspectives, we can enforce, once more, what is
stated in [8] as well as in the editorial paper [9]. Specifically, we refer to the concepts
stated in the following:

The modelling approach should go far beyond a deterministic description of the dynamics.
A modelling framework ought to be developed within a multiscale vision, as the dynamics
of individuals depend on the dynamics at smaller scales inside each individual by the
competition between virus particles and the immune system by individual reactions to
the infection and pandemic events which are heterogeneously distributed throughout the
population.

A key target of the modelling approach is the study of the within-host dynamics
which develops, mainly in the lungs, after contagion. It mainly consists in the
competition between the immune system and a proliferative virus.

The study of these specific dynamics can provide important information on the
evolution of the pathology accounting for the heterogeneity of the immune defence
as well as of possible therapeutical actions. Indeed, we feel comfortable to state
that this challenging topic deserves being considered as a key perspective of future
research activity.

Bearing all of the above in the mind, five key research perspectives KRPs,
somehow related the five key topics (KTs) are selected, among several possible
ones, and brought to the attention of the interested reader. Before providing some
hints towards the KRPs that we bring to the attention of the interested reader, it may
be useful looking at the flow charts in Figs. 1 and 2 which are somehow inspired
to [11].

Figure 1 shows the different paths leading to infection which can be mitigated by
vaccination programs. The figure shows that infections can be contracted either by
different types of localized clusters, such as family clusters and in crowds, as well
as by short or long range transportation of individual through networks.

Figure 2 shows the different paths by which infected individuals might encounter
three possible outcomes, i.e., direct recovered healthy state, direct death, or hospi-
talization. Once hospitalized, individuals can again move to healthy state, death, or
intensive care hospitalization. The output of this additional passage will end up with
one of the two aforementioned extreme outputs.

e KRP1: The modelling of the in-host competition refers to the dynamics of
Fig. 1. Progress with respect to the existing literature should consider that the
immune system is constituted by several interacting populations each of which
can progress and proliferate. Each population has a well-defined role and some
of them are messengers of different types of information [18]. The literature in
the field is growing rapidly, see [14, 27], as a natural development of classical
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Fig. 1 Flow chart on the path
from contagion to infection
mitigated by vaccination
programs

Fig. 2 Flow chart on the path
from infection medical care
with different intensity of
care

Short range
networks

Healthy
individuals

RN
Long range
networks
@

R

B3: Recovered

theories [15], while the immune system evolves by learning about the presence
of the not-welcome guest. The first step towards this topic is proposed in [11].

* KRP2: A key challenge consists in transferring the biological knowledge into
a mathematical framework. A further set of dynamics to be considered is
the pseudo-Darwinian mutations of the virus, from the onset to aggressive
variants [16] by dynamics somehow related to the lower molecular scale. The
in-host dynamics is evolutionary in nature, since the virus evolves by pseudo-
Darwinian dynamics. Multiscale topics are treated in Chaps. 2 and 6, see [1, 19],
while Chap. 10 shows how models at the macroscopic scale can be derived from
the underlying description at the microscopic scale.
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* KRP3: The study and modelling of medical therapies are definitely worth
developing with the aim of showing how these actions can mitigate the in-host
proliferation and spatial propagation of the virus. Vaccination strategies [13]
should be included in the modelling approach to understand how this action
can reduce the spread through a given territory. This action on its own is not
sufficient, but it should be coupled with other actions—for instance (at least
partial) confinement. In fact the virus is highly resilient and even is minimized,
it has a strong ability to survive and grow again as soon as actions to counter it
weaken.

* KRP4: Contagion problems, shown in Fig.1, are due to different types of
interactions. Spatial dynamics can develop for people moving in open or closed
venues [23]. This topic is studied in Chap. 9, see [24], or in family clusters
as studied in Chap. 8, see [21]. In addition, a contagion may be caused by
local (clusters individuals in crowds), short range (daily movement due to
employments in different places of towns and regions), and long distance
transportation. Recent literature has started to study this topic intensively as
shown in [4].

* KRPs5: A further key topic to be studied is the complex interaction between pan-
demics and society, specifically to economics, social dynamics, and individual
behaviours [2]. This topic is treated in Chap. 7, see [20], by development of agent
methods. It is worth mentioning that this chapter can conceptually contribute to
developments of active particles methods to modelling social dynamics [3] up to
recent studies on the complex interactions between pandemics and evolutionary
economics [17].

All of the above reasonings lead to the concept that an interdisciplinary vision
is necessary through mutually enriching and beneficial interactions with scientists
in other fields including virology, epidemiology, immunology—namely biology in
general. Not only this but also social sciences and economics as the COVID-19
pandemic has highlighted the fragility of our society [6] and of the whole planet.
Research activity in this area has a real role to play to save the planet and future
generations.
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Understanding COVID-19 Epidemics: )
A Multi-Scale Modeling Approach et

Maira Aguiar, Vizda Anam, Nicole Cusimano, Damian Knopoff,
and Nico Stollenwerk

1 Introduction

More than eighteen months have passed since a severe respiratory syndrome
(COVID-19) caused by a new coronavirus (SARS-CoV-2) was identified in China
[59] and spread rapidly around the globe. COVID-19 was declared a pandemic by
the World Health Organization (WHO) in March, 2020 [24, 60]. As of the beginning
of August, 2021, around 200 million cases were confirmed with more than 4 million
deaths, a global case fatality ratio of approximately 2% [57, 61].

COVID-19 symptoms can range from asymptomatic/mild to severe illness,
and disease severity and death occurring according to a hierarchy of risks [3],
with age and pre-existing health conditions enhancing disease severity. With an
unprecedented global health burden arising, the collective behavior of societies has
been significantly affected by the extreme measures implemented to control disease
transmission. Leading to serious socioeconomic problems, the COVID-19 pandemic
is considered by the World Bank Global Economic Prospects to have caused the
deepest global recession since the Second World War (WW 1II) [58].

Vaccines against COVID-19 have been developed in record time and are now
globally distributed. With different efficacies, COVID-19 vaccines are remark-
ably effective against severe disease. However, the so-called sterilizing immunity,
occurring when vaccinated individuals cannot transmit the virus, is still being
evaluated. Four vaccines are now licensed for emergency use in Europe: two
mRNA-type vaccines, Pfizer-BioNTech and Moderna, with about 95% vaccine
efficacy after second dose, and two viral vector vaccines, the ones by Oxford-
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AstraZeneca and Johnson & Johnson’s Janssen, with about 70% vaccine efficacy
upon full immunization, i.e., with two doses in the first case and one dose in the
latter [14, 25, 28, 41, 45, 55]. Note that the above-mentioned vaccine efficacies are
under constant evaluation, especially now that new SARS-CoV-2 variants have been
identified.

In Spain, the new coronavirus infection was first notified on January 1st, 2020,
and by March 13, cases had been confirmed in all 50 provinces of the country.
A nationwide State of Alarm was declared on March 15, 2020, with a national
lockdown becoming effective on March 16, 2020. All residents were mandated to
remain in their normal residences except to purchase food and medicines, work,
or attend emergencies. Lockdown restrictions also mandated the temporary closure
of non-essential shops and businesses, including bars, restaurants, cafes, cinemas,
and commercial and retail businesses. In the Basque Country, an autonomous
community in northern Spain with 2.2 million inhabitants, the first cases of COVID-
19 were notified on March 4, 2020. Ruled by the same Spanish decrees, lockdown
measures were implemented accordingly and in time.

Research on mathematical modeling became imperative and very influential to
understand the epidemiological dynamics of COVID-19 spreading and control over
the course of the pandemic under different scenarios. An enormous quantity of
epidemiological modeling peer-reviewed articles and preprints studying COVID-19
dynamics have appeared since the pandemic started. Aiming to predict the spread
of the disease in a population, modeling task forces were created around the globe.
Using, most of the time, simple models such as the SIR (Susceptible-Infected-
Recovered) or SEIR (Susceptible-Exposed-Infected-Recovered) in mechanistic or
probabilistic frameworks, researchers were requested to provide projections about
specific disease-related variables such as hospitalizations, intensive care units
admissions (ICUs), and deaths.

Already in March 2020, a multidisciplinary task force (the Basque Modeling
Task Force [BMTF]) was created to assist the Basque health managers and Govern-
ment during the COVID-19 responses. Within the BMTF, a stochastic SHARUCD
modeling framework was developed [4, 9-11, 51]. As an extension of the simple
SIR model, this flexible framework considers populations of susceptible individuals
(S), severe cases prone to hospitalization (H), mild, sub-clinical, or asymptomatic
(A), recovered (R), and patients admitted to intensive care units (U). The recorded
cumulative positive cases, which includes all new positive cases for each class of H,
A, U, R, are counted within the C classes, including the deceased (D) cases.

Able to describe the COVID-19 epidemic in terms of disease spreading, the
SHARUCD model gives accurate projections (see Fig. 1) on hospitalizations, ICU
admissions, and deceased cases from March 2020 to December 2020, when
vaccination roll-out started. The modeling framework was used to monitor the
COVID-19 epidemiological dynamics in the Basque Country while the lockdown
measures were relaxed and tightened over time, evaluating also the impact of non-
pharmaceutical interventions and social distancing.
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Fig. 1 From March 4 to December 31, 2020, on the left hand side we plot the ensemble
of stochastic realizations of the SHARUCD model for cumulative cases. In (a) cumulative
hospitalized cases C (), in (¢) cumulative ICU admissions Cy (¢), and in (e) cumulative deceases
cases D(t). The mean of the stochastic realizations is plotted in light blue. Empirical data is plotted
as black dots for hospitalizations and ICU admissions, and red dots for deceased cases. On the right
hand side, we plot the model results for the daily incidences. In (b) daily hospitalized cases, in (d)
daily ICU admissions, and in (f) daily deceased cases. Empirical data are plotted as a black line
for all three cases, while the mean of 200 stochastic realizations is plotted in light blue. The 95%
confidence intervals are obtained empirically from the stochastic realizations and are plotted as
light purple shadow

It is worth stressing that in order to build useful models a close collaboration with
field epidemiologists, laboratory researchers in virology, immunology, and biology,
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as well as with public health stakeholders is needed [2, 5, 7, 8]. Moreover, a constant
good data input is essential for model parameterization and validation [1, 6, 34, 43].

Modeling refinements were validated by epidemiological data continuously
collected and provided by the Basque Health Department and the Basque Health
Service (Osakidetza). Results on the evolution of the epidemic in the Basque Coun-
try are regularly updated and publicly available on the “SHARUCD Dashboard”
[53].

The SHARUCD modeling framework and its refinements will be presented in the
first part of this chapter. Basic concepts on vaccination toward herd immunity and
the impact of vaccination roll-out, considering heterogeneity on vaccine efficacy for
hospitalization and overall infection, will also be discussed.

Population heterogeneity is also an important feature to be considered when
evaluating the effects of control measures applied to different segments of society.
For example, pre-existing comorbidities and age are considered important factors
affecting disease severity during the COVID-19 pandemic [3, 32] and, for that, the
use of an age-structured population modeling approach would be appropriate to
quantify the role of different age groups on disease spreading and to evaluate the
impact of intervention measures for each population stratum (e.g., [12, 26, 27]).

Some useful contributions in this direction are provided by McBryde et al. [37]
and Rozhnova et al. [44], for example, where age-structured models for SARS-
CoV-2 fitted to hospital admission and seroprevalence data were used to estimate
the impact of school contacts on transmission of the disease and to assess the effects
of school-based measures, modeling interactions using mixing matrices [42].

There are, however, many different ways to include heterogeneity in dynamical
models. In this chapter, we will also present an exploratory exercise using a
modeling approach based on the kinetic theory of active particles (KTAP) published
in [17]. The KTAP approach is very versatile since it allows the population to be
subdivided into functional subsystems (FS) according to the problem under study.
For instance, age structure or population with comorbidities can be easily introduced
to stratify the population with a social network structure [12].

The KTAP approach also deals with the multiscale nature of the system under
study. Besides discussion on contagion at the level of a population, where the virus
is transmitted from infected to healthy individuals by short-range interactions, the
complexity of the system increases with the inclusion of multiscale information,
such as within-host features [23]. In this case, the micro-scale corresponds to virus
particles and immune cells, which induce the dynamics at the higher scale of
individuals who carry an infection, at meso-scale level, also affecting the collective
behavior of individuals, which are then analyzed at the macro-scale level [17]; see
illustration in Fig. 2.

This chapter is structured as follows. Section 2 presents the SHARUCD model
and its refinements, both in the stochastic and deterministic versions, which are
being successfully used to assist public health managers and policy makers in the
Basque Country, Spain. Section 3 introduces the KTAP model for the spread of a
disease. With an exploratory analysis, a possible way to deal with heterogeneity and
multiscale features is presented. Section 4 concludes this work, with a discussion
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Fig. 2 Schematic representation of different scale dynamics. COVID-19 virus image on the left
credit: Photo by Viktor Forgacs on Unsplash

on both models, presenting the connection of this research with the current
epidemiological situation of vaccine impact and further research perspectives.

2 Mathematical Modeling Applied to Infectious Diseases:
COVID-19 as a Case Study

Epidemiological models are formal frameworks to convey ideas about the compo-
nents of a host—pathogen interaction and can be used as a tool to understand and
predict the spread of infectious diseases as well as to evaluate the impact of control
measures in different epidemiological scenarios.

Mathematical models were introduced into infectious disease epidemiology in
the early twentieth century, and a series of deterministic compartmental models such
as SIS (susceptible-infected-susceptible) and SIR (susceptible-infected-recovered)
have been proposed based on the flow patterns between compartments of hosts in
a population, which is divided into different subgroups for the considered disease-
related stages.

One way to visualize these models is by using state-flow diagrams, see Fig. 3,
where circles represent the compartments for each disease-related stage and arrows
indicate the transitions for disease progression.

Disease propagation is an inherently stochastic phenomenon and there are a
number of reasons why one should use stochastic models to capture the disease
transmission process. However, the mean-field approximation, where the dynamics
of the mean quantities are approximated by neglecting correlations, is often used
as a good approximation to get a first understanding of the behavior of stochastic
systems in certain parameter regions [40, 48, 49].
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2.1 The SIR and SHAR Models

The SIR (susceptible-infected-recovered) model, see Fig. 3b, is one of the simplest
compartmental models, dividing the observed population into three groups: the
class S of susceptible individuals to the considered disease, the class of infected
individuals 7, and the class R of individuals who have recovered from the infection.
In analogy with chemical reactions, the dynamics within the typical SIR framework
with infection rate g, recovery rate y, and waning immunity rate « can be illustrated
by the scheme

s+12 141
I % R (1)
R % s

which translates into the following ODE system describing the temporal evolution
of the number of individuals in each of the three model compartments:
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with N denoting the population size, i.e., N =S + I + R.

The stochastic SIR epidemic is modeled as a time-continuous Markov process to
capture population noise. The temporal dynamics for the probability p(S, I, t) of
having an integer number S of susceptible and / of infected individuals at time ¢
can be given as the following master equation [54]:

d _F _ _
TS = (S DU =1 pS+ 11— 11)

+yI +Dp(S, 1+ 1,1)
4a(N-S -1 —-1)p(S—1,1,1) 3)

- (%SI+)/I+0[(N - S—I)) p(S, 1, t),

while the number of recovered individuals follows from the constant population
size assumption R = N — (S + I). Letting x denote the state vector of densities,
the master equation for the probabilities p(x, ?) can be expressed in terms of n
transitions w ; (x) and small deviations from state x given by Ax; as

n

d
Ep(x, 1) = 2} (Nw;(x + AX)p(x + Axj, 1) — Nw;(x) p(x, 1)), 4)
]=

where Ax; := %r ; for suitable shifting vectors r ;. Specifically, for the SIR model
described above, we have x = (x1, x2)? with x| := S/N and xp := I/N,n = 3,
and the following transitions w ; (x) with corresponding shifting vectors r;:

wi(x) = Bx1x2 ,r=(1, -7
w2(X) = yx2 , 2= (0, T )
w3(x) =a(l —x; —x2) , 13 = (1,07

This process can be simulated by the Gillespie algorithm giving stochastic
realizations of infected and susceptible individuals in time [30, 31].

To distinguish between mild and severely infected cases, the SIR framework
can be extended into the so-called SHAR model, see Fig. 3c, where H stands for
individuals developing a severe form of the disease and likely being hospitalized,
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while A refers to infected individuals who are asymptomatic or have a mild form
of the disease. This system includes two additional epidemiological parameters: 1
and ¢. While the severity ratio n gives the fraction of infected individuals who
develop severe symptoms (and hence 1 — n gives the asymptomatic fraction of
infections), the parameter ¢ is a scaling factor used to differentiate the infectivity
@B of mild/asymptomatic infections with respect to the baseline infectivity 8 of
severe/hospitalized cases. The value of ¢ can be tuned to reflect different situations:
a value of ¢ < 1 reflects the fact that severe cases have larger infectivity than
mild cases (e.g., due to enhanced coughing and sneezing), while ¢ > 1 indicates
that asymptomatic individuals and mild cases contribute more to the spread of the
infection (e.g., due to their higher mobility and possibility of interaction) than the
severe cases that are more likely to be detected and isolated [4].

In the case of COVID-19, we assume ¢ > 1, since severe cases are likely
hospitalized and isolated while mild/asymptomatic cases are often undetected and
hence able to transmit the disease, contributing significantly more to the force
of infection than the severe cases. The model dynamics can be illustrated by the
following reaction scheme:

s+H " H+iH
s+H % A4 w
S+Aa 2% Hia
Sa PUTE L ©
S % AH
H X R
A X R
R = S

and the corresponding SHAR ODE system

dS—aR ﬂS(H+¢A+ N)
dr N Q)
dH— ,BS(H+¢A~I- N) H
a PN @ Vi

@)
dA—(l ),BS(H—i—qu—i- N) A
dR

“— —y(H+A) —aR,
o y(H+A) —«a
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in which we have introduced also the import factor o, which refers to the possibility
of susceptible individuals becoming infected by an undetected infection chain,
which started outside the studied population [35, 36].

The stochastic version of the presented SHAR model is obtained analogously to
the basic SIR model shown above [4], and the dynamics for the probabilities p(x, )
can once again be given as in Eq. (4).

In particular, for the basic SHAR model with import o and eventual waning
immunity « (which matters, e.g., when new variants affect natural immunity of the
host), x is the state vector of densities x; := S/N,xp := H/N,x3 := A/N, and

x4 = R/N, while the n = 5 transitions and corresponding shifting vectors are
given by:
w1 (X) = npxi(x2 + ¢x3+0) 1 =(1,-1,0,0)"
w2(x) = (1 = n)px1(x2 +¢x3 +0) , r2 = (1,0, 1,0
w3(x) = a(l —x; —x2 — x3) .13 =(-1,0,0, )7 (®)
w4(X) = yx2 ,r4=(0,1,0,—DT
ws(X) = yx3 15 =(0,0,1,-DT

(see, e.g., [4, 20, 29, 50, 51] for further details).

Figure 4 shows four snapshots in time (for t = 10, 50, 60, 400) of a single
realization of the stochastic spatial SHAR model with import. Individuals are either
susceptible (green), hospitalized (red), mild/asymptomatic infections (yellow), or
recovered (blue). Assuming that the entire population (here N = 10,000) is initially
susceptible at ¢+ = 0, the import term introduces the infection, producing isolated
outbreaks of different sizes. While some of these outbreaks involve only a few
individuals and quickly die out, with all individuals recovering, others may involve
many more active infections (severe and/or mild and asymptomatic), spreading
widely and eventually collapsing with neighboring clusters, leading to much larger
outbreaks. An exponential growth of cases is to be expected when the community
transmission is super-critical. A detailed analysis of spatial dynamics using the
SHAR framework is ongoing and preliminary results will be briefly discussed in the
last section of this chapter. More details on the role of import in epidemic models
can be found in [11, 51].

2.2 The SHARUCD Modeling Framework

To describe the COVID-19 dynamics in the Basque Country, the basic SHAR
model was extended by introducing the classes of Intensive Care Unit (ICU)
admissions U and of deceased individuals D. Further, for comparison with the
available cumulative empirical data, also the cumulative classes for hospital-
ized Cg, mild/asymptomatic infected C4, ICU admitted Cy, and recovered Cr
were included, counting all incoming cases in the dynamical compartments and
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t=10 t=50

t=60 t =400

Fig. 4 Spatial configuration of a two-dimensional SHAR system with import at four different
time points. The population of N = 10,000 is divided into susceptible (green), hospitalized (red),
asymptomatic (yellow), and recovered (blue). Parameter values are: « = 0, y = 1, n = 0.4,
B =0.85¢ =1.2,and o0 = 10~°. Periodic boundary conditions are implemented

neglecting the outflows. A detection ratio £ for mild/asymptomatic cases was also
considered, since a proportion of mild/asymptomatic cases are detected by contact
tracing/screening testing, and hence the number of positive tested infections is larger
than the notified hospitalized cases.

In this model, disease severity is decided upon infection with a proportion
n developing severe infection prone to hospitalization (and 1 — 5 developing
mild/asymptomatic infection). Undetected asymptomatic cases are assumed to
transmit the disease more efficiently (¢ > 1) than severe cases. Hospitalized
individuals can recover, with a recovery rate y, die, with a mortality rate u, or go to
an ICU facility, with an admission rate v. Here, ICU admission is assumed to be a
progression of disease severity after hospitalization.

The stochastic version of the basic SHARUCD model can be formulated through
the master equation in the generic form of Eq. (4) with variables x| := S/N, xp :=
H/N, x3 := A/N,xq4 := R/N,x5s .= U/N, x¢ := Cyg/N,x7 := C4/N, x3 :=
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Cy/N, x9 := D/N, and x19 := Cg/N. The state vector x := (xq, ..., x0T gives
the dynamics for the probabilities p(x, t), with n = 10 different transitions. The
transitions w ; (x) and the corresponding shifting vectors r; are given by:

w1 (X) = npx;(x2 + dx3 + 0) ,ri=(1,-1,0,0,0,—1,0,0,0,07
wa(x) = E(1 — n)Bx1 (x2 + dx3 + 0) ,r=(1,0,-1,0,0,0,—1,0,0,0)7
w3(x) = (1 —&)(1 —n)Bx1(x2+px3+0) , r3=(1,0,-1,0,0,0,0,0,0,0)7
ws(X) = yx2 rs =(0,1,0,—1,0,0,0,0,0, — )T
ws(x) = (1 — &)yx3 rs =(0,0,1,—1,0,0,0,0,0,07
we(X) = yxs5 re = (0,0,0,—1,1,0,0,0,0, —1)T
w7(X) = VX2 r; =(0,1,0,0,—1,0,0, —1,0,07
wg(X) = pux2 rs =(0,1,0,0,0,0,0,0, —1,0)7
wo(X) = uxs ro = (0,0,0,0,1,0,0,0, —1,0)7
wio(X) = Eyx3 rio=(0,0,1,—1,0,0,0,0,0,0,—)7
)

The mean-field ODE system corresponding to the above w;(x) and r; is given
in [10, 53] and was used to evaluate the model performance and its accuracy and to
guide the modeling analysis.

The model was parameterized with empirical data provided by the Basque Health
Department and the Basque Health Service (Osakidetza) for each disease-related
variable. Parameters were estimated and fixed as the model was able to describe the
disease incidence during the exponential phase of the outbreak; see Fig. 5.

The stochastic realizations of the model are calculated via the Gillespie algorithm
[30, 31]. To investigate the parameter uncertainties, we calculate numerically the
likelihood functions for each parameter conditioned on the others and the data,
evaluating distances between simulations and data from all five variables, D(¢),
TIoym (), Cy(t), Cy(t), and Cg(t), for the exponential phase of the epidemic.
The detailed analysis for the parameter estimation and uncertainties via likelihood
functions can be found in [4, 10, 53].

Partial lockdown was implemented in the Basque Country on March 16, 2020,
with effects observed on March 27 (see Fig.5) well before the full lockdown
of March 31, 2020 [10]. With the initial parameters estimated and fixed on the
exponential phase of the epidemic, the next step was to model the effect of the
disease control measures to describe the gradual slowing down of the epidemic.

2.3 Modeling the Implementation of Control Measures

The effect of the disease control measures was implemented by introducing for the
infectivity parameter a smooth sigmoidal variation, which was able to describe well
the gradual slowing down of the epidemic, reaching negative growth rate at the end
of March, 2020. Specifically, the infection rate 8§ became a time-dependent function
B(t) given by:
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Fig. 5 From March 4 to April 4, 2020, ensemble of stochastic realizations of the baseline
SHARUCD model. The mean-field solution is shown in light blue. In (a) cumulative detected
positive cases I, (f), in (b) cumulative hospitalized cases Cp(t), in (¢) cumulative ICU
admissions Cy(¢), in d) cumulative deceased cases D(¢), and in e) cumulative recovered Cg(t)
(data on alive hospital discharges were used as a proxy for recovered individuals)

B(t) = Poo— (x(1)) + Bio4 (x(1)), (10)
where o_(x) = 1/(1 4+ ¢*) and o4 (x) = 1/(1 + ™) are downward and upward
sigmoidal functions, respectively. The time-dependent function x(¢) is defined by
x(t) = a(t — t.) and gives the timing and speed of the implementation of control
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Fig. 6 Smooth variations in the infection rate 8 = B(¢) reproducing the effect of control measures,
considering small seasonality. Parameter values are shown in Table 1. For the lockdown effect,
a =0.38d ! and 1, = 25 days after the initial time #o (corresponding here to March 4, 2020). For
the lockdown lifting, a, = 0.16 d~!and te, = 112 days after to

measures. Further refinements with respect to Eq. (10), considering other smooth
sigmoidal variations, have been implemented over the course of the pandemic, as
control measures were introduced or relaxed (e.g., from March 4 to July 10, 2020,
the profile of () is given in Fig. 6 with a smooth reduction of the transmission rate
for the lockdown implementation and a later smooth increase corresponding to the
gradual lockdown lifting). Low seasonality was also assumed to play a role, helping
to keep transmission at low levels. For more details, please visit our SHARUCD
Dashboard page [53].

Figure 7 shows an ensemble of stochastic realizations considering the effective
control measures given by Eq. (10), up to mid-April, 2020. A good agreement was
obtained for hospitalization, deceased cases, and recovered, with data lying in the
median range of the 200 stochastic realizations. Notice that the deviation observed
for the detected positive class I.,,, is expected, due to the increased testing capacity
started in March 22. The system was not adjusted to include the non-hospitalized
cases. Moreover, the erratic behavior of the ICU admission cases remained to be
investigated.

Using the data at hand, the momentary growth rates were calculated, see Fig. 8a,
b, and compared with the momentary reproduction ratio, see Fig. 8c, confirming
a negative growth of infection at the end of March, 2020 [8]. Two types of
behavior were observed: positive cases, hospitalization, and, surprisingly, also the
ICU admissions with the same sigmoidal decrease, shown in Fig. 8a, whereas the
deceased and recovered were delayed for 8 and 10 days, respectively, shown in
Fig. 8b.
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7 From March 4 to April 21, 2020, ensemble of stochastic realizations of the baseline
This finding leads us to refine the baseline SHARUCD framework by changing

the ICU admission rate v into a ratio, with COVID-19 infection causing from

asymptomatic up to very severe cases prone to hospitalization and to ICU admission.

ig.

SHARUCD model. The mean-field solution without control is shown in light blue. In (a)
cumulative detected positive cases I.,;,(f), in (b) cumulative hospitalized cases Cp (), in (c)
cumulative ICU admissions Cy (¢), in (d) cumulative deceased cases D(¢), and in (e) cumulative
recovered Cg(¢) (hospital discharges alive data were used as a proxy for recovered individuals)
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Fig. 8 From March 4 to April 21, 2020, the momentary growth rates for various variables show
two types of behavior. In (a) detected positive cases in yellow, hospitalized cases in red, and ICU
admissions in purple, cross the threshold on April 1, 2020. In (b) recovered cases in green and
deceased cases in black, cross the threshold with a delay of 8 and 10 days, respectively. The
momentary reproduction ratio is shown in (c)

2.4 The Refined SHARUCD Model

If previously it was assumed that hospitalized patients could either recover with
recovery rate y, be admitted to an ICU facility with rate v, or die with disease-
induced death rate p, in light of the analysis of the momentary growth rates
presented above, the baseline SHARUCD model was refined by considering ICU
admissions to be a consequence of infection leading to severe disease, with a
patient being immediately admitted to an ICU facility upon infection with ratio
v, analogously to the ratio n for hospitalizations. Note that although most of the
hospitalizations were recovering or dying, some of those cases would eventually
evolve into ICU cases and that was accounted for in the model as well.

The refined model is given by changes in the transition rates of the stochastic
version, see [8], such that now the transition to ICU admission is synchronized with
the transition to hospitalization and to the cumulative positive cases. Specifically,
the transitions
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wi(x) = nBx1(x2 + ¢x3+0), r1 = (1,-1,0,0,0,—1,0,0,0,0)7

,an
w7(X) = vx2 ,r7=(0,1,0,0,-1,0,0,—-1,0,0)
are changed into
wl(X) = 77(1 - V)ﬂ.x](.xz +¢x3 +Q) , Il = (17 _15 07 Oa 07 _1507 07 Oa O)T
w7(X) = nvﬂxl ('x2 +¢x3 + Q) , I'7 = (1’ 07 Oa 07 _17 _15 0’ _15 07 0)T5
(12)

with the parameter v being adjusted from the ICU admission rate in units of ¢!
into an ICU admission ratio v € [0, 1]. The deterministic version of the model is
hence given by:

%S = —ﬁ%(H + ¢A+0oN)

iH =n(l— V)ﬂi(H +¢A+oN)—(y +wH

dt N

iA == n)ﬂi(H+¢>A +oN) —yA

dt N

iR=)/(H+U+A) (13)
dt

iU = vnﬂi(H +¢A+oN)—(y +wU

dt N

d S
—Cy =n8—(H + ¢pA +oN
5, CH nﬂN( +¢A+0oN)

d S
ECA =&-(1- n)ﬁﬁ(l‘l +¢A+0oN)

d
ECR =y(H+U+EA)

d S
—Cy = vif—(H + ¢pA+oN
7, Cv =B (H+$A+eN)

d

T D =uH+U)

which is now able to describe the dynamics of the ICU admissions as well as the
ones for hospitalized and deceased cases [10]; see Fig. 9.

Notice that the mean-field approximation of the stochastic system is given by the
deterministic version in Eq. (13) (see [48]). For a complete analysis of the model,
the reader is referred to [4]. Simulations of the stochastic SHARUCD model can
be performed via the Gillespie algorithm [30, 31]. Figure 9 shows an ensemble of
stochastic realizations for the COVID-19 epidemic in the Basque Country, from
March 4 to June 16, 2020. The basic parameter values used for simulation of the
model are shown in Table 1.
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Fig. 9 From March 4 to June

16, 2020, ensemble of stochastic realizations of the refined

SHARUCD model. The mean-field solution is shown in light blue. In (a) cumulative detected pos-
itive cases I.ym (1),in (b) cumulative hospitalized cases Cy (), in (¢) cumulative ICU admissions
Cy (1), and in (d) cumulative deceased cases D(t)

Table 1 SHARUCD model parameters

Model basic parameter Description Reference value
B Infection rate 325y
1% Recovery rate 0.05d7!
n Proportion of hospitalization 0.075
v ICU admission ratio 0.09
¢ Ratio of mild/asymptomatic
infections contributing to force of infection 1.65
& Detection rate [0.01-0.95]
0 Disease-induced death rate 0.02d!
P Import 0.0006

2.4.1 Further Refinements: Detection Rate and Import

At the onset of the pandemic, data on COVID-19 infections were reflecting
only severe cases requiring hospitalization, while the knowledge of asymptomatic
and mild positive cases became available at a later stage, when testing capacity
increased. This information heavily relies on local testing capacity and strategy
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and is therefore highly variable in both time and space. To adjust to the observed
deviation on the detected positive class I, see Fig. 9a, due to the increased testing
capacity over time, see Fig. 10a, the refined model considers a time-dependent
detection ratio £ assumed to be small in the introductory phase of the epidemic
but later increased to a much higher level.

As testing capacity increased, the system was not able to describe quantitatively
well the data for the recovered class R, since the hospital discharges data used as
proxy for recovered individuals did not include the recovered individuals who were
eventually tested positive but did not need hospitalization.

The model was also refined to describe isolated outbreaks after lockdown lifting,
describing well the dynamics for positive detected cases, hospitalizations, ICU
admission, and deceased cases from March 4 to December 31, 2020, shown in Fig. 1.
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Fig. 10 From March 4 to June 24, 2021, in (a) COVID-19 tests performed in the Basque Country
(light blue), positive PCR cases (yellow), and positivity rate (red line). In (b) COVID-19 detected
cases in the Basque Country: Positive PCR cases are shown in yellow, hospitalizations in red, ICU
admissions in purple, and deceased cases in black
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We assume that an imported case is most likely a mobile asymptomatic infected
individual, either a foreigner visiting the region or a local returning to the country
without being detected by the current testing strategy, similarly to what one expects
when country lockdowns are completely lifted and mobility is possible again. The
so-called imported cases would be needed to describe the introductory phase of the
epidemic, but we did not have any information on that at the start of exponential
growth of the COVID-19 epidemic. The import factor becomes important again,
after the full lockdown is lifted, allowing human mobility and asymptomatic disease
transmission [11, 51]. For the present study, we assume o to be much smaller than
the other additive terms of the force of infection, given the strong observational
insecurities on the data collected at the beginning of the outbreak.

Table 1 summarizes the starting parameter set used to describe the COVID-
19 epidemic in the Basque Country from March 4, 2020. As it was previously
mentioned in this chapter, model refinements were implemented during the course
of the pandemic, with 8, &, and o becoming time-dependent parameters as non-
pharmaceutical intervention actions were introduced and lockdown measures were
implemented and relaxed over time. Therefore, it is important to mention that
small adjustments on the presented parameter set were needed and with these small
modifications we were able to match well data until December 31, 2020, as shown
in Fig. 1. For further details, readers are referred to the SHARUCD Dashboard and
references therein.

As a continuation of the BMTF efforts, the vaccination trial data for the vaccines
that have been licensed for emergency use in Europe is evaluated. Results are
implemented into the simple SHAR modeling framework and its extensions to
get the qualitative overview of the impact of COVID-19 vaccination strategy in
the Basque Country [52]. These results will be briefly described in the discussion
section of this chapter and, for more details, readers are referred to [52].

3 KTAP Modeling Framework

The model presented in the previous section considers disease transmission at
the population level. However, describing disease progression at the microscopic
scale is also important and informative for the evaluation of pharmaceutical inter-
ventions for example, such as antiviral/antibiotics administration and vaccination.
For instance, to investigate the infection process in a population of target cells,
considering the immunological response of the host, the so-called within-host
modeling framework is needed. Some recommended readings on this topic are
[38, 39], and references therein, which introduce essential concepts on cell biology
and immunology.

For respiratory diseases that cause damage to the lungs, like COVID-19, models
should describe the dynamics of the viral load, which might lead to different
asymptotic trends between full recovery and death by overload and even material
corruption of the lung. A description of the dynamics of the lung in order to
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detect those areas that are more susceptible to stretch overload in the pulmonary
parenchyma is provided in [22]. Some useful recent contributions in this line are
[33], which presents an interactive COVID-19 tissue simulator of viral dynamics of
SARS-CoV-2 in a layer of epithelium, and [56] where a community-driven tissue
simulator is developed.

Modeling ought to be developed within a multiscale approach. On the one hand,
the dynamics of contagion must be treated at the macro-scale level of individuals
and populations, while on the other the evaluation of the state of each individual
(healthy, infectious, etc.) depending on the infection dynamics of the body cells as
a result of the immunological response against the pathogen should be analyzed at
the micro-scale level.

Both scales constantly interact and that is probably one of the most valuable
virtues of the model presented in [17] and further refined in [12, 19], since the
contagion at the macro-scale depends on the viral load of each individual, which in
turn depends on the dynamics at the micro-scale. The model is based on the kinetic
theory of active particles [ 18] and hereinafter will be referred to as the KTAP model.

The general framework supporting the KTAP modeling approach is defined by a
selection of key features discussed in detail in the technical report [23]:

1. Individuals are viewed as active particles (a-particles), which are carriers of an
internal state, called activity. In particular, the micro-state of every individual is
described by a variable w corresponding to the level of activation of the immune
defense. In addition, infected individuals are also characterized by a variable
u representing the level of progression of the infection (ranging from mild to
severe).

2. Contagion depends on the level of the infection as well as on an infection rate.
The latter, as in the SHARUCD model, may be a time-dependent parameter
that takes into account the implementation of specific health policies, like social
distancing, lockdowns, etc.

3. The progression of the infection within each individual depends on the interac-
tion between the pathogen replication and the immune response.

3.1 Modeling Contagion, Progression, and Recovery

Let us consider a population of N individuals homogeneously distributed in space.
Each individual can belong, at time 7, to one of the following compartments or
functional subsystems (FS): susceptible (S-FS), infected (I-FS), recovered (R-FS),
or deceased (D-FS). The S-FS is assumed to have only an outflow (into the I-
FS), while R-FS and D-FS only have an inflow (from I-FS), i.e., we assume that
recovered individuals get a long-lasting immunity and remain in that compartment.

The microscopic state of each individual entity is characterized by a variable w €
[0, 1] describing the level of activation of the immune defense. It is worth stressing
that in the original formulation of the model the value of w for a given individual
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does not change over time. In order to simplify the identification of subgroups (or
clusters of a-particles as in [21]) according to the individuals’ immune response
level (e.g., reflecting age or presence of comorbidities), the variable w is typically
discretized and assumed to take values in the set

Iy ={w; =0,...,w =

Within the I-FS class, individuals are also described by a variable u € [0, 1],
which corresponds to the within-host progression of the pathogen invasion. Consid-
ering discrete values also for u in the set

ILi={u1=0,...,uj=——, ..., uy =1},

we have that u; = 0 describes the absence of the infection, while u j > Oindicates
the presence of the disease with a variation of infection level. Increasing values of
u toward 1 describe more aggressive states that may end up in the death of the host
when reaching u,, = 1.

The number of immune levels n can be chosen by considering possible ways to
disaggregate the population into age classes or morbidity groups, depending on the
case under study (see, e.g., [3, 13]). On the other hand, m shall take into account
the number of stages of a given disease after the initial entry of the pathogen into
the host. In order to have all three compartments /, D, and R in the modeling
framework, it is assumed that m > 3.

The dynamics is such that susceptible individuals, characterized by their micro-
state wy, may become infected after an interaction with an infected a-particle.
Within the I-FS, an a-particle is characterized by the pair (u;, wy), with2 < j <
m — 1. A competitive interaction between the pathogen and the immune system then
starts and the transition into R-FS or D-FS depends on the result of this dynamics:
namely, if the state u; (resp., u,,) is reached, the individual undergoes a transition
into the recovered (resp., deceased) compartment. This is illustrated in Fig. 11.

Fig. 11 Tllustration of the transitions: susceptible individuals can get infected with an infection
rate E entering into the infected compartment (wide box in the middle) with state uy. Then,
competitive interactions between the pathogen that replicates with rate fi toward more aggressive
infection states and the immune system, which acts with rate y, with resulting transition into the R
or D compartment
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The representation of the system is given by the following distribution func-
tions:

- f é‘ () is the probability to find, at time ¢, a susceptible individual with micro-state
wg. The susceptible population at time ¢, fs(¢), is simply computed as the sum
Zk WHO!

- flj (t) is the probability to find, at time ¢, an infected individual with micro-
state (uj, wy). The prevalence of infection, at time ¢, is given by f; (1) =
WD N

- f 1’5 (¢) is the probability to find, at time ¢, a recovered individual with micro-state
wy. The cumulative recovered population fr(#) is simply computed as the sum
Y1 frO)-

- f 5 () is the probability to find, at time ¢, a deceased individual with micro-state
wy. As for the recovered, the cumulative deceased population fp(¢) is given by

Y1 S5O

Notice that fs(z) + f1(t) + fr() + fp(¢t) = 1 for all ¢t and that the actual number
of individuals belonging to each FS can be computed multiplying the distribution
function by the total population N.

The dynamics of the system is described by using tools of the mathematical
structures of the kinetic theory of active particles, see, e.g., Chapter 5 in [16]. The
system of equations representing the evolution of the distribution functions, whose
derivation can be followed in details in [17], is given by:

n m—1

fs(t)——ﬁ SN uj ko @,
s=1 j=2
n m—1
Py =B (Y3 up Ao 0O |+ fujor £
s=1 p=2

7w TR0 = g R0 — 7w 110,

d 5 n
IR0 =7 Y w [,

k=1

d
DO = - 12 A}

(14)
where for the first equation we have k = 1,...,n, while for the second one
j =2,....m—1land k = 1,...,n. The first equation in (14) describes the
infection of susceptible individuals due to interactions with infected ones. The
second equation in (14) describes the dynamics within the infected population. The
factor &,; denotes a Kronecker delta, meaning that the entry state upon infection is
u;. From that point, a competitive interaction between the pathogen and the immune
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system starts. Finally, the third and fourth equations give the inflows into recovered
and deceased classes, respectively, as a result of the aforementioned competitive
interactions. Regarding model parameters, £ is the infection rate, /i is the pathogen
progression rate, and y is the immune action rate toward recovery.

An extension of the system in Eq. (14) to networks can be found in [12].

3.2 Application of the KTAP Model to Selected Case Studies

The KTAP model introduced above has been applied to a variety of exploratory
experiments aiming to understand the role of population heterogeneity in the
propagation of the disease with an insight in non-pharmaceutical interventions
(NPI) [17] and vaccination [19]. In this section, we present some selected case
studies focusing on the intensity and timing of NPI and on the heterogeneity of
the population, represented by the micro-states wy.

In the following, let us consider a population of N = 2.2 million individuals
(a-particles in this context). At time t = 0, almost all of them belong to the S-
FS, with 100 a-particles in the I-FS, while R-FS and D-FS are empty. We consider
n = 5 classes, in agreement with a possible choice among demographers and
epidemiologists to disaggregate a population into age groups, but other possibilities
can also be considered [13]. Although n and m need not be the same, here we also
setm = 5.

3.2.1 Effect of Lockdown Measures and Restrictions Lifting

Let us first study the effect of lockdown measures, in order to understand how the
amplitude and timing of the action influences the overall dynamics. The lockdown
implementation is modeled by a reduction of the infection rate 8 during a given time
interval.

Figure 12 shows the dynamics of cumulative infected cases up to a given 7,45
for three different scenarios. In all three cases, the pathogen replication rate and
the immune action rate are kept constant and equal to & = 0.008 and y = 0.03,
respectively.

In Fig. 12a the infection rate B is initially equal to 0.6. At locking time 7j = 25,
the effect of a lockdown is modeled by reducing the transmission rate 3 to 0.06 until
a reopening time 7, = 50 at which B is increased to B,. The curves corresponding
to three different values of 8, are shown in the plot, up to 7,4 = 100.

Figure 12b shows a similar situation in which a lockdown is implemented,
reducing the transmission rate 8 from 0.6 to 0.06 at different locking times 7j =
25, 30, 40, giving an insight on the importance of intervention measures timing.

In Fig. 12¢c we consider three different opening times 7, = 50, 70, 90 at which
the infection rate B is increased back from 0.06 to 0.6. Notice that the three
curves increase toward large values approaching N, showing that a late reopening
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Fig. 12 Influence of lockdown measures and restrictions lifting. In (a) the transmission rate E
is reduced from 0.6 to 0.06 at locking time 7; = 25 and then increased again, at opening time
T, = 50, to different values B,. In (b) the lockdown is implemented at three different locking
times, with reduction of ,8~ from 0.6 to 0.06. In (c) ﬁ is increased back to 0.6 at three different
opening times 7,. The other parameter values are n = m =5, y = 0.03, and & = 0.008

without control leads to a delayed explosion of infections. Here, 7,4 = 200 for
visualization purposes.

3.2.2 Effect of Heterogeneity

Let us now study the effect of heterogeneity in the population by considering
different distributions of immunity, which is a proxy for age and presence of other
comorbidities.

The left panels of Fig. 13 show three possible immunity distributions: a centered
symmetric distribution, describing a population with an average immunity level, a
distribution that is skewed to the right, describing a population having a stronger
immune system (e.g., a younger population), and one that is skewed to the
left, describing a population having a weaker immune system (e.g., a vulnerable
population composed by elderly individuals). In [12] these distributions are used to
describe, respectively, populations in households, schools, and nursing homes.
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Fig. 13 The left panel shows the frequency distribution of immunity levels wy in three cases: (a)
centered, (c) skewed right, and (e) skewed left. On the right panel, we show the cumulative infected
(left axis), recovered, and deceased cases (right axis) for the corresponding distributions on the left.
No interventions are assumed in this case and the infection rate is fixed at ,3 =0.6

On the right panel of Fig. 13 we can see the dynamics for cumulative infected (left
axis), recovered, and deceased cases (right axis) for the initial exponential phase
for the three distributions of wy shown on the left. The set of parameters is the
same as above (with 8 = 0.6 unchanged during the considered time span), while
the initial conditions reflect the distribution of wy for each case. Notice that the
immunity distribution actually influences the number of infected, recovered, and
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Fig. 14 Recovered and deceased cases at final time for different mean immune levels. The
immunity distribution is chosen randomly for each of the 500 realizations of the experiment

deceased cases, since larger (resp., lower) values of wy lead, eventually, to a faster
recovery (resp., decease).

Finally, we perform an exercise to study the correlation between population
heterogeneity and infection. Let us define the mean immune level by Y }_; wi f k,
where f¥ is the probability to find an a-particle with state wy. In our case, f¥ =
fé‘ + ZT:] IJ s f 1’; + f 5 does not change with time due to the assumption that
particles keep their micro-state wy.

The scatterplot in Fig. 14 shows a strong positive (resp., negative) correlation
between the mean immune level and the recovered (resp., deceased) for 500
realizations of the following experiment: the distribution of wy is randomly chosen
to define the initial conditions and the mean immune level is computed, then the
KTAP model is run with the parameters 8 = 0.6, 7 = 0.03, i = 0.008 up to
Tmax = 100. A marker represents the recovered and deceased cases at Ty,,4, for that
particular immune level. This result emphasizes the role of heterogeneity and will
be further discussed in the next section in the context of vaccination strategies.

4 Discussion

In the previous sections we have presented two different approaches to model the
spread of an epidemic. The SHARUCD modeling framework introduced in Sect. 2
was developed within the Basque Modeling Task Force. As an extension of the
basic SIR-type epidemiological models, the SHARUCD model stratifies the class
of infected individuals into severe/hospitalized cases H and mild/asymptomatic A
and includes further classes for intensive care unit admissions U and deceased D.
The stochastic SHARUCD model can be regarded as a predictive model, which
successfully describes the COVID-19 epidemic in the Basque Country in terms
of disease spreading and control, as shown in Fig. 1. The model is currently used
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to monitor COVID-19 transmission in the Basque Country (the complete model
is described in detail in [10, 53]) and was able to provide accurate projections
on the regional health system’s necessities during the first wave of the pandemic
and beyond. As explained in Sect. 2, the SHARUCD model was refined to analyze
isolated outbreaks [11, 51], including now import to asymptomatic infection, after
lifting of lockdowns, and increased detection of asymptomatic due to increasing
testing capacity.

Investigation on critical fluctuations around the epidemiological threshold has
shown that the lockdown measures implemented in the autumn 2020 were able
to drive the growth of COVID-19 cases to the so-called sub-critical regime of
community transmission, leading to a low notification of severe cases, up to the
end of October 2020, and kept in stationarity even when the overall transmission
rate increased by an enhanced mobility. The same behavior was also observed in
different European regions [11, 51].

This study is a baseline for the understanding of the impact of the current
vaccination programs around the globe giving insights on the role of community
transmission and mobility regarding the reduction of severe disease. The system can
be also evaluated under different vaccine efficacies and coverage, while population
immunity is acquired by natural infection and vaccination, until finally reaching the
so-called herd immunity threshold. The SHARUCD framework is under refinement
to include the uneven vaccination roll-out strategy currently in place worldwide with
preliminary results described in [52].

We use the epidemiological SHAR model framework to evaluate the effects of
vaccination in different epidemiological scenarios of coverage and efficacy. Two
vaccination models (one protecting against severe disease and the other protecting
against infection as well as severe disease) are compared to evaluate the reduction of
overall infections and hospitalizations. Differences in vaccine efficacy and coverage
must be also considered for a more accurate evaluation of vaccine performance.
Our results show that in an intermediate scenario of low to medium vaccination
coverage and limited vaccine efficacy, vaccine performance will be influenced by the
transmission level of mild and asymptomatic cases [52]. These results and concepts
are of use to study also the epidemiological situation of vaccine waning immunity
and immune escape by new variants.

On the other hand, the KTAP approach presented in Sect.4 has so far
been applied with exploratory purposes to model an infectious disease where a
pathogenic agent spreads among a population of target cells, trying to evade the
immune response. In this sense, the model is quite simple not even considering
the nature of target cells (e.g., mainly gut and lung cells in the case of SARS-
CoV-2 infection [15, 46]). However, this modeling approach can be adapted to
explore different scenarios considering multi-scale features and heterogeneity
of the population by stratifying it, e.g., according to age or comorbidities. For
example, in [12] the population is distributed over a network where each node has a
different social structure type: school, household, working place, and nursing home.
Interactions can be modeled according to this stratification using, for example,
mixing matrices [21, 37].
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Fig. 16 Different severity levels of the disease

It is worth stressing that, if no heterogeneity is considered in the KTAP model
(meaning n = 1) and only three levels of infection severity are considered (i.e.,
m = 3), we get, as a particular case, the SIR-type model configuration shown in
Fig. 15. In this case, we can relate the dependent variables from both models as:
Js@) ~ x1(0), f1(1) = x2(t) + x3(1) + x5(1), fr(t) ~ x4(1), and fp(1) ~ x9(t)
(see Eq. (9)).

A subsequent step is to relate the viral replication in the KTAP approach with
the different compartments in the SHARUCD model, schematized in Fig. 16, and
to properly model transitions not only between adjacent states but also to distant
ones (for instance, a patient who has been immediately admitted to ICU facility
upon infection). This perspective gives also an insight into a possible further
stratification in the SHARUCD model, considering, e.g., age groups or accounting
for subpopulations with comorbidities.

Finally, as vaccination against COVID-19 proceeds, both models introduced in
this present chapter are under refinement to investigate the impact of population
immunity by vaccination.

The KTAP approach has also been applied to conduct an exploratory analysis
on the impact of vaccination targeting a given population. In [12] the effect of
vaccination was modeled by “moving” some individuals with low w values to
the highest level w,. When the number of vaccinated particles increases, a strong
reduction in terms of infected and deceased cases is observed, with a large negative
correlation between the variables. This result confirms the relationship shown in
Fig. 14 and the importance of immunization. In order to take into account the
dynamics of the rollout of vaccines, ongoing research assumes the micro-states wy
to be time dependent.

Adding a spatial component to the models considered above is another way
to introduce an additional scale into the modeling framework. Spatial dynamics
is required in certain settings, e.g., when wanting to study differences in disease
transmission dynamics depending on geographical location or when looking at the
combined impact on transmission of different local/regional public health policies.

In Sect.2 of this chapter, we have illustrated the effect of an import term in
the stochastic and spatially dependent SHAR model. While in the non-spatial
context determining the critical threshold of community transmission can be done
analytically, in the spatially dependent case this is no longer possible and one has
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to measure such threshold numerically instead. In general, a deviation from the
corresponding mean-field approximation is to be expected since spatial correlations
alter the results.

This type of analysis for the models presented in this chapter is ongoing and will
be discussed in detail in our forthcoming publications.
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Kinetic Modelling of Epidemic Dynamics: @)
Social Contacts, Control with Uncertain ek
Data, and Multiscale Spatial Dynamics

Giacomo Albi, Giulia Bertaglia, Walter Boscheri, Giacomo Dimarco,
Lorenzo Pareschi, Giuseppe Toscani, and Mattia Zanella

1 Introduction

The recent COVID-19 pandemic has brought mathematical models in epidemiology
to unprecedented scientific exposure. Several research groups in all parts of the
planet have ventured into the construction and use of mathematical models capable
of correctly describing the progress of the epidemic. Such predictive mathematical
models are considered critical to understanding the course of the epidemic and
planning effective control strategies. Most of the proposed models stem from the
compartmental approach originally proposed by Kermack and McKendrick [65, 75],
i.e., the classic SIR model based on partitioning the population into susceptible,
infected, and recovered.

In compartmental models, the population is divided into groups, where each
group or compartment represents a stage of progression in the individual’s disease
or health. The resulting mathematical model is typically based on a deterministic
system of ordinary differential equations (ODESs) that characterizes the transition
rates from one compartment to another. The choice of which compartments to
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include in a model depends on the characteristics of the particular disease being
modelled and the purpose of the model. Recently, numerous extensions of the SIR
compartmentalization have been proposed to deal with the specificity of SARS-
CoV-2 infection. Such generalizations involve additional compartments to better
fit the available experimental data in order to improve the description of disease
progression and epidemic characteristics [28, 59, 74, 82, 96, 98, 112].

Most of these models describe the temporal evolution of the epidemic spread
only in terms of the average numerical density of individuals in each compartment,
thus neglecting other relevant structural properties of individuals, such as their age,
wealth status, social contacts, and spatial movements, in favor of an assumption
of population and territorial homogeneity. Structured epidemic models have been
considered by various authors, especially in connection with age dependence, and
are a classical topic in mathematical epidemiology [65, 66]. The evolution of these
structural quantities, however, is seldom accounted, except for birth and death rates
in the context of age-dependent models.

On the other hand, kinetic models characterized by systems of partial differential
equations (PDEs), recently introduced and studied in the social sciences, have
shown the ability to accurately describe complex social phenomena such as
opinion formation among individuals, the creation of wealth distributions, and the
emergence of contacts on social networks [6, 37, 56, 58, 63]. See, for instance, the
recent monographs and collections [91, 95]. Similarly, the use of kinetic theory has
proven to be very useful in designing feedback controlled models in various fields
of social sciences [2, 4, 48] and in modelling the movement dynamics of individuals
at different scales [7, 11, 14, 34, 108].

In addition, available experimental data are often affected by large uncertainty,
which must therefore be considered as part of the process of modelling the infectious
disease and simulating the potential epidemic scenarios and control strategies [29,
33, 106]. A large amount of research in this direction has been recently carried out
in the field of hyperbolic and kinetic equations and it is therefore natural to rely
on this scientific background to design new models and numerical methods able
to deal efficiently with the presence of uncertain data [21, 68, 71, 94, 101, 122].
We also mention some other related research based on modelling the diffusion of
COVID-19 using PDEs. Specifically, the multiscale approach in [15], the age- and
space-structured model in [35], and the space-dependent models in [62, 107, 116,
117].

In this survey, we will address these issues in light of a number of recent results
in the area of epidemiological modelling using kinetic equations with a focus
on applications to the COVID-19 pandemic. More precisely, our presentation is
organized into three parts according to the topics covered. In the first part we will
focus on the interplay between the evolution of the pandemic and the presence of a
social characteristic capable of significantly influencing its behavior and/or that is
itself influenced by the pandemic. In the specific case we will consider the influence
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of the distribution of contacts [45, 124, 125] and the distribution of wealth among
individuals [44].

Next, in the second part our attention will shift to the importance of possible
control actions aimed at containing the pandemic [10, 74]. In this case it is of
fundamental importance to take into account in the modelling phase any uncertain
data that can significantly change the epidemic scenarios. A particularly significant
problem we will address is that of control actions through containment measures
based on different age-dependent social interaction functions, e.g., at home, at work,
or at leisure. Results for various countries affected by the pandemic will illustrate
the effectiveness of the proposed methodology [8, 9, 46].

The last part of this survey is devoted to the challenging case of evaluating
the impact of an infectious disease at a spatial level, including small-scale urban
dynamics and large-scale regional dynamics. The inclusion of the spatial component
in epidemiological systems is indeed crucial especially when there is a need to
consider spatially heterogeneous interventions, as was and still is the case for the
control of the spread of COVID-19 [39, 99, 105]. These problems will be addressed
both in the case of dynamics on networks connecting different cities [18], and in the
case of completely two-dimensional dynamics at regional level [23]. Applications
of these models to the early stages of the COVID-19 pandemic in Italy will also be
illustrated [19, 20]. Some open issues and future developments are also discussed at
the end of this review along with detailed references to the data sources used in the
simulations.

2 Kinetic Modelling of Social Heterogeneity in Epidemic
Dynamics

We discuss in this first part an enhancement of the classical compartmental
description of epidemic spread that takes into account statistical aspects of the social
behavior of individuals [44, 45, 124, 125]. The approach has its roots in the kinetic
theory of socio-economic modelling through interacting agents (see the monograph
[95] for further details). This permits to correlate the social behavior of agents with
the dynamics of infection.

For simplicity we will develop our arguments for the simple SIR model where
the entire population is divided into three classes: susceptible (S), infected (I), and
recovered (R) individuals. It should be noted, however, that the ideas developed in
this section can be extended to more complex compartmental epidemic models like
the ones considered in [25, 28, 40, 57, 59]. See also Sects. 3 and 4 of the present
survey for some generalizations to more realistic compartmental models including
the effects of asymptomatic individuals.
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Under a homogeneous mixing assumption, the time evolution of the SIR model
reads

asw _ SOOI
T =—-BS®I(),

are) =BSHI@) —yI(t), 9]
dt

dR(t)
P yI1(1),

where B is the average number of contacts per person per time, multiplied by
the probability of disease transmission in a contact between a susceptible and
an infectious person, and y is the transition rate of infected to the recovered
compartment. In this situation, it can be shown that the dynamics of the infectious
class depends on the ratio Ry = B/y, the so-called basic reproduction number. In
this case, it is known that I (r) — 0, while S(t) — S*° € [0, y /8] solution of

oo Vi (S55) L
I1(0)+S0)—S +ﬂlog(s(0)>_0

We refer to [65] for an introduction on compartmental modelling in epidemiology.

The heterogeneity of the social structure, which impacts the diffusion of the
infective disease, is characterized by the variable w € R, characterizing its social
state and whose components summarize, for example, the age of the individual, its
number of social connections, or its economic status [64, 65]. For a large system
of interacting individuals in a structured population, its statistical description is
obtained through the introduction of the distribution functions fj(w,t), t > 0,
denoting the probability of having an individual with the social characteristic w in
the class J, where J € {S, I, R} and such that

fsw,0) + fi(w, 1) + fr(w, 1) = f(w, 1), / f(w,)dw = 1. 2
Ry
As a consequence, the quantities

S(r>=/ Fs(w, 1) dw, 1<r)=f Frw, 1) dw, R(r>=/ Fr(w, ) dw,
Rt Rt Rt
3)

denote the fractions of susceptible, infected, and recovered subjects. In the above
setting, the time evolution of the functions f;(w, ), J € {S, I, R}, is obtained by
supplementing the epidemiological partitioning in (1) with the dynamics originating
the formation of social heterogeneity by local interactions. Following [44, 95] this
merging results in the system
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w = =K (fs, f)(w, ) +Qs(fs: f1; fr)w, 1),
% = K(fs, f)w.0) — y(w) 1w, )+ Q(fs: fr: fy(w.0), (4
% =yw) fr(w, 1) +Qr(fs; f1: fR)(W, 1),

where

K(fs. fD(w, 1) = fs(w, t)/R B, w) f1(v, Hdv ®)
+

represents a nonlinear incidence rate characterized by the number of contacts
B(v, w) between an infectious individual with social characteristic v and a suscep-
tible individual with social characteristic w, while y (w) defines the transition to the
recovered compartment of infectious individuals with social feature w.

Note that, when the epidemic parameters are independent of the social feature,
i.e., B(-,-) = B and y(-) = y, thanks to conservation of the number of individuals
in each compartment during the evolution of social traits, by direct integration of (4)
against w the mass densities (3) satisfy the classical SIR model (1).

The choice in (5) also implies a different definition of the basic reproduction
number. Due to the conservation of the total number of individuals in the operators
Q;(fs; fr; frR)(w, 1), J € {S, 1, R}, we define a time-dependent effective repro-
duction number

fRi B, w)fs(w,t) fi(v,t)dvdw
Je, vy () fr(w, 1) dw

Ro(1) = . (6)

which characterizes the change in the number of infected at time 7.

In (4) the operators Q;(fs; fr; fr), J in {S, I, R}, describe the evolution of
social traits by interactions among agents in the various compartments and the
formation of the corresponding equilibrium distributions f;(w)*>°, J € {S, I, R},
such that

Qs (fs% f7° fFROW) =0, J e (S, I, R}. )

The explicit computation of the equilibrium solutions of (7) is extremely difficult
in general, as it depends strongly on the evolution dynamics of the specific social
feature under consideration. Knowledge of such equilibrium solutions, however,
is of paramount importance to gain some understanding of the dynamics and
derive simplified reduced-order models. In the following, we will describe in more
detail the case of social heterogeneity based on the formation of suitable contact
distributions [45] and the impact of the epidemic on the wealth distribution of
individuals [44].
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2.1 Modelling Contact Heterogeneity

Let us first consider a kinetic system that suitably describes the spreading of an
infectious disease under the dependence of the contagiousness parameters on the
number of social contacts of the agents. Aiming to understand social contacts’
effects on the dynamics, we will not consider in the sequel the role of other sources
of possible heterogeneity in the disease parameters (such as the personal suscepti-
bility to a given disease), which could be derived from the classical epidemiological
models, suitably adjusted to account for new information [41, 93, 115]. Therefore,
we denote by fs(w, 1), fr(w, t), and fr(w, t), the distributions at time ¢ > 0 of the
number of social contacts of the population of susceptible, infected, and recovered
individuals.

For a given constant @ > 0, we denote with m; (), J € {S, I, R}, the local
moments of order « for the distributions of the number of contacts in each class
conveniently divided by the mass of the class

myqt) = %[W w* fy(w,t)dw, J€{S,I,R}. 8)

Unambiguously, we will indicate the local mean values, corresponding to « = 1, by
my),J €{S, 1, R}.

In what follows, we assume that the various classes in the model act differently in
the social process constituting the contact dynamics. Specifically, we will consider
y(w) = y > 0 and the contact function 8(v, w) as a nonnegative increasing
function with respect to the number of contacts v and w of infected and susceptible
individuals, respectively. The choice

B, w) = fv*uw® 9

with constant &, 8 > 0 corresponds to considering an incidence rate dependent on
the product of the number of social contacts.

2.1.1 Kinetic Model for Contact Formation

To define the dynamics of contacts, we can exploit the results of [43, 61, 95, 113]
to obtain a mathematical formulation of the formation of social contacts. In full
generality, we assume that individuals in different compartments can have a different
mean number of contacts. Then, the microscopic updates of social contacts from w
to w’l of individuals in the class J € {S, I, R} will be taken of the form:

w/J =w — g(w/mj)u) + nsw, Jel{S, I, R}, (10)
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where for compactness and simplicity of notation we used the subscript J on the
different compartments and kept implicit the dependence on ¢ in .

In a single update (interaction), the number w of contacts can be modified for two
reasons, expressed by two terms, both proportional to the value w. In the first one,
the function <I>§(-), which takes both positive and negative values, characterizes the
typical and predictable variation of the social contacts of agents, namely the personal
social behavior of agents. The quantity 7, is a random variable of zero mean and
bounded variance of order ¢ > 0, expressed by (n.) = O, (ng) = eo?, where (-)
denotes the expectation. Furthermore, we assume that 7, has finite moments up to
order three.

The function ®f plays the role of the value function in the prospect theory of
Kahneman and Tversky [72, 73]. See also [37, 87, 88, 95] for a related use of the
value function in the dynamics of investment propensity. The main hypothesis on
which this function is built is that, in relationship with the mean value wy, J €
{S, I, R}, it is considered normally easier to increase the value of w (individuals
look for larger networks) than to decrease it (people maintain as much connections
as possible). In terms of the variable s = w/m; we consider then as in [43] the
class of value functions obeying to the above general rule given by:

ee(stl)/a _1

D(s) = A >0, (11)

where the value A denotes the maximal amount of variation of w that agents will be
able to obtain in a single interaction

—A < ®5(s) <A,

so that the choice A < 1 implies that, in the absence of randomness, the value
of w’, remains positive if w is positive. In (11) the parameter 0 < § < I isa
suitable constant characterizing the intensity of the individual behavior, while ¢ > 0
is related to the intensity of the interaction. We observe that ¢ < 1 corresponds to
small variations of the expected difference (w’, — w).

Thus, for a given density f;(w,?), J € {S,I, R}, the operators
Q;(fs; fr; fr)(w, t) on the right hand side of (4) have a linear structure, depending
only on compartment J, characterized by the microscopic interaction (10). Denoting
by Q%(f1) = Qs(fs; f1: fr), the interaction terms can be conveniently written in
weak form by integration against a smooth function ¢(w) as [32, 95]

fR o5 ndw=( [ Bwlpww)) - pw)frw.ndu). a2
,

Ry

The above operators quantify the variation in density, at a given time, of individuals
in the class J € {S, I, R} that modify their value from w to w’, (rh.s with negative
sign) and agents that change their value from w’, to w (r.h.s. with positive sign).
Here, the expectation (-) takes into account the presence of the random parameter
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ne in the microscopic interaction (10), while the function B(w) measures the
interaction frequency. For example, the choice B(w) = 1/w, which will be used
in the sequel, assigns a low probability to interactions where individuals already
have a large number of contacts and assigns a high probability to contact transitions
when the value of the variable w is small.

2.1.2 Quasi-Invariant Scaling and Steady States

Let us focus on the dynamics of social contacts alone in (4), namely by ignoring the
epidemiological terms, and scale time as t — /¢, in accordance with the parameter
¢ that measures the intensity of changes in the number of contacts defined by (10).
Thus, small values of ¢ correspond to the case in which elementary interactions
(10) produce minimal modification of the number of social contacts and at the same
time their frequency increases like 1/¢. This scaling is usually referred to as quasi-
invariant scaling in kinetic socio-economic modelling [95]. A general view about
this asymptotic passage from kinetic equations based on general interactions toward
Fokker—Planck-type equations can be found in [55].

Then, as a result of the scaling, the distribution f;, J € {S, I, R} is solution of
the following problem in weak form:

d 1
— | o) fr(w, Hdw = g[R e(w) Q5 (fr)(w, 1) dw

dt Jg
! (13)

1
= [ B o)) - ptw) frw. 0 dw).
& Ry

Now, let us concentrate on the analysis of the asymptotic states of the social contact
dynamics when & — 0. To this aim, note that, from the definition of ® in (11) and
the assumptions on the noise term 1, we have

im Lo () = 2 (2 lim ~ () = o (14)
m — _ = — _— — m — = .
e—0¢& 8 myj 28 my ’ e—)OSntE “

We can Taylor expand ¢(w/J) in (13) as

1 1 N
o)) — pw) = (W) —w)g' (W) + (W} - w)?e” (w) + s - w)e” (),

with  a suitable value between w’, and w ;. Hence, inserting the above expansion
in (13) and using the microscopic relation (10), as ¢ — 0 by standard arguments we
can prove that the scaled dynamics (13) can be approximated by the corresponding
Fokker—Planck formulation [45, 95]. More precisely, it can be shown that f;, J €
{S, I, R} converges to a solution of
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d
ar Js pw) fr(w, Hdw =

dt
A 1-6 8 2
/R!—w’(w) ’;8 [(mij) —1]+%¢”(w)w2‘3}fj(w,t)dw.

Integrating back by parts, the limit equation in strong form coincides with the
Fokker—Planck equation

0 -
5;f)(w,ﬂ =Q,(fnw,1), Jel{S, I, R}
where

O0s(f)(w, 1) =

LR JWES (i)(S fr(w, 1) +—2—<w2 3 fr(w, 1),
28 0w mj

5)
complemented with no-flux boundary conditions at w = 0

d
@ fyw.n)| =0, (16)

Following [45] we can compute the explicit equilibrium distribution of the Fokker—
Planck model. Let us first observe that Eq.(15) preserves the total number of
individuals and the average number of contacts’ mean values m;, J € {S, I, R},
in each compartment. Thus, assuming that the mass of the initial distribution is one
and by setting . = A /o2, the equilibria can be expressed by the functions

1)
£5°w) = Cy(my, 8, w52 exp {—ﬁ (1) } . Je{S.IR
my

52
(17)
where C; > 0 is a normalization constant.

The Distribution of Contacts
A particular interesting case corresponds to the choice § = 1 for which the
steady states of unit mass are the Gamma densities

n\* o1 1 0
i CHC A ES (mj) mw” exp{—m—Jw}, Je{S,I,Ri.lS)

(continued)
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With this particular choice, the mean values and the energies of the densities
(18), J € {S, I, R}, are given by:

w+1l 5
mJ.

19)

_/ w (w6, w)dw =my, / w? £9°(w; 6, p) dw =
R+ R+

It is important to note that the distribution (18) is in agreement with that
observed experimentally in [16]. For this reason, in the rest of the section
we will restrict to the case § = 1 (see [45] for a more in-depth discussion).

2.1.3 The Macroscopic Social-SIR Dynamics

Referring to Boltzmann’s classical legacy concerning the fluid dynamic limits, using
the knowledge of the equilibrium states of the kinetic model we can derive the
corresponding macroscopic model [32]. The key assumption is that the dynamics
leading to the contact formation is much faster than the epidemic dynamics. This
corresponds to introduce the following scaling:

t—t/t, B, w) — (v, w), Yy =Ty,
being T « 1 the scaling parameter.

Hence, considering the linear Fokker—Planck operator (15) for § = 1 as a model
for social interactions we can rewrite system (4) as follows:

fs(w, 1 -
Pl — —Kfs. fw,n + 7 Os(f .
ofr(w. 1 -
% =K(fs, fo(w,t) —yfi(w, 1)+ - O1(fH(w, 1), (20)
dfr(w, 1 -
w =yfi(w, 1)+ = Or(fr)(w, ).
! T
The system (20) with no-flux boundary conditions at w = 0 contains all the

information on the spreading of the epidemic in terms of the distribution of social
contacts. Indeed, the knowledge of the densities f;(w, t), J € {S, I, R}, allows
to evaluate by integrations all moments of interest. Due to the incidence rate
K(fs, f1), as given in (5), the time evolution of the moments of the distribution
functions is not explicitly computable, since the evolution of a moment of a
certain order depends on the knowledge of higher order moments, thus producing
a hierarchy of equations, like in classical kinetic theory of rarefied gases [32].
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However, similarly to the derivation of the fluid dynamic limit we can assume the
contact densities to be close to their equilibrium states (18).
Therefore, since for the choice in (9) we have

K(fs, f)(w, 1) = Bw fs(w, tym;(t) 1 (7),

we can compute the time evolution of the number of individuals in each com-
partment, defined in (3), by integrating both sides of the equations in (20) with
respect to w. Using the fact that the Fokker—Planck terms preserve the total number
of individuals, we obtain the following system of macroscopic equations for the
densities:

ds =~
di’) — Bms@mi(OSHI 1),
dl -
% = Bms(Om (0)SWI (1) — y1 (1), @D
dR(1)
= =710,

Next, taking the evolution of the first moment in (20) since the Fokker—
Planck operators also preserve momentum, one obtains that the means mg(t)S(z),
my(t)I(t) in (21) satisfy the differential system

d —
77 msMS@) = —pms2Omi(SOIE),
(22)

d _
E(Wu(t)l(l)) = Bms2O)m(O)SO) () —ym(t)I(1),

which depends now on the second order moments.

The closure of system (21)—(22) can be obtained by resorting, at least formally,
to the classical equilibrium assumption on the social interaction variable. Indeed, if
T K 1 is sufficiently small, one can easily argue from the exponential convergence
of the solution fj(w,t) of the Fokker—Planck equation toward the equilibrium
fPw;0, 1), J € {S,1,R} (see [114] for example) that the solution remains
sufficiently close to the corresponding Gamma density (18) for all times.

The equilibrium distribution f7°(w; 6, ) can then be inserted into system (22)
and, recalling that for Gamma densities

nw+1

myo(t) = m3(t),  Je{S, I, R},
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we can derive a closed system that governs the evolution of the local mean values

@ = P oswormior),

t M

d _ 1

";’t(” — Bms(Omy (1) ( T H s () — mz(n) S,

dmp(t) _1()
i =V R O~ mR@).

(23)

Therefore, the closure of the kinetic system (20) around a Gamma-type equilibrium
of social contacts leads then to the system of six Eqs. (21)—(23) for the pairs of mass

fractions J(¢) and local mean values mj(¢), J € {S, I, R}.

It is interesting to remark that system (23) is explicitly dependent on the positive
parameter 4 = A /o2, which measures the heterogeneity of the population in terms
of the variance of the statistical distribution of social contacts. More precisely, small
values of the constant p correspond to high values of the variance, and thus to a
larger heterogeneity of the individuals with respect to social contacts. This is an
important point that is widely present and studied in the epidemiological literature

[10, 27, 40, 41].

Absence of Heterogeneity

A limiting case of system (23) is obtained by letting the parameter © — 400,
which corresponds to pushing the variance to zero (absence of heterogeneity).
In this case, if the whole population starts with a common number of daily
contacts, say w, it is immediate to show that the number of contacts remains
fixed in time, thus reducing system (21) to a classical SIR model with contact
rate fw?. Hence this classical epidemiological model is contained in (21)—
(23) and corresponds to consider the case of a population that, regardless
of the presence of the epidemic, maintains the same fixed number of daily

contacts.

2.1.4 A Social-SIR Model with Saturated Incidence Rate

We consider the case where the average number of social contacts of infected m is
frozen to m as an effect, for instance, of external interventions aimed at controlling
the pandemic spread. In this case, for any ¢ > 1, one can explicitly solve the
equation for the evolution of average contacts of susceptible individual as

,3 Qo mg(0)

d -
—oms(0)= ——mS+1 T1@), ms(t)=

1/a’
(1 + M ~°‘/ I(s)ds)
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where ¢, > 0 is such that
+00
/ w” [ (w)dw = ¢ S(HwS.
0

Therefore, approximating the integral fot I(s)ds ~ tI(t) we obtain the closed
system for the evolution of mass fractions of the following type:

ds(t) ~

= = —BSOIOHI®), 1),
é%glzgfuzgstuua)—ylo» 24
dR(t)

" =yl(),

with § = Bmg(0) and which incorporates the generalized macroscopic incidence
function

1

HIO ) = ————
TO-0 = i

(25)

with ¢ () = cy Emg(O)t /i > 0. The system (24) corresponds to models with
saturated incidence rate, see [30]. We point the interested reader to [45] for a detailed
discussion. See also Sect. 3 of this survey for a derivation of the saturated incidence
function (25) as a feedback control functional.

2.1.5 Extrapolation of the Shape of the Incidence Rate from Data

In this section, we use the previous model to describe the COVID-19 pandemic in
three different European countries: France, Italy, and Spain. The data we employ,
concerning the actual number of infected, recovered, and deaths of COVID-19, are
publicly available from the John Hopkins University GitHub repository. For the
specific case of Italy, we considered instead the GitHub repository of the Italian
Civil Protection Department (see Data Sources in Sect. 5.1). We adopted the fitting
procedure described in [8, 45] that is based on a strategy with two optimization
horizons (pre-lockdown and lockdown time spans) depending on the different
strategies enacted by the governments of the considered European countries. Once
the relevant epidemiological parameters have been estimated in the pre-lockdown
time span, we successively proceeded with the estimation of the shape of the
function H from the data.

We seek to understand numerically the dependencies of the function H on the
number of infected. In particular, we consider the candidate incidence functions Hj,
H,, and H3 defined as
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c

Hi(I(t). 1) = S —
1@, 0 1+ ¢ [l 1(s)ds

c
m, Hy(I(1),1) =
and

c
Hy(I(1), 1) = ;

Q+¢£u@wym

with ¢ > 0, accordingly with (25) where ¢ and « are free parameters, which are
determined through a least square minimization approach that best fits the estimated
curve with conditions ¢ > 0, > 1. The results of this procedure are presented
in Fig. 1. We point the interested reader to [45] for a detailed discussion on the
estimated parameters.

We can observe that the optimization gives acceptable results for the different
forms of the incidence function especially in the right column of Fig. 1, where the
functions H> and Hs are clearly able to better explain the estimated values of H
especially after the epidemic peak. Note that the fits of the model with the available
data when H3 is used are particularly good. This fact may indicate that people are
rather fast to apply social distancing, and therefore to reduce their average number
of contacts, whereas they tend to restore the pre-pandemic average contact rate more
slowly, possibly due to further psychological effects.

2.2 The Interplay Between Economy and the Pandemic

The rapid spreading of the COVID-19 epidemic in western countries and the
consequent lockdown measures assumed by the governments to control and limit
its effects will unequivocally lead to important consequences for their economies.
In this section, following [44], we introduce a mathematical framework to study the
economic impact of the pandemic by integrating epidemiological dynamics with a
kinetic model of wealth exchange.

The description of the evolution of the personal wealth in terms of kinetic-
type equations revealed to be successful in the description of emerging wealth
distributions; see [24, 36, 48, 95]. Clearly, an accurate quantification of the impli-
cations due to the pandemic in the distribution of wealth is an extremely difficult
problem that requires knowledge of a large number of unknown variables and
relationships between them. In an attempt to better understand the mechanisms
underlying these dynamics we will consider simplified models that, while based on
a few obvious universal characteristics, can be analyzed to provide answers about
possible scenarios.
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Fig. 1 Estimated shape of the function H in several European countries (left plots) and its
dependency on the variables /(¢) and fot 1 (s)ds (right plots)

2.2.1 Wealth Exchanges in Epidemic Modelling

The model considered in [44] has the same structure of the kinetic SIR-type model
defined in (4) where now the state of an individual in each class at any instant of
time ¢ > 0 is completely characterized by the amount of wealth w € R. Therefore,
fs(w, 1), fr(w,t), and fr(w,t) are the distributions at time # > 0 of the amount
of wealth of the population of susceptible, infected, and recovered individuals,
respectively. The distribution of wealth of the whole population is then recovered
as in (2) and consequently is assumed to be a probability density for all times ¢ > 0.
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Coherently with the previous notations we denote the relative mean wealths in
each compartment as

1
my(t) = —/ wfy(w,t)dw, J e{S,I, R}, (26)
J(@) Jr+
and the total mean wealth as
m(t):/ wf(w,t)dw.
R+

We emphasize that the above notations differ from those originally used in [44], this
in order to make them homogeneous with the notations used in Sect. 2.1.

In Eq. (4) the choice of a wealth-dependent recovery rate can be motivated by
considering that wealth can buy access to better hospitals and better treatments,
thus ensuring a higher chance of recovery. Also, a wealth-dependent contact rate, in
the form of a decreasing function of the difference |[w — wy|, can be introduced
to express that individuals with different degrees of wealth live in different
environments, and this limits contacts in the presence of a marked difference. The
interaction operators on the r.h.s. of (4) characterize the wealth evolution due to
trading between agents of the same class, or between agents of different classes,
and are built according to the CPT model [36] with the following structure:

Qs (fs: f1: fr) = Z Qiu(f1. fu)(w, 1), J €{S, I, R}, 27)

He{S,1,R)

where Qy(fs, fu) describes the changes of wealth in compartment J due to
binary interactions among agents in compartments J and H, with J, H € {S, I, R}.

In detail, an interaction between two individuals in compartments J and H with
wealth pair (w, wy) leads to a wealth pair (w’,;, w}, ;) defined by relations

wiy =0 —=ADw+Agwe +npw
J,HelS,I,R)} (28)
Wy, = = A ws + Ajw + nEyws,

where Ay, Ay € (0, 1) are transaction coefficients, while the market risk variables
nsjg > —Ay and ngy > —Apy are independent and identically distributed random
variables with zero mean and the same time-dependent variance o2(t) (since we
assume that the risk in the market does not depend on the particular class of trading
agents).

The trade between agents has been modelled to include the idea that wealth
changes hands for a specific reason: one agent intends to invest his wealth in some
asset, property etc. in possession of his trade partner. Typically, such investments
bear some speculative risk, and either provide the buyer with some additional
wealth, or lead to the loss of wealth in a non-deterministic way. Relations (28)
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couple the saving propensity parameter with some risky investment that yields an
immediate gain or loss proportional to the current wealth of the investing agent.
Hence 0 < Ay < 1, J € {S, I, R}, are the parameters that identify the saving
propensities 1 — Ay, namely the intuitive behavior that prevents the agents to put in
a single trade the whole amount of his money. The choice Ag > Ag, for example,
reflects the fact that susceptible individuals can be more cautious in the market and
tend to save their wealth, since they understand that consuming and working less
reduces the probability of infection [50]. On the other hand, infectious individuals
have limited possibilities to act on the market and, as we will see, asymptotically
disappear from the wealth dynamics. The time dependence of o has been postulated
by assuming that, in the presence of a significant spread of the epidemic, the risk
variance tends to increase. This is in agreement, for example, to the market reactions
we observed during the COVID-19 spreading at the announcements of the new
numbers of infectious people in the various countries [127].

As already observed a convenient way to express the operators Q yg (f7, fu) is
based on its weak form, namely the way the operator acts on observables [36, 95].
Let ¢ (v) denote a test function and let us define with (-) the expected value with
respect to the pair 7y, ng s in the interaction process. Thus, for J, H € {S, I, R}
we have

A% dw)Qyu(fr, fA)(w,)dw =

( /R @) = $w)) f5(w, 1) fir (we, 1) dw, dw),
2

(29)
where w’, ; is defined by (28).

2.2.2 Fokker-Planck Scaling and Steady States

To analyze the asymptotic behavior of the model, it is useful to resort to the so-called
quasi-invariant trading limit that permits to derive the corresponding Fokker—Planck
description of the Boltzmann operators (29). To this aim, in a similar fashion to
Sect. 2.1.2, following [36, 44, 55, 95], we scale the binary trades according to

Ay —ery, Je{S,I,R}, o — eo, (30)
and similarly the functions governing the spread of the disease

B(w, wy) = ef(w, wy), y(w) — ey(w), (€29)
and denote with QEJH(-, ), J, H € {S, I, R}, the scaled interaction terms.

The limit procedure induced by the above scaling corresponds to the situation
in which are prevalent the exchanges of wealth that produce an extremely small
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modification of wealths, but we are waiting enough time to still see the effects. In
fact, rescaling time as ¢t — ¢ /¢, for small values of ¢, the Boltzmann-type operators
converge to Fokker—Planck operator with variable coefficient of diffusion and linear
drift. More precisely we have that for small values of ¢ <« 1 (see [44] for details)

1 ~
-y / Q% (1. fr)(w. ) (w) dw ~ / Qs (f1)(w, N (w) dw,
Ry Ry

He{S,I,R}
where
. 9 29
Gs (w1 = - [U(” O W fy w0) + (why — @) fr w0 |,
w 2 Jw
(32)
with
m(t) = Asms(t)S() + Aym(OI(t) + Agmg (O R(). (33)
This gives the system
0 , -
% = —K(fs. f)w. 1) + Os(fs)(w. 1),
0 , -
UED _ K fs, fw, 0 = vfiw, 0+ 01w, 0, (34)
0 , -
% = yf1(w, 1) + Or(frR)(w. D).

It is immediate to verify that the above Fokker—Planck-type operators are mass and
momentum preserving. Similarly to Sect.2.1.3, one can analyze the equilibrium
densities associated to the differential system

o2 d(w £7°(w))

> ™ + iy —m) fi°(w) =0, Je({S, IR}

to derive reduced order models for the evolution of the densities of susceptible,
infectious and recovered individuals. As we will see in the next section, these
equilibrium states have the shape of inverse Gamma distributions [78, 109].

2.2.3 The Formation of Bimodal Wealth Distributions

We verify in a simplified case that the Fokker—Planck system (34) possesses as
stationary solutions inverse Gamma distributions that may generate a bimodal form
of wealth distribution. Bimodal shapes are typical of situations of high stress in
economy and are investigated starting from the Argentinian crisis of the first year
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of the new century [58, 63]. This example also shows that a similar behavior can be
expected in reason of the epidemic spreading.

Suppose that B(w, wy) = B, y(w) = y, and o(¢t) = o are constant. Then,
integrating with respect to the wealth variable, thanks to conservation of the total
wealth, we obtain that the relative mass densities satisfy the classical SIR model (1).
In this case, it is known that I (1) — 0, while S(t) — S € [0, y/B]. Likewise, the
system for the mean values reads

d S

(msgt) ®) _ —BI(Hms(t) S(t) + (m(t) — Agms(1))S(2), 35)
d 1
W = BI(H)ms(t) S¢) —ymy@) I(@) + (@) — Aymp(@)I(t), (36)
d R
W = ym (6 1) + (7() — Agmg(O))R(). a7

Since, as t — +o0o we have I(t) — 0, mg(t) — mg’, and mg(t) — mf, the
asymptotic values of the means satisfy

)»Rm%o = )»Smgo,

together with the constraint m%’ R® + m$® S = m by conservation of the total
mean wealth. This gives the asymptotic values

As

°° AR = —m.
ARS® + AgR®

S T 1 o1 pom
ARS® + AgR®

e8]

m . mS (38)

Thus, formally as + — oo in the Fokker-Planck system (34) we get that the
stationary states f¢°(w) and fg°(w) are given by two inverse Gamma densities

o _ g0 Kt T w o _ g PO 39
fs (w) = F(Ms)m’ fR (w) = F(MR)W (39)
with
As AR
ps=1+2—5,  pr=1+2—5, «=(us—m§ = (ug = Dmf.
(40)

The details of the trading activity at the basis of the kinetic description allow to
characterize the tails of the distributions from (40). Hence, a low value of the Pareto
index is obtained in the presence of small values of the parameter Ag, Ag (small
saving propensity of agents), or to high values of the parameter o (highly risky
market). Therefore, the asymptotic wealth distribution is the mixture of two inverse
Gamma densities of mass §°° and R, respectively,

[Ew) = f5°w) + fg°(w), (41)
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Fig. 2 Exact solutions for wealth distributions at the end of the epidemic (34) in the Fokker—
Planck approximation for ug = 2.5, ug = 7.0, S = 0.4, and R* = 0.6 (top) and ug = 2.5,
ur = 11.0, §° = 0.8, and Roo = 0.2 (bottom)

with asymptotic means (38) and variances given by:

K K2

Var§® = — —, Vary = — —
(s — D(us —2) (g — D(us —2)

MRy s > 2.

As a consequence, the wealth distribution has a bimodal structure, since the
maximum of f¢°(w) and fz°(w) are achieved, respectively, at the points

(42)

We report in Fig. 2 the resulting profiles for various choices of s < pg, and §°°,
R®. Note that the mixture of the two inverse Gamma densities (39) does not always
result in an evident bimodal shape. Indeed, while the profile on the right of Fig.2
is clearly bimodal, a different choice of parameters on the left produces a unimodal
steady profile.

2.2.4 The Increase of Wealth Inequalities

Next, we compare the evolution of the wealth distribution of the system under
more realistic hypotheses about the dependence of the risk coefficient o on the
epidemic spread. We consider the kinetic model (34) in the case of the following
two infectious-dependent market risk coefficients:

t

o1(t) = oo(1 + al (1)), o2(t) = o9 (1 + a/ I(t)dr> , 43)
0



Kinetic Modelling of Epidemic Dynamics 63

—=—01,\s = Ap
0.8} o1,As < AR

0.6 —+—02,As = Ag
g 02,/\5 < Ar
& —=—01,\s = A 0.61\%
=) ; o1,As < AR o
€05} ——nds = S o h""-\-,-__
° 02,As < Ag ' e
© 0.2
0.4+
| 0 ‘ ‘ ‘
0 100 200 300 0 100 200 300
Time Time

Fig. 3 Test 2. Behavior of the Gini index (left) and of the middle class fraction (right) defined
in (46) during the outbreak of the epidemic for the different risk measures in (43) with @ = 5,
op = 0.1

where a > 0, op > 0. In detail, o1 (¢) characterizes the instantaneous influence of
the epidemic based on the observed number of infected, whereas o> (¢) takes into
account possible long time memory effects on the market based on the epidemic
impact.
We consider, as initial distribution, an inverse Gamma distribution
n—1
(u— 1y e (-5

T ="r

(44)

with u = 3, representing an initial economic equilibrium state.

To get a more detailed view of the emerging equilibria, we resort to the Gini
index calculation; see [48]. This value should be understood as a measure of a
country’s wealth inequality and varies in [0, 1], where O indicates perfect equality
and 1 maximum inequality.

In Fig.3 we represent the evolution of the Gini index. We clearly observe an
inequality of wealth that grows with the epidemiological dynamics. Moreover, even
in the case of o1 with g = Ag, where these effects are absorbed in the long-lasting
trends, the recovery of the economy occurs at a much lower rate than the worsening
rate.

Epidemiological dynamics may translate into additional wealth inequalities;
in particular, we can measure the evolution of the total number of individuals
belonging to the middle class. Although there are several ways to give a technical
definition of the middle class, it is often more of an idea or estimate than a fixed
number. Generally speaking, the middle class is loosely defined as those who fall
into the middle group of workers compared to the bottom 20% or top 20%. We can
define it using an interval [wy,, wg] such that

" f(w,0)~0.2, / fw,0)=~0.2, (45)

WR

0
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and computing the time evolution of

Mc(t) = /wR fw,t)dw (46)

L

gives us an estimate of the percentage of people living in middle-income house-
holds. In Fig.3 (right plot), we represent the evolution of Mc(t) corresponding
to the considered o(¢), 02(¢). We can clearly see how the emerging inequalities
mainly affect the middle class, which is constantly decreasing in the case of oo and
undergoes a transitory decrease for oy. In particular, in this last scenario and in the
As < Ap regime, at the end of the epidemic dynamics only a partial recovery to the
original pre-epidemic level is observed.

3 Social Control and Data Uncertainty

The adoption of containment measures to reduce the amplitude of the epidemic peak
is a key aspect in tackling the rapid spread of an epidemic. Classical compartmental
models need to be modified and studied to correctly describe the effects of forced
external actions to reduce the impact of the disease. The importance of the social
structure, such as age dependence, which was shown to be essential in the recent
COVID-19 pandemic, must be considered. In addition, available data are often
incomplete and heterogeneous, so a high degree of uncertainty must be incorporated
into the model. In this section we deal with both these aspects following [8, 9].

3.1 Control of Socially Structured Models

The heterogeneity of the social structure that impacts the diffusion of the infective
disease has been already discussed in Sect.2. Among the social characteristics of
fundamental importance in the context of the COVID-19 pandemic certainly the
age of individuals is among the most significant given the heterogeneity of the
contagiousness of the virus and the related health risks. We assume that the rapid
spread of the disease and the low mortality rate allow to ignore changes in the
social structure, such as the aging process, births, and deaths. This is equivalent
to assuming in (4) that the interaction operators Q; (fs; fr; fr), J € {S, 1, R},
vanish.

In order to keep to a standard notation in age-structured models [65, 66] in the
following we will use the variable a to denote the social feature instead of w used in
the general formulation (4). Thus, we will denote by fs(a, t), fi(a, t), and fr(a, 1),



Kinetic Modelling of Epidemic Dynamics 65

the distributions at time ¢ > 0 of susceptible, infected, and recovered individuals
with a given age a € A C R*. In this situation the nonlinear incidence rate (5)
reads

mmﬁww=ﬁwnﬁ%mw%mmmw% 47)

where the function Bgocial(a,ax) > 0 represents the interaction rate among
individuals with different ages.

Typically, in socially structured models the interaction rate between people is
assumed to be separable, and proportionate to the activity level of the social feature
[64, 65], alternative approaches are based on preferential mixing [31, 60]. In what
follows we will assume an age-dependent social interaction function such that

Brocial(@, @) = Y Bj(a, a), (48)

jeA

where the set A indicates the social activities, such as family, work, school.

In the following, although we will derive our feedback controlled formulation for
an age-structured SIR model, the extension to more realistic compartmental models
[49, 57] and other social characteristics, such as the total number of social contacts
and the wealth of individuals discussed in Sect. 2, can be done in a similar fashion.

3.1.1 Optimal Control Formulation

We consider an optimal control framework to define the strategy of a policy maker
in introducing non-pharmaceutical interventions such as social distancing and other
containment measures linked to the social structure. In what follows we assume that
policy maker aims to minimize the impact of the epidemic through an age-dependent
control action depending both on time and pairwise interactions among individuals
with different ages. Thus, we introduce the optimal control problem

T
min J (u) :=/ Y(S(t), 1(t))dt
uel 0
| (T 49)
+) - (@, ax, Duj(a, ax, N dada,d,
;2/(; /AXAv](a as, Dluj(a, as, t)|” dadaydt

subject to
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8fS;ctl 1 —fs(a, t)%/(ﬂ](a L ay) — uj(a, ay, 1) fr(as, t) das,
8f1§a 1) = fs(a, t)Z/(ﬂj(a ax) —u;(a, ax, 1)) fi(ax, t) da, 0
jeA
—y@ fi(a,1),
) ,
% =y(a)fi(a, 1),

with initial condition fs(a,0) = f2(a), fi(a,0) = f(a), and fr(a,0) = fp(a).
The function (S, I) accounts for the total number of the infected population
1(t) and susceptibles S(t), such that (-, -) is positive and 9;¢¥ (S, I) > 0. This
function models the policy maker’s perception of the impact of the epidemic by
the number of people currently infected and susceptible and in the sequel will be
referred to as perception function. Each component of the control u = (uy, ..., ur)
acts selectively on the interaction between individuals of ages a and a, for a
specific activity in A, with L the total number of activities. We consider a quadratic
penalization of the control, weighted by a specific function v;(a, t) > 0 associated
to each activity.

In (49) the set U C R is the space of admissible controls u j» J € A, defined as

U= [u e RE10 < T(uj)(a. 1) < min{M, I(;)(@.0)}, ¥ (a.1), M > 0} ,

where I corresponds to the integral operator

1
I(p)a,t) = m/A @(a, ax, 1) f1(ax, t) da, (51

which ensures the admissibility of the solution for (50). The above restriction on
admissible controls can be relaxed if we consider controls that violate the previous
condition locally but preserve the inequality in integral form after integration against
i(ay,t).

Solving the above optimization problem, however, is generally quite complicated
and computationally demanding when there are uncertainties as it involves solving
simultaneously the forward problem (49)—(50) and the backward problem derived
from the optimality conditions [8]. Furthermore, the assumption that the policy
maker follows an optimal strategy over a long time horizon seems rather unrealistic
in the case of a rapidly spreading disease such as the COVID-19 epidemic.
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Examples of Perception Function
We report two relevant examples of the perception function v (-), given by a
convex function underestimating the number of infected

v (S, D) = c’qq(”, g1, (52)

and a concave function overestimating such number

(14 TI()
W(S, I)(l‘)—CT(I), 7 >0, (53)

with C > 0 a suitable renormalization constant. The function in (52) has been
introduced [8], whereas the function in (53) is related to well-known epidemic
models with saturated incidence rates [30, 53, 76].

Let us emphasize that extending the above optimal control formulation
to more complex compartmental models designed specifically for COVID-
19 (see [57, 59]) can be done by generalizing the perception function in
(49) to include, for example, the hospitalized compartment, or other specific
indicators that can be measured from the data.

3.1.2 Feedback Controlled Compartmental Models

In this section we consider short time horizon strategies that permit to derive suitable
feedback controlled models. These strategies are suboptimal with respect to the
original problem (49)—(50), but they have proved to be very successful in several
social modelling problems [2—5]. To this aim, we consider a short time horizon of
length 2 > 0 and formulate a time discretized optimal control problem through the
functional Jj, (1) restricted to the interval [z, t + h], as follows:

. 1
min J; () = Y (S@). It +h) + Y —/ v(a, ax, Dluj(a, as, t)|*dada,
uel . 2 Jaxa ’
JjeA
(54)
subject to dynamics (50). By recalling that the macroscopic information on the
infected is

I(t—l—h):I(t)—i—h/A [fs(a,t)Z/;\(ﬂj(a,a*)—uj(a,a*,t)) Sfi(ay, t)day

jeA

— 7@ fi(a,0) da,



68 G. Albi et al.

we can derive the minimizer of J, computing VyJ,(u) = 0. Using (54) and the
macroscopic information on /(¢ + &) and introducing the scaling v;(a, as, t) =
hkj(a, ay, t), we retrieve the instantaneous control

1
uj(a,as, t) = ——— fs(a, )i(:, ax, N Y (S(), [ (¢ + h))]. (55)
Kj(a,a*)

Passing to the limit for # — 0 and embedding into (50) the control u ;, we obtain an
instantaneous feedback controlled dynamics.

Explicit Form of Incidence Rates

To understand the action of the feedback control (55), let us consider the
simplest case of a standard SIR model without age dependence (homogeneous
mixing), and specific social interactions. In this simplified setting the model
has the structure of SIR model with the modified transmission rate

d
750 = —B (SO ),

4 (56)
El(t) =B@®SOI@) — vI(1),
where the transmission rate is
Be(t) = f — S@)I () (S(2), I(t))' 57)

K

Introducing the explicit expressions of the control term for the perception
function (52) and (53), we obtain in the convex case (52)

_CSmI@? _ P (1 B S(t)I(t)q>7
K

K

Be(@) =B (58)

whereas in the logarithmic case (53) and assuming C = g and 7 = 1/k, we
have

. CIlw B
hul) =F k(1 +7l@) 1+tl@) (59)

Interestingly enough, the resulting nonlinear incidence rates (58)—(59) embed-
ding the action of feedback controls correspond to the ones considered in
[9, 80] and [30, 53], respectively. See also Sect. 2.1 of the present survey for
a derivation of saturated incidence rates like (59). Other nonlinear incidence
rates may be obtained similarly by considering different perception functions;

(continued)
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see [80] and the references therein. We refer also to Sect. 2.1 for a different
derivation of a saturated incidence function of the type (59).

Extensions to SEIRD Models

We can extend the previous computation to the socially structured compart-
mental model including additional compartments such as exposed, and dead
individuals. The resulting feedback controlled SEIRD model reads

3fS;il’ 1) = fs(a,1) ;{/A(ﬂj(a, ax) —uj(a, ay, l)) fi(ay, Hdas,
afEa(jh ) = fs(a,t) gﬂ/{\(ﬂj(a, ax) —uj(a, ay, t)) fi(ax, Hdas,
—o(a)fea, 1),
afzgctz,t) =o(a)fe(a,t +h) — (y(a) +a(a)) fi(a, 1),
LG y(a) fi(a, 1),
ot
WD  o@ fita, 0,

(60)
with initial condition fs(a,0) = f$(a), fe(a,0) = fp(a), fi(a,0) =
@), fr@, 0) = fa), and fp(a,0) = fp(a). Compared to (50) we
introduced the age-dependent parameters: o (a) > 0, the transition rate of
exposed individuals to the infected class, and «(a) > 0, the disease-induced
death rate of infectious individuals. The feedback control u; in this case is
defined as follows:

uj(a, ax, t) = ﬂfs(a, 1) f1(ax, )01y (S(), 1(1)), (61)

Kkj(a, ax)

where the main difference with respect to (55) is the additional scaling
parameter o (a). We refer to [8] for the derivation of the control form (61),
and to [9] for further extension to SEPIAR model and an extensive study on

v(s, ) =1/q.

69
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3.1.3 Containment in Homogeneous Social Mixing Dynamics

To illustrate the effects of introduced controls that mimic containment procedures,
let us first consider the case where the social structure is not present. Hence we
consider model (56) with initial small number of infected and recovered 7(0) =
3.68 x 107°, R(0) = 8.33 x 10~3. These normalized fractions refer specifically to
the first reported values in the case of the Italian outbreak of COVID-19, even if in
this simple test case we will not try to match the data in a quantitative setting but
simply to illustrate the behavior of the feedback controlled model.

Based on recent studies [81, 126], the initial infection rate of COVID-19
Ro = B/y has been estimated between 2 and 6.5. Here, to exemplify the possible
evolution of the pandemic we consider a value close to the lower bound, taking
B =0.25 and y = 0.10, namely a recovery rate of 10 days, so that Ry = 2.5.

In Fig. 4 we report the infected and recovered dynamics based on the activation
of the control in two different time frames. Top images show the case in which
the activation time is bounded ¢ € [50, 100], which means that after 100 days we
suppose that all containment restrictions are cancelled. In bottom row we consider a

0.35 T 1.5 T
—_— = 00 —_— = 400
0.3 o—k = 1072 -k = 1072
——p = 1077 ——p = 1077

—_—r =10 —-—r =10

0.25

Rit)

V] 100 200 300 400

Days

g=1

—= 400
—o— g = 1072
——k =103

——r=10"

o 100 200. 300 400 V] 100 200 300 400
Days Days

Fig. 4 Evolution of the fraction of infected (left) and recovered (right) based on the SIR feedback
constrained model (56) with perception function ¥ (/) = [ and several penalizations k =
1072,1073,10~*. The choice k = 400 corresponds to the unconstrained case. First row, the
control is applied for ¢ € [50, 100]. Second row, the control has a longer action in [50, 200]
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larger activation time frame ¢ € [50, 200]. With the choice of the perception function
Y (I) = I we can observe how the control term is able to flatten the curve.

3.2 Dealing with Data Uncertainty

Early in the outbreak of new infectious diseases, the actual number of people
infected and recovered is typically underestimated, causing fatal delays in imple-
menting public health policies in the face of spreading epidemic fronts. This is the
case of the spreading of COVID-19 worldwide, often mistakenly underestimated
due to deficiencies in surveillance and diagnostic capacity [89, 104, 126]. Among
the common sources of uncertainties for dynamical systems modelling epidemic
outbreaks we may consider: noisy and incomplete available data, and structural
uncertainty due to the possible inadequacy of the mathematical model used to
describe the phenomena under consideration. In the following we consider the
effects on the dynamics of uncertain data, such as the initial conditions on the
number of infected people or the interaction and recovery rates. On the numerical
level we consider techniques based on stochastic Galerkin methods, for which
spectral convergence on random variables is obtained under appropriate regularity
assumptions [122].

3.2.1 Feedback Controlled and Socially Structured Models with
Uncertain Inputs

We introduce the random vector z = (z1, . . ., Z4,) Whose components are assumed
to be independent real valued random variables zx : (2, F) — (R,8Br), k =
1,...,d;, with Br the Borel set. We assume to know the probability density
p() : R% — Ri characterizing the distribution of z. Here, z € R% is a random
vector taking into account various possible sources of uncertainty in the model.

In the presence of uncertainties we generalize the initial modelling by introducing
the quantities fs(z, a, t), f1(z,a, t), and fr(z, a, t) representing the distributions at
time ¢ > 0 of susceptible, infectious, and recovered individuals, respectively. The
total size of the population is a deterministic conserved quantity in time, i.e.,

fs(@. a, 1)+ fi(z,a,1) + fr(z,a,1) = p(a), /Ap(a)da =1,

and the uncertain fractions of the population that are susceptible, infected, and
recovered are defined as follows:

S(z,t):/ fs(z,a,t)da, I(z,t):/ fi(z,a,t)da,
A A



72 G. Albi et al.

R(Lt)zi/’fk(Lzht)da.
A

Hence, the controlled system (50) in the presence of uncertainty reads

3JﬂLmﬂ=—ﬁ@mﬂE:A@ALmMPWAm%Jﬂﬁ@ﬂ*UM%

jeA

atfl(zva7t) = fS(Z7ast) Z/[\\(,Bj(z,d,a*) _uj(a7a*’t)) f[(Z, a*’t)da*

jeA
- v, @) fi1(z a,1),

8tfR(Z7 a, t) = V(Za a)f](za a, t)v
(62)
where the controls terms are assumed to be deterministic and defined as

1
uj(a7 Ay, t) = —R[fs(7 a, t)f[(" Ay, f)aIW(S(, t)’ I(’ t))],

Kj(a? a*)

being R[V (S(-, 1), I(-,t))] a suitable operator taking into account the presence
of the uncertainties z. Examples of such operator that are of interest in epidemic
modelling rely on the expected value

R4
or on deterministic data that underestimate the number of infected

RIY (S, D, D] =¥ (S, ) (2o, 1), (64)

where zg is a given value such that 7 (zg, 1) < I(z,t),forallz € R% and ¢ > 0. We
refer to [8, 9] for further details on the derivation, and further extensions.

A Solvable Example

We consider a simplified version of model (62) in the absence of control, with
homogeneous mixing Bsocial(z) and recovery rate y(z), z € R, distributed
as p(z). Integrating against @ we obtain the following SIR model with
uncertainty:

gaan=—mmmoaanuan
! (65)

d
EI(Z’ 1) = Bsocial(2)S(z, )1 (z, 1) — y(2)1(z, 1),

(continued)
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with deterministic initial values /(z,0) = Iy and S(z,0) = Sp. Following
[106], we assume a linear source of uncertainty Bsocial(z) = 8 + oz, @ > 0,
and constant recovery rate y(z) = y > 0. The solution for the proportion of
infected during the initial exponential phase is

I(z,1) = Ioe(/g-l-OtZ)Sot—yt’

and its expectation

E[I (-, )] = loe? " / N p(2)dz = LT W @), (66)
R

where W (¢) represents the statistical correction factor to the standard deter-
ministic exponential phase of the disease IpefS0'=Y!. If z is uniformly
distributed in [—1, 1], we can explicitly compute

inh (o Spt
W(t)zw>1’ t>0.
aSot

More in general, if z has zero mean, then by Jensen’s inequality we have
W(t) > 1 fort > 0, so that the expected exponential phase is amplified by
the uncertainty.

In a similar way, keeping Bsocial (z) = B constant, but introducing a source
of uncertainty in the initial data 7(z,0) = Iyp + puz, © > O and z € R
distributed as p(z) the solution in the exponential phase reads

1(z, 1) = (Ip + pz)ePSi=71,

and then its expectation

E[I(-,1)] = / (o + u2)eP' " p(z)dz = (Ip + uz)eP%' =7, (67)
R

where z is the mean of the variable z. Therefore, the expected initial
exponential growth behaves as the one with deterministic initial data /o + p©z.

The presence of a large number of undetected infected is at the basis of the
construction of numerous epidemiological models with an increasingly complex
compartmental structure in which the original compartment of the infected is
subdivided into further compartments with different roles in the propagation of
the disease [51, 57, 59]. The following remark clarifies the relationships to other
deterministic compartmental models.
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Connection to Other Compartmental Models

Let us consider model (65) with a one-dimensional random input z € R
distributed as p(z). Furthermore, for a function F(z,t) we will denote its
expected value as F(t) = E[F(-, 1)]. Now, starting from a discrete probability
density function

n
p=Pl{Z=u}, Y m=1
k=1

we have F (1) = ZZ:I prFr, with Fy = F(zx). Taking the expectation in
(65), we can write

d - SRR
780 = =80 Y Aepel(®),

k=1
d - _ n . n
1) = S(n;ﬂkpklk(t) — ;ykpklkm, (68)

d - n
—R(@) = I (¢
R k;ykpk (1),

with Bk = Skﬂk/S', k = 1,...,n. For example, in the case n = 2, by
identifying I; = pil; and I, = pyI, with the compartments of detected
and undetected infectious individuals, we have the same structure of a STAR
compartmental model including the undetected (or the asymptomatic) class.

The additional dependence of the epidemiological parameters on the
random variable allows us to take into account changes in the corresponding
dynamics of disease transmission and recovery.

3.2.2 Application to the COVID-19 Outbreak

In this section, we first present the impact of social structure in feedback controlled
models with uncertain data, which account for the presence of symptomatic and
asymptomatic unreported cases, at the first wave of the COVID-19 pandemic.

Model Calibration and Estimating Actual Infection Trends

Estimating epidemiological parameters is a very difficult problem that can be
addressed with different approaches [29, 33, 106]. In the case of COVID-19 due
to the limited number of data and their great heterogeneity this becomes an even
bigger problem that can easily lead to unrealistic results.
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Fig. 5 Model behavior with fitting parameters and actual trends in the number of reported
infectious using the estimated control penalization terms after lockdown over time in the various
countries

Similarly to Sect.2.1.5 we calibrate the model using data publicly available from
the John Hopkins University GitHub repository, and GitHub repository of the Italian
Civil Protection Department for the Italian case (see Data Sources in Sect.5.1).
We adopted the fitting procedure described in [9] that is based on a strategy with
two optimization horizons (pre-lockdown and lockdown time spans) depending on
the different strategies enacted by the governments of the considered European
countries. Once the relevant epidemiological parameters have been estimated in the
pre-lockdown time span, i.e., 8, > 0 and y, > 0, we successively proceeded with
the estimation of the control penalty parameter x, = k() > 0. These two calibration
steps were analyzed under the assumption of homogeneous mixing.

We report in Fig.5 the corresponding time dependent values for the control
parameter k(z), as well as results of the model fitting with the actual trends of
infected individuals.

Next we focus on the influence of uncertain quantities on the controlled system
with homogeneous mixing. According to recent results on the diffusion of COVID-
19 in many countries the number of infected, and therefore recovered, is largely
underestimated on the official reports, see, e.g., [67, 89]. As discussed in [9], a
parameter estimation based on the previous fitting has some limitations and in
particular overestimates the reproduction rate in the early phase of the pandemic.
For this purpose, to have an insight on global impact of uncertain parameters we
consider a two-dimensional uncertainty z = (z1, z2) with independent components
such that

1(z,0) = Ip(1 + pz1), R(z,0) = Ro(1 + uz1), >0 (69)

and
B(z) = fe — apz2, Y(2) = Ye + ay20, ag, oy >0 (70)
where z1, zo are chosen to be distributed as symmetric Beta distributions in [0, 1]
and fIO and f,? are the initial number of reported cases and recovered taken

from [126]. The parameter 4 = 2(c — 1) is common for all countries such that
E[I(z,0)] = cI(0), E[R(z, 0)] = cR(0) where ¢ = 8.56, corresponding to average
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Gormany Italy UsA

Fig. 6 Evolution of estimated reproduction number R and its confidence bands for uncertain data
as in (70). The 95 and 50% confidence levels are represented as shaded and darker shaded areas,
respectively. The green zones denote the interval between the first day of the 50% confidence band
and the expected value fall below 1

disagreement in the total number of cases based on an estimated infection fatality
rate (IFR) of 1.3% in the range 0.9%-2.0%. The feedback controlled model has
been computed using an estimation of the total number of susceptible and infected
reported, namely we have the control term

1
u(t) = _msr(t)lr(t)a (71)

where S, () and I, (¢) are the model solution obtained from the registered data, and
thus I, (¢) represents a lower bound for the uncertain solution 7 (z, t).

In Fig. 6 we report the evolution of reproduction number R for the considered
countries under the uncertainties in (70) obtained with ag = 0.03, o, = 0.05, and
z2 ~ B(2, 2). The reproduction number is estimated from

B(z2) —u®)x(t > 1)

Roea, 1) = Y (22)

being the control u(r) defined in (71) and 7 is the country-dependent lockdown
time. The estimated reproduction number relative to data is reported with x-marked
symbols and represents an upper bound for Ro(z2, t).

Effect of Social Contacts in the Population

We first analyze the effects of the inclusion of age dependence and social interac-
tions in the above dynamics with uncertainty in the case of COVID-19 outbreak
for the Italian case. The age-dependent social interaction rate 8(a, a) is defined as
follows:

Bla,a) =(1—&)B.+& Y Bj(a a), (72)

JjeA

where 0 < & < 1; thus, for £ = 0 we recover the homogeneous mixing, whereas for
& = 1 we have a full social mixing behavior.
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Fig. 7 Left: Expected number of infected in time for the perception function ¥ (/) = I, and a
constant recovery rate y, together with the confidence bands for homogeneous mixing (§ = 0),
mild social mixing (§ = 0.75), and full social mixing (¢ = 1). Middle and right: Expected age
distribution of infectious individuals with constant y,

The social interaction function, Bsocial(a, @s), accounts for the interactions
due to specific activities A = {Family, Education, Profession}. This function is
normalized using the estimated parameters f, in accordance with

Be =C;3/I.\ Aﬂ(a,a*)f(a)f(a*)dada*, Ve = C},/Ay(a)f(a)da, (73)

where f(a) is the age distribution with A = [0, dmax], amax = 100, and Cg, C,,
normalization constants. We refer to the Appendix of [8] for specific definition of
the social interaction B (a, ax).

In Fig. 7 we report the results of the expected number of infected with the related
confidence bands in case of homogeneous mixing and different levels of social
mixing (¢ = 0.75, &€ = 1) for the constant recovery rate y,. Middle and right
figures report the corresponding expected density of infected individuals fj(a, t) =
E(f;(z, a, t)) for mild and full social mixing. Uncontrolled homogeneous mixing
model is used in the pre-lockdown phase (before 9 March), whereas the feedback
controlled age-dependent model (62) is used in the lockdown phase.

Relaxing Control on the Various Social Activities

We consider the social interaction functions corresponding to the contact matrices
in [102] for the various countries. As a result, we have four interaction functions
characterized by A = {F, E, P, O}, where we identify family and home contacts
with BF, education and school contacts with Bg, professional and work contacts
with Sp, and other contacts with Sp. We report in Fig. 8, as an example, the total
social interaction functions for the various countries. The functions share a similar
structure but with different scalings according to the country specific features.

An age-related recovery rate y (a) is selected according to [9] as a decreasing
function of the age:

y(@ =ye+Ce ", (74)
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Fig. 8 The contact interaction function 8 = Br + Bg + Bp + Bo taking into account the contact
rates of people with different ages. Family and home contacts are characterized by Br, education
and school contacts by B, professional and work contacts by Bp, and other contacts by Bo
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Fig. 9 Age distribution of infected using constant and age-dependent recovery rates as in (74) at
the end of the lockdown period in different countries

with r = 5 and C € R, in accordance with [120, 124], and such that the
normalization (73) is satisfied.

To match the single control applied in the extrapolation of the penalization term
K (1) to age-dependent penalization factors «j(a, t), we redistribute the values of the
penalization parameters as

w; (1) fA ,Bj(a, ay) day
Zjeﬂ wl(t) foA ﬂj(a’ a*) da da*

Ki(a, 7! = k)", jeaA,

where w; () > 0 are weight factors denoting the relative amount of control on a
specific activity. According to [102], we assume wg = 1.5, wy = 0.2, wp = 0.5,
and wp = 0.6, namely the largest effort of the control is due to the school closure,
which as a consequence implies more interactions at home. Work and other activities
are equally impacted by the lockdown.

In Fig.9 we report the age distribution of infected computed for each country
at the end of the lockdown period using an age-dependent recovery and a constant
recovery. The differences in the resulting age distributions are evident. In subsequent
simulations, to avoid an unrealistic peak of infection among young people, we
decided to adopt an age-dependent recovery [120].

We analyze the effects on each country of the same relaxation of the lockdown
measures at two different times. The first date is country specific according to
current available information, and the second is June 1st for all countries. For all
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United States

Fig. 10 Effect on releasing containment measures in various countries at two different times. In all
countries after lockdown we assumed a reduction of individual controls on the different activities
by 20% on family activities, 35% on work activities, and 30% on other activities by keeping the
lockdown over the school

countries, we assumed a reduction of individual controls on the different activities
by 20% on family activities, 35% on work activities, and 30% on other activities
without changing the control over the school. The behaviors of the curves of infected
people together with the relative 95% confidence bands are reported in Fig. 10.

The results show well the substantial differences between the different countries,
with a situation in the USA, which highlight that the relaxation of lockdown
measures could lead to a resurgence of the infection. On the contrary, Germany
was in the most favorable situation to ease the lockdown without risking a new start
of the infection.

4 Multiscale Transport Models

In this section, we introduce multiscale hyperbolic transport models designed to
study the propagation of an epidemic phenomenon described by the diffusive
behavior of the non-commuting part of the population, acting only over an urban
scale, and the spatial movement and interaction of commuters, moving also on
an extra-urban scale. This makes it possible to describe more realistically the
typical dynamic of commuters, which affects only a small fraction of individuals,
and to distinguish it from the epidemic process that, instead, involves the entire
population, including non-commuters. The presence of a group of non-commuting
population, indeed, prevents the entire population in a compartment from moving
indiscriminately through space generating an unrealistic mass migration effect. In
the following, we will consider a spatial domain either structured as a network,
whose nodes identify cities of interest and arcs represent common mobility paths,
as discussed in Sect. 4.1, or representing realistic 2D geographical regions, as further
detailed in Sect. 4.2.
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4.1 Spatial Dynamics on Networks
4.1.1 1D Hyperbolic Compartmental Model

To simplify the presentation, the epidemiological starting point of the model is
given by a compartmental structure with a simple SIR partitioning [65, 75]. We
assume to have a population with individuals having no prior immunity and the vital
dynamics represented by births and deaths is neglected because of the time scale
considered. To account for the spatial movement of the population, individuals of
each compartment are subdivided into three classes, S+ o, I+ 0, and R4 o, traveling
in a 1D bounded space domain 2 C R with characteristic speeds +X;, —A;, and
0 respectively, with i € {S, I, R}. Therefore, we consider a stationary part of the
population, of non-commuters, characterized by a null characteristic speed. The
total compartmental densities are defined as the sum of all the components of the
subgroups

S=S,+S_+So. I=1,+1_+1I, R=R,+R_+Ry. (75

The discrete-velocity system of the SIR epidemic transport model for commuters,
associated to relaxation times t;, then reads

05+ AR 1

B s E = R (S D)+ — (S — Sb)

o7 S o 1(S+ )+2ts( +—5+1)

0l4+ 01+ 1

— A —— =F; (S, ) —y/1 — (I —-13) , 76
5 I 1S+, 1) — 1 i+2rl(:|: +) (76)
IR+ OR+ 1
—— + Ap—— =y L — (R —Ry) .

5 R VI ¢+2TR( T+ +)

This system is coupled with a classical ODE SIR model, which describes the
evolution of the stationary population of non-commuters:

dSo _ Fi(So, 1) dIO—F(S I =yl dRo _ 1 (77)
dl - 1 07 ’ dt - 1 07 VI Oa dt —VI 0'

Let us observe that, under no inflow/outflow boundary conditions, summing up the
equations in (76)—(77) and integrating in €2 yields the conservation of the total
population.

All the epidemic densities and, eventually, the epidemic parameters and the
relaxation times depend on (z, x, t), where (x, t) are the physical variables of space
x € Q C Randtimet > 0, while z = (z1, ..., zd)T € RY is a random vector
characterizing the possible sources of uncertainty as in Sect. 3.2.1. The same applies
for the incidence function Fy, defined with respect to the infectious compartment /
as
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p

gl
Fi(g,1)=8——, >1, 78
e D= o P (78)

where f(z, x, t) is the transmission rate, accounting for both number of contacts
and probability of transmission, hence it may vary based on the effects of govern-
ment control actions, such as mandatory wearing of masks, shutdown of specific
work/school activities, or full lockdowns [8, 59, 65]. The parameter «;(z, x, t)
acts as incidence damping coefficients based on the self-protective behavior of
the individual that arises from awareness of the risk associated with the epidemic
[18,30, 53]. We refer also to Sects. 2.1 and 3 for the derivation of saturated incidence
functions of the form (78). Note that the classic bilinear case corresponds to p = 1
and «k; = 0. Finally, the parameter y; (z, x, t) is the recovery rate of infected (inverse
of the infectious period).

4.1.2 Macroscopic Formulation and Diffusion Limit

Introducing now the macroscopic variables S., I, R, for the commuters, with S, =
Sy +S_, 1. =1+ +1_, Re = R+ + R_, and defining the fluxes

Js=As(S+ = S8-), Jr=Ar(Iy —1-), Jr=Ar(Ry —R-), (79
a hyperbolic model underlying the macroscopic formulation of the spatial propaga-

tion of an epidemic at finite speeds, equivalent to the mesoscopic one [11], presented
in system (76), is obtained [18]:

0S, d0J.
_c+_S=_FI(507I)7
ot 0x
al, dJ;
— +—=F/(S:, 1) —yi 1.,
9 9x 1(Se, I) — yi 1.
JdR. 0JJR
R,
or Ty Ve )
aJs a8, 1
—_— =-Fs,I)——Js,
» Sox 1(Js, I) —
dJr 501 A 1
SR SR, D =y d — —U,
o7 Tox = s 1(Js, I) —yiJr _L_II
dJR L2 OR: AR 1

= —yrJi — —Jgr.
ot R 9x )»]yl[ ‘ERR

Note that here the above system is coupled with the equations for the non-
commuting population (77) through identities (75). It is easy to verify that system
(80) is symmetric hyperbolic in the sense of Friedrichs—Lax [54].
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From a formal viewpoint, it can be shown that the proposed model recovers the
parabolic behavior expected from standard space-dependent epidemic models in
the diffusion limit [12, 18]. Introducing the diffusion coefficients D; = )»l.zt,-, i €
{S, I, R}, that characterize the diffusive transport mechanism of S, I, R, respec-
tively, and letting 7; — 0, while keeping the diffusion coefficients finite [79], from
the last three equations of system (80) we recover Fick’s laws

d d d
Js=-Ds—S., Ji=-D;j—I., Jp=-Dr—R.
0x 0x 0x

which, inserted in the first three equations of system (80), yield the following
parabolic reaction—diffusion system for the commuters [17, 90]:

S d 0
= — | Ds—S _FI(SCsI)v
ax

Jat 0x

al, 9 3

2 (p;,=1.)+ F/(S..T)— 1., 81
o7 8x< Ty c>+ 1(Se, 1) — yile (81)
e = 2 (prlr.) I

ot ax \Rgylte) T e

The relaxation times can modify the nature of the behavior of the solution [12, 18],
which can result either hyperbolic or parabolic (when considering small relaxation
times and large speeds). This feature of the model makes it particularly suitable
for the description of the dynamics of human populations, which are characterized
by movement at different spatial scales [23]. It is therefore natural to assume t; =
7; (x), since in geographic areas that are densely populated we can assume a diffusive
dynamics, while along the main arteries of communication a hyperbolic description
will be more appropriate avoiding propagation of information at infinite speed.

Reproduction Number in Space Dependent Dynamics
The standard threshold of epidemic models is the well-known basic reproduc-
tion number Ry. Its definition in the case of spatially dependent dynamics,
as already noted in [116, 117], is not straightforward particularly when
considering its spatial dependence.

Assuming no inflow/outflow boundary conditions in €2, summing up the
evolutionary equations for the infectious compartment / in (76)—(77) and
integrating over space we have

0
— I(z,x,t)dx:/ Fi (S, I)dx—/ yi(z,x,0)[(z,x,t)dx >0
ot Jo Q Q

(continued)
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when

Joy Fi(S, T dx
Jovi@ x,0)l(z, x,t)dx ~

Ro(z, 1) = 1, (82)

which corresponds to definition (6) in the case of a social-dependent dynam-
ics.

If no spatial dependence is assigned to variables and parameters, as well
as no uncertainty, and no social distancing effects are taken into account, i.e.,
k7 = 0, we recover the conventional SIR ODE model and the reproduction
number results in accordance with its standard definition [65]:

S
Ro(t) = 'BL .

Y

4.1.3 Extension to Multi-Compartmental Modelling

To account for more complex compartmental models capable of better analyzing the
evolution of specific infectious diseases, we consider extending the simple SIR com-
partmentalization by taking into account two additional population compartments,
E and A, resulting in a SEIAR model [19, 20]. Subjects in the E compartment
are the exposed, hence infected but not yet infectious, being in the latent period.
Moreover, among the infectious subjects, we distinguish the population between a
group of individuals / who will develop severe symptoms and a group of individuals
A who will never develop symptoms or, if they do, these will be very mild. In fact,
as discussed in Sect. 3, the presence of undetected asymptomatic individuals turns
out to be essential to correctly analyze the evolution of COVID-19 [57, 98].

Note that the presence of uncertainty in the data, included from the beginning
in the modelling process, could allow the compartmentalization of asymptomatic
individuals to be eliminated by implicitly including them in the uncertainty about the
number of infected individuals, as described in Sect. 3.2.1. In this context, however,
in order to highlight the link with similar models used in the literature [98, 111, 112],
we keep the asymptomatic compartment separated to the symptomatic one, with the
former being affected by the highest level of uncertainty.

Defining the total density of the additional compartments, £ = E; + E_ + Ej,
A = A4 + A_ + Ao, the resulting discrete-velocity system of the SEIAR epidemic
transport model for commuters reads
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which is coupled with the following SEIAR model describing the evolution of non-
commuting individuals:

dSo

e —F1(So, I) + Fa(So, A),

dEy

Tk Fr(So, I) + Fa(Sp, A) —akEy,

dly

0 o Ee— il 84
o —@oEo—vilo (84)
ddo (1—0)E A

— =a(l —o — ,

5 0 — vaAo

R0 I+ yah

dr =VYrlo +YAAQ-

The quantity y4(z, x, t) is the recovery rate of asymptomatic/mildly symptomatic
infected, which is distinguished from the recovery rate of highly symptomatic
infected previously introduced y;(z, x, t), while a(z, x, t) represents the inverse
of the latency period and o (z, x, t) is the probability rate of developing severe
symptoms [28, 57, 112]. In this model, the transmission of the infection is governed
by two different incidence functions, Fy (-, I) and F4(:, A), simply to distinguish
between the behavior of / and A individuals. Analogously to (78),

AP
Fa(g. A) = Bas f_ — (85)

where a different contact rate, 84, and coefficient x4 are taken into account for
mildly/no symptomatic people. The flow chart of the multiscale SEIAR model is
shown in Fig. 11.

Let us observe that, similarly to the diffusive scaling presented in Sect. 4.1.2 for
the SIR-type model, introducing the same definition (79) of flux for the additional
compartments, Jg and J4, we get an analogous macroscopic formulation also for
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Fig. 11 Flow chart of the multi-population SEIAR dynamics based on five compartments:
susceptible (S), exposed (E), severe symptomatic infectious (I), mildly symptomatic/asymptomatic
infectious (A), and recovered—healed or deceased—population (R), each one subdivided into three
classes of individuals traveling in the domain with characteristic speeds +A;, —X;, and 0, with
ie{S,E,I,A, R}

the SEIAR-type spatial model. Furthermore, defining also Dg = A2EIE and Dy =
)»124 T4, we recover the diffusion limit of the SEIAR-type system. The reader can refer
to [19] for details on this derivation.

Reproduction Number in Space Dependent SEIAR Models

For the SEIAR-type spatial model, the reproduction number (which is again
not straightforward to be determined) can be computed following the Nexz-
Generation Matrix (NGM) approach [41] considering no flux boundary
conditions, which yields the following definition for the average value of Ry
in the domain 2 for ¢ > 0, given the uncertain input vector z:

Jo F1(S, D dx Joa(z x,1)o(z, x, 1)E(z, x, 1) dx
Ro(z,t) = .
Jovi@ x, 0z, x,1)dx Joa(@ x,1)E(z, x,1)dx
Jo Fa(S, A)dx Joa@ x, )1 —o(z,x,1))E(z, x,1)dx
Jova@ x,0A@ x, 1) dx [ a(z, x,NEz x,1)dx

(86)

We refer to [19] for the details of the derivation of the above expression.

4.1.4 Network Modelling

The hyperbolic transport models here proposed, similarly to other fields of appli-
cation, like traffic flow models, chemotaxis, and cardiovascular modelling, can be
embedded into a network of cities following [26, 100]. Note that the approach differs
from the classical network modelling in epidemiology based on coupled systems of
ODE:s [13, 39, 57, 85].
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Fig. 12 Schematic n3
representation of a network

composed by 4 nodes (11, n3, @
n3, ng) and 3 arcs (ay, az, az) n 1y
in a Y-shape configuration 2
1
as

Ny

A network or a connected graph G = (N, A) is composed of a finite set of N
nodes (or vertices) N and a finite set of A bidirectional arcs (or edges) A, such that
an arc connects a pair of nodes [100]. An example of network is presented in Fig. 12.

Following [18, 20], it is possible to structure a 1D network considering that
the nodes of the network identify locations of interest such as municipalities,
provinces or, in a wider scale, regions or nations, while the arcs, enclosing the
1D spatial dynamics, represent the paths linking each location to the others. In
this configuration, nodes are active since the epidemic state of each one evolves
in time influenced by the mobility of the commuting individuals, moving from the
other locations included in the network, always considering a part of the population
composed by non-commuting individuals that remain at the origin node.

In order to prescribe the proper coupling between nodes and arcs, it is necessary
to impose appropriate transmission conditions at each arc—node interface, which
ensure the conservation of total density (population) in the network and of fluxes at
the interface and further solving the Riemann problem at each interface employing
Riemann Invariants. The complete description of the implementation of transmis-
sion conditions at nodes is presented in [18] for a SIR-type spatial model and in
[20] for a SEIAR-type transport model.

4.1.5 Effect of Spatially Heterogeneous Environments in Hyperbolic and
Parabolic Configuration

Following [119], we analyze the behavior of the SIR-type model (76) with a
commuter-only population (i =i.,i € {S, I, R}) in a single 1D domain concerning
spatially heterogeneous environments, taking into account a spatially variable
contact rate

N . 137mx
Br(x) = B1 <1 + 0.05 sin 50 ) .

Initial conditions are imposed assuming, in this setting, no uncertainty in the input
data, with

S(x,0)=1—1I(x,0), I(x,0) = 0.01 e~ G107, R(x,0) = 0.0,
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Fig. 13 Numerical results of the spatially heterogeneous SIR case with hyperbolic configuration
of relaxation times and characteristic velocities (first row), with 7 = 1.0, A2 = 1.0, or parabolic
configuration (second row), with T = 1073, A2 = 10°. Time and spatial evolution of § (first
column) and 7 (second column)

@

-

fluxes Jg(x,0) = J;(x,0) = Jr(x,0) = 0.0 and zero-flux boundary conditions.
The initial reproduction number results Ry = 1.111 > 1, given by the choice
,31 = 11.0, k; = 0, and y; = 10.0. Two different scenarios are considered, to
concern both the hyperbolic and the parabolic limit of the system of equations. In the
hyperbolic configuration, the relaxation times of all the compartments of individuals
are T = 1.0, with the square of the characteristic velocities A> = 1.0; while in the
parabolic configuration T = 107> and A?> = 10°. The problem is solved applying an
asymptotic-preserving (AP) Implicit-Explicit (IMEX) Runge—Kutta Finite Volume
method, which permits to consistently simulate the diffusive (and stiff) regime of
the system without loosing the expected 2"¢ order accuracy [18, 22]. In Fig. 13,
numerical results for both the scenarios are reported. A temporary persistence of
the infectious can be noticed, with oscillations that reflect the sinusoidal form of
the spatially variable contact rate. Differences of the dynamics of the epidemics in
the two configurations of the relaxation times are evident. In particular, observing
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the evolution of susceptible individuals, it can be seen that in the purely diffusive
case the amount of susceptible tends to a much lower equilibrium value than in the
hyperbolic case, with almost all the individuals of the system infected by the disease.

4.1.6 Application to the Emergence of COVID-19 in Italy

To analyze the effectiveness of the proposed approach in a realistic epidemic
scenario, we design a numerical test reproducing the evolution of the first outbreak
of COVID-19 in the Lombardy Region of Italy, from February 27, 2020 to March
27, 2020, with respect to uncertainties underlying the initial conditions and chosen
epidemic parameters, considering the SEIAR-type multiscale transport SEIAR
(83)—(84) in a network configuration, as described in Sect.4.1.4. The system of
equations is solved using a stochastic AP (sAP) IMEX Runge—Kutta Finite Volume
Collocation method [19, 21, 123]. This numerical scheme permits to reach spectral
accuracy in the stochastic space, if the solution is sufficiently smooth in that space,
and to switch from a stochastic Collocation method for the advection problem to
a stochastic Collocation method for the diffusive problem in a uniform way with
respect to the involved parameters without loosing accuracy, i.e., SAP property
[70, 71]. For further details regarding the numerical method and its convergence
analysis, the reader can refer to [19].

A five-node network is considered, whose nodes represent the 5 main provinces
interested by the epidemic outbreak in the first months of 2020: Lodi (n1), Milan
(n2), Bergamo (n3), Brescia (n4), and Cremona (ns). The arcs a; connecting each
node to the others identify the main set of routes and railways viable by commuters
each day. A schematic representation of this network is shown in Fig. 14.

The transmission coefficients at each arc—node interface, as well as the per-
centage of commuters belonging to each province, are imposed using the official
national mobility flow assessment. In particular, the matrix of commuters used
reflects mobility data provided by Lombardy Region for the regional fluxes of year
2020 (see Data Sources in Sect. 5.1).

The characteristic speed associated to each arc is fixed to permit a full round
trip in each origin—destination section within a day. The characteristic speed of
compartment / is fixed to zero in all the nodes of the network. In the arcs, the
relaxation time is assigned so that the model recovers a hyperbolic regime, while a
parabolic setting is prescribed in the cities for commuters to simulate the diffusive
behavior of the disease spread, which typically occurs in highly urbanized zones.

Concerning initial conditions and epidemic parameters of the test, at the begin-
ning of the pandemic tracking of positive individuals cannot be considered reliable,
but an information affected by uncertainty. To this aim, we introduce a single source
of uncertainty z having uniform distribution, z ~ U(0, 1), and the initial conditions
for compartment /, at each node, are prescribed as

1(x,0,2) =1°(1 +2), (87)
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Fig. 14 Representation of
the network of the Lombardy
test case, composed of 5
nodes, corresponding to the
provinces of interest and 5
arcs, connecting each city to
the others, considering all the
main paths of commuters.
The dimension of the node is BERGAMO
proportional to the dimension
of the urbanized area of the
province

5 O
1LODI (ns)
CREMONA

with 70 density of infectious people on February 27, 2020, as given by data recorded
by the Civil Protection Department of Italy. The amount of total inhabitants of each
province is given by 2019 data of the Italian National Institute of Statistics (see Data
Sources in Sect. 5.1).

Due to the adopted screening policy, we chose to associate all infected individuals
detected to the I compartment. Furthermore, also 8; is considered a random
parameter:

B1(0,z) = Bro(l + uz).

Assuming that highly infectious subjects are mostly detected in the most optimistic
scenario, being subsequently quarantined or hospitalized, we set the minimum value
Br.o=10.0384,asin[28,57] and u = 0.06~!. The initial value of 8, is calibrated
as the result of a least square problem, namely the L2 norm of the difference between
the observed cumulative number of infected /() and the numerical evolution of
the same compartment, through a deterministic SEIAR ODE model set up for the
whole Lombardy Region, with the result 84 = 0.545. In the above fitting, we also
estimated E° ~ 107° and A® ~ 910, Consequently, also initial conditions for
compartments E, A, and § are stochastic, depending on the initial amount of severe
infectious at each location, while R® = 0 everywhere. Finally, we fix y;, y4, and a
according to [28, 57], considering these clinical parameters deterministic and o as
in [28, 74], setting then k; = x4 = 30. With the above setup, we obtain an initial
expected value of the basic reproduction number in the whole network E[Rp] = 3.6,
which is in agreement with estimations reported in [28, 57, 118].
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Fig. 15 Expected evolution in time, with 95% confidence intervals, for the cities of Lodi (first
row), Milan (second row), Bergamo (third row), and the Lombardy network (fourth row), of:
compartments E, A, I, together with the basic reproduction number R (left); cumulative amount
of severe infectious (I + R;) compared with data of cumulative infectious taken from the Civil
Protection Department of Italy (middle); cumulative amount of severe infectious (I + R;) with
respect to the effective cumulative amount of total infectious people, including asymptomatic
individuals (/ + A + R) (right). Vertical dashed lines identify the onset of governmental lockdown
restrictions

We model the escalation of lockdown restrictions, starting from March 9,
2020, initial day of the northern Italy lockdown, reducing the transmission rates,
increasing « coefficients, due to the public being increasingly aware of the epidemic
risks and reducing the percentage of commuting individuals according to mobility
data tracked through mobile phones and made available by Google [1, 118].

Numerical results are reported in Fig. 15 for 3 representative cities, namely Lodi,
Milan, Bergamo, and the whole Lombardy network. In Fig. 15 (first column) is
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shown the expected evolution in time of the infected individuals, together with 95%
confidence intervals, including E, I, and A. Each plot is also associated with the
temporal evolution of the reproduction number Ry(z, t). One can see the capacity
of the model to reproduce a very heterogeneous epidemic trend in the network
analyzed, which is also reflected in the different ranges and patterns shown for the
Ry of each province. It can also be observed the agreement between the evolution
of the reproduction number and the epidemic spread. In particular, it is confirmed
the decline of the daily number of infected as Ry reaches values below 1, as shown
in the plots for Lodi and Bergamo. On the other hand, the persistence of the virus in
the complete network, and especially in Milan, is noticed until March 27, 2020 (last
day of the simulation), where the reproduction number remains greater than 1.

As visible from Fig. 15 (second column), the lower bound of the confidence band
of the cumulative amount in time of / is comparable with the observed data of
the Civil Protection Department of Italy. As expected, the mean value of infected
people is higher, especially in Milan, the province most affected by the virus, due to
the uncertainty of available data, which certainly underestimate the real amount of
infected people.

The comparison between the expected evolution in time of the cumulative
amount of / with respect to the effective cumulative amount of total infectious
people, including also compartment A, is shown in Fig. 15 (third column). Here,
it can be noticed how much of the spread of COVID-19 has actually been lost
from the data of the first outbreak in Lombardy and the impact that the presence
of asymptomatic or undetected subjects has had on the epidemic evolution.

4.2 Realistic Geographical Settings
4.2.1 2D Kinetic Transport Model

Let us now define Q@ C R? a two-dimensional geographical area of interest, still
assuming that individuals have been separated into commuting and non-commuting
population, with the former at position x € 2 moving with velocity directions v €
S!. Considering initially a simple SIR-dynamics, we denote by fs = fs(z, x, v, 1),
f1 = fi@,x,v,t), and fr = fr(z,x,v,t), where z € R4 is a random vector
characterizing the possible sources of uncertainty, the respective kinetic densities
of susceptible, infected, and recovered individuals. The kinetic distribution of
commuters is then given by:

fz,x,v,t) = fs(z,x,v,t)+ fr(z,x,v,t) + fr(z, x,v,t),
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and their total density is obtained by integration over the velocity space

1
o, x, 1) = —/ f(z,x, v4, 1) dvy.
2r Jst

As a consequence, the number of commuting susceptible, infectious, and recovered
individuals can be recovered irrespective of their direction of displacement by
integration over the velocity space. This gives

1 1
Se(z,x,t) = — fs(z,x,v,t)dv, I.(z,x,t)=— fi(z,x,v,t)dv,
2w Jsl 2w Jsl

1
Re(z,x,t) = - /gl fr(z,x,v,t)dv.

In this setting, the densities of the commuters satisfy the kinetic transport equations
(23]

dfs 1
5 T Ve sfs) =—Fi(fs. D)+ — (S = fs).
t Ts
af1 1
o T Ve ifn) = Fi(fs. 1)—V1f1+t—1(1c—f1), (88)
a 1
U8 Ve kS = V1S + = R~ fi)
t TR

where the total densities are still defined by the sum of commuting and non-
commuting part S = S, + So, I = I. + Ip, and R = R, + Rp. Densities
of non-commuters, who act only at a local scale, satisfy the following diffusion
dynamics:

8o

- = —F1(So, I) + Vy - (DsVySo),

dly

=57 = F1(So. D) = yilo + Vi - (D1 Vi o), (89)

Ry
ryake vilo+ V- (DrViRp).

In the resulting multiscale kinetic SIR model (88)-(89), which couples the com-
muting and non-commuting dynamics, the velocities v; = A;v in (88), as well
as the diffusion coefficients D; in (89), with i € {S, I, R}, are designed to take
into account the heterogeneity of geographical areas and are thus chosen dependent
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on the spatial location. The same stands also for the relaxation times, in analogy
with system (76)—(77). We refer to (78) for the definition of the incidence function
Fr(-, I), and to Sect.4.1.1 in general for the definition of the epidemic parameters
involved. Furthermore, for the definition of the reproduction number of the above
system we refer to (82) and the relative discussion.

4.2.2 Macroscopic Formulation and Diffusion Limit

Let us introduce the flux functions

As Al AR
Js = — vfs dv, Jr=— vfr dv, Jg=— vfr dv, 90)
2 Jst 2 Jst! 2 Jst

where we omitted the dependence on (x, v, t) for notation simplicity. Assuming A;,
i € {S, 1, R}, independent from space and integrating system (88) in v, we get the
following set of equations for the macroscopic formulation of densities:

0,
a—; + Vi Js = —F(Se, D),
.
v + Ve Jr=Fi(S, ) —yi 1, (C2Y)
aRc+v Jr =il
8[ X R—VI C»r
and fluxes
dJg )% 1
—— +t5= | - Vifovdv=—F; (s, I)— —Js,
ot 2w Js! s
aJ; A2 A 1
—’+—’f (- Vs fovdv = 2L Er s 1) — yi i — 20y, 92)
at 2w Jst AS 77
dJr A% AR 1
—— 4K -V dv="y;J; — —Jg.
” +2n/;l(v < fR)vdv MVI et

Note that the above system is not closed because the evolution of the fluxes in (92)
involves higher order moments of the kinetic densities.

The diffusion limit can be formally recovered by introducing the diffusion
coefficients D; = %A%n, with i € {S, 1, R}, and letting 7;, — 0. We get, from
the r.h.s. in (88), fs = S¢, f1 = I., fr = R., and, consequently, from (92) we
recover Fick’s laws

Js = —DgVyS., Jy=—-DiVil,, Jrp=-—DrViRq,
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which inserted into (91) lead to the diffusion system for the population of commuters
[86, 110, 121]

0S¢

3[6 = _FI(SCa 1) + Vx . (DSVxSc)

ol

E=F[(SC,I)—)/IIc+Vx’(Dlvxlc) 93)
oR,

97 =yl + Vy - (DrVxR:)

coupled with (89) for the non-commuting counterpart.

Similarly to the one-dimensional case, the capability of the model to account
for different regimes, hyperbolic or parabolic, according to the space dependent
relaxation times t;, i € {S, I, R}, makes it suitable for describing the dynamics of
human beings. Indeed, it is reasonable to avoid describing the details of movements
within an urban area and model this through a diffusion operator. On the other
hand, commuters when moving from one city to another follow well-established
connections for which a description via transport operators is more appropriate.

4.2.3 Extension to Multi-Compartmental Modelling

As previously presented for the 1D model in Sect.4.1.3, it is possible to extend
the modelling considering more general compartmental subdivisions. For example,
more realistic models for COVID-19 should take into account the exposed popula-
tion as well as the asymptomatic fraction of infected. As an example, we describe
the extension of the multiscale kinetic transport modelling presented in the previous
sections to a more general compartmental structure, where the exposed population
is included and infected people are distinguished between highly symptomatic and
mildly/no symptomatic (see Fig. 11). We denote the commuter individuals who
belong to the newly introduced compartment of exposed by fr(z, x,v,t) and
of asymptomatic (or mildly symptomatic) by fa(z, x, v, t), then the total density
results

f(@z,x,v,t) = Z fi(z, x,v,1).

ie(S,E,I,A,R)

The kinetic SEIAR-type dynamics of the commuters then reads [20]
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with E = E. + Eg, A = A, + Ao, and

1 1
Ec(z,x,t)=— | fe@z x,v,)dv, Az x,t)=-— [ faZ x,v,t)dv.
27 s! 2w sl

Indeed, this system is coupled with the following one describing the dynamics of
non-commuters, who act only at the urban scale:

A

? = —F;(Sy, 1) — Fa(So, A) + V. - (DsV,S0),

JdEy

el Fi(So, I) + Fa(So, A) —aEo + V, - (DEV. Ep),

dly

a7 =aocEy— yrlop+ Vy - (D;Vyil), 95)
0Ag
W =a(l —o0)Eg— yaAg+ Vi - (DaV,Ap),

dRo

W = )/[IO =+ '}/AA() + Vx . (DRVXR()).

For the definition of the incidence function regarding asymptomatic people
F4(-, A), we consider (85).

When introducing the same definition of flux (90) for the additional compart-
ments Jg and J4, and integrating system (94) in v, we get the set of equations for the
macroscopic densities. Moreover, defining also Dg = %AZEIE and Dy = %)\i TA,
assuming the velocities A;, i € {S, E, I, A, R}, independent from space, and
considering the analogous of the diffusion limit discussed in Sect. 4.2.2, we recover
SEIAR-type system in the diffusive regime for the commuting individuals [20]
coupled with (95) for the non-commuting counterpart.

To define the reproduction number also for this multiscale SEIAR-type kinetic
transport model, we recall the NGM approach [41] considering no flux boundary
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conditions, which yields the same definition (86). Details of this derivation are
reported in [20].

4.2.4 Application to the Spatial Spread of COVID-19 in Italy in
Emilia-Romagna and Lombardy Region

Let us underline that the discretization of the resulting multiscale systems of PDEs
is not trivial and therefore requires the construction of a specific numerical method
able to correctly describe the transition from a convective to a diffusive regime in
realistic geometries. For this purpose, we adopt an asymptotic-preserving IMEX
Runge—Kutta method on unstructured grids coupled with a stochastic Collocation
method that ensures spectral accuracy in the stochastic space [68, 71, 94]. At each
collocation node, the numerical scheme combines a discrete ordinate method in
velocity with the even and odd parity formulation [42, 69] and achieves asymptotic
preservation in time using suitable IMEX Runge—Kutta schemes [22], namely, to
obtain a scheme that consistently captures the diffusion limit and for which the
choice of the time discretization step is not related to the smallness of the scaling
parameters t. All the details concerning the numerical scheme and its validation in
terms of accuracy are reported in [20, 23].

To validate the proposed methodology in realistic geographical and epidemiolog-
ical scenarios, two numerical tests reproducing, respectively, the epidemic outbreak
of COVID-19 in the Emilia-Romagna Region of Italy, from March 1, 2020 to March
10, 2020, and in the Lombardy Region of Italy, from February 27, 2020 to March 22,
2020, are designed. In the former, we solve a multiscale SEIR-type system of PDEs
in a deterministic setting (for further details on the chosen SEIR model the reader
can refer to [23]). In the latter, we also take into account the uncertainty underlying
initial conditions of infected individuals, solving the multiscale SEIAR-type system
of PDEs (88)—(89).

The computational domain is defined in terms of the boundary that circumscribes
the Regions as a list of geo-referenced points in the ED50/UTM Zone 32N
reference coordinate system from Istituto Nazionale di Statistica (see Data Sources
in Sect.5.1). No-flux boundary conditions are imposed in the whole boundary
of the domain, assuming that the population is not moving from/to the adjacent
Regions. The domain is then subdivided in the provinces of the specific Region.
The identification of these cities is shown in Fig. 16 (top left) for Emilia-Romagna
and in Fig. 16 (bottom left) for Lombardy. To avoid the mobility of the population in
the entire territory and to simulate a more realistic geographical scenarios in which
individuals travel along the main traffic paths of the Region, different values of
propagation speeds are assigned in the domain, which reflect, as close as possible,
the real characteristics of the territory. The resulting distribution of the characteristic
speeds is visible from Fig. 16 (top right) for Emilia-Romagna and Fig. 16 (bottom
right) for Lombardy case.

The space-dependent relaxation time is assigned so that the model recovers a
hyperbolic regime in the entire region, apart from the main cities, where a parabolic
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setting is prescribed to correctly capture the diffusive behavior of the disease spread-
ing, which typically occurs in highly urbanized zones. Considering p. the number of
citizens of a generic city (province) denoted with subscriptc = 1, ..., N, the initial
spatial distribution of the generic population f(x, y) is assigned, for each province
and each epidemiological compartment, as a multivariate Gaussian function with
the variance being the radius of the urban area r,:

_ (X—Xc)2+2(y—)'c)2
e 2rC pC k)

flx,y) =

2mr,

with (x., y.) representing the coordinates of a generic city center. The initial
population setting, for each province, is taken from 2019 data of the Italian National
Institute of Statistics.

For the Emilia-Romagna Region, we estimate the initial number of exposed
individuals, including asymptomatic, as E° = 41°; while, for the Lombardy
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and of the reproduction number R((0) (right) in the Lombardy Region

Region, E® = 10 7% and A® = 9 I° in each location, with I° given by data recorded
by the Civil Protection Department of Italy in the first day simulated. As previously
discussed in Sect.4.1.6, for the Lombardy test, we introduce a single source of
uncertainty z having uniform distribution, z ~ (0, 1) so that the initial conditions
for compartment /, in each control volume, are prescribed as in (87). Moreover, we
refer to regional mobility data to properly subdivide the population in commuters
and non-commuters (see Data Sources in Sect. 5.1). Concerning the calibration and
the choice of clinical epidemic parameters, as well as for the modelling of the
governmental restrictions, the reader can refer to [23] for the Emilia-Romagna case
and to [19] for the Lombardy case. With the chosen parametric setups, we obtain
initial reproduction number for Emilia-Romagna Ry = 2.3 and an initial expected
value of the basic reproduction number for the Lombardy Region E[Ry(0)] = 3.2,
which are in accordance with the available literature [28, 57, 118]. Nevertheless,
with the proposed methodology it is possible to present the heterogeneity underlying
the basic reproduction number at the local scale, as shown for the Lombardy case
in Fig. 17 (bottom), together with the initial global amount of infected people
E%x, y) 4+ 1%, y) + A%x, y) present in the domain.

Figure 18 plots a comparison against the measured data at the Regional level,
reported by the Civil Protection Department of Italy, and the same comparison for
the province of Piacenza, Parma, Bologna, and Rimini, depicting an overall very
good agreement. Figure 19 shows the time evolution of the exposed population
E, including asymptomatic, which is moving from both Piacenza and Rimini
toward the center of the region and the city of Bologna, then spreading northern
in the direction of Ferrara. The wave of the exposed population is clearly visible,
highlighting the hyperbolic regime of the model.

In Fig.20 (first column), the expected evolution in time of the infected indi-
viduals, together with 95% confidence intervals, is shown for exposed E, highly
symptomatic subjects /, and asymptomatic or weakly symptomatic people A,
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Fig. 19 Distribution of exposed population E, including asymptomatic, on March 1, 4, and 10,
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for three representative cities, namely Lodi, Milan, and Bergamo, and the whole
Lombardy Region. Here it is already appreciable the heterogeneity of the diffusion
of the virus. Indeed, from the different y-axis scales adopted for the plot of the
provinces, it can be noticed that Milan and Bergamo present a consistently higher
contagion with respect to the one shown in Lodi. From the same Fig.20 (second
column), it can be observed that the lower bound of the confidence interval of
the cumulative amount in time of highly symptomatic individuals is in line with
data reported by the Civil Protection Department of Italy. As expected, due to
the uncertainty taken into account, the mean value of the numerical result in each
city is higher than the registered one. Also the comparison between the expected
evolution in time of the cumulative amount of severe infectious with respect to
the effective cumulative amount of total infectious people, including asymptomatic
and mildly symptomatic individuals, is shown in Fig. 20 (third column). From this
figure, it is clear that the number of infections recorded during the first outbreak of
COVID-19 in Lombardy represents a clear underestimation of the actual trend of
infection suffered by the Region and by Italy as a whole, and how the presence of
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asymptomatic subjects, not detected, has affected the pandemic evolution. Results
concerning the rest of the cities of the Region can be found in [20].

In Fig. 21, final expectation and variance of the cumulative amount of infected
people, namely E + A + I, are reported in the 2D framework of Lombardy. If
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comparing Fig. 21 (top left) with 16 (bottom left), it can be noticed that, at the end
of March, the virus is no longer mostly affecting the province of Lodi and Cremona,
but has been spread, arriving to hit most of all Brescia, Milan, and Bergamo.

5 Concluding Remarks and Research Perspectives

In this survey, we presented a series of recent results obtained in the field of
kinetic modelling applied to epidemiology. In particular, we focused on three main
aspects: the influence of social features such as the number of contacts, wealth and
age of individuals, the design of effective control techniques even in the presence
of uncertain data, and finally, the impact on the pandemic of the movements of
individuals both on urban and extra-urban scales. All these aspects proved essential
in order to present realistic scenarios on the spread of the epidemic and in agreement
with the observed data.

The modelling approach presented here, although in some cases developed
for the sake of simplicity on compartmental models with a very basic structure,
can be easily extended, as analyzed in the last part of the survey, also to more
realistic models for the spread of the COVID-19 epidemic. In particular, given the
generality of the social dynamics modelling introduced here, this opens interesting
perspectives in future directions by going to evaluate the impact of additional
features that can influence the evolution of the pandemic, such as the viral load
[38, 84] or the spread of fake news [52]. The former in particular plays a decisive
role in analyzing the influence of the so-called super-spreaders [77, 92], while the
latter as we have seen play a key role regarding the vaccination campaign [83, 103].
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5.1 Data sources

With respect to the numerical results presented in the simulations, specifically in
Sections 2.15, 3.2.2, 4.1.6 and 4.2.4, the following data repositories were used. The
GitHub repository of the Italian Civil Protection Department:' the John Hopkins
University GitHub repository [47]; Regione Lombardia, Italy, Commuters Data;?
the Italian National Institute of Statistics, ISTAT;? Geographical Data from ISTAT;*
and Regione Emilia-Romagna, Italy, Commuters Data.}
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Human Behavior
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1 Introduction

l‘)

Check for
updates

The COVID-19 pandemic has caused an unprecedented disruption to the world,
infecting millions and shutting down large parts of the world economy. We illustrate
the value of mathematical epidemiological models in understanding the current
pandemic and discuss how a team-science approach to modeling may effectively
prevent and mitigate the effects of future pandemics. After outlining the challenges
confronting the early modeling of the COVID-19 pandemic, we provide a broad
overview of agent-based models (ABMs) and compartmental models (CMs). We
then use the models to simulate the epidemic in Hawai‘i and New Jersey and discuss

what could be done to prepare for the next pandemic.

Mathematical models have been central to the public and policy debate through-
out the COVID-19 pandemic. When combined with empirical data, modeling

provides a valuable tool to:
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* characterize the extent of an epidemic,
 predict the scale of the healthcare problem, and
» explore the impact of different intervention strategies.

Models rely on the parameters coded into the model and the data used to
constrain those parameters. These parameters are estimated based on the best
available data. The uncertainty in the data limits our ability to quantify the
predictive model forecasts. In a novel pandemic, the quality of the data available
is constantly changing, and the model predictive accuracy improves as more
empirical data becomes available. Even the best-developed models are unlikely to
be accurate prediction tools over a long time. Unfortunately, the mismatch between
the predictions of many initial models and the ultimate outcomes of the pandemic
brought heavy criticism about their purpose and credibility.

In the COVID-19 pandemic, the relative importance of the model parameters to
the transmission has changed over time to account for changes in social distancing
mask-wearing and vaccinations. Also, early in the pandemic, it was unclear how
efficiently the virus could be transmitted through air, fluids, or surfaces. It took time
to accumulate the data needed to characterize the distance and time scales over
which such transmission could occur. Similarly, the role of asymptomatic cases is
still not well quantified more than a year into the pandemic. With this confusion
about basic empirical transmission facts, there has been no clear methodology to
accurately estimate some of the models’ most important parameters.

The early transmission models relied on a limited understanding of the impor-
tance and role of airborne transmission of the virus. Also, most scientists developing
the models only had access to publicly available aggregated data. This available
data

* lacked the needed granularity for the age, symptoms, or hospitalization of the
samples;

» often combined the results of the antigen and antibiotic tests; and

* lacked information about the bias in the testing so the results can be used
to estimate the incidence. For example, the available data rarely included the
symptoms, malaise, and age of each tested individual.

Mathematical models based on unreliable data will provide inaccurate forecasts and
run the risk of being inappropriately used. The rapid spread of the infection created
an emergency where we lacked reliable estimates for the information needed to
make quick decisions in an acute setting. Often the most reliable information came
from asking a group of experts and averaging their opinions.

On top of these challenges, the evolution of a pandemic is people-driven, and
human behavior is complex, unpredictable, and changes with time, possibly very
rapidly. Social distancing measures and masking measures at the macro-scale
of humans are not well understood, and reliable estimates do not exist. Human
behavior in epidemiological models must include considerations on the type of
interactions between individuals. The models must account for how the infection
spreads more rapidly in social gatherings and household environments than in
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general settings. They can quantify the links between restaurants, social groups,
and churches to localized outbreaks. They can estimate how an epidemic will
disproportionately impact multi-generational families than single-family units.

Although most of the available data had severe limitations, there were constantly
updated databases tracking the spread of COVID-19 in North America and the
European Union. The lack of almost any information from third-world countries
created huge challenges to understand the global scale of the COVID-19 pandemic.

One of the most informative model parameters is the transmissibility of the infec-
tion, as measured by the basic reproductive number, R¢. The basic reproductive
number is the average number of people a newly infected person will infect in a
population where everyone else is susceptible. This depends on the behavior of the
population as measured by the number of contacts a typical person has each day, the
infectiousness of the virus (which depends on social distancing and mask-wearing),
and the length of time a person is infectious. Although it might be reasonable to
assume Ry is fixed during a typical flu season, the dramatic behavior changes
in response to the COVID-19 pandemic require the models to account for these
changes and vary Ry.

The early COVID-19 models assumed the parameters were static, meaning
that most parameter values, and hence R, were fixed. Given the sparse data
available and the limited understanding of virus transmission, these models were
useful to explore the virus’s possible outcomes but had low quantitative accuracy.
They were helpful in illustrating the “Flatten the curve” concept among the public
and policy leaders. Unfortunately, as models developed both to become dynamic
and incorporate additional knowledge about COVID-19, the lack of quantitative
accuracy of initial models resulted in a backlash for the modeling.

As the virus spreads and people become immune to infection, either by recover-
ing from an infection or being vaccinated, the fraction of the population susceptible
to infection, Py, will decrease. A typical infected person will only infect the effective
reproductive number R, = RoP; of people. That is, R, represents the number of
people that a newly infected person will infect during an epidemic. If R, < 1, then
the population has reached herd immunity and the epidemic will die out.

The effective reproductive number, and therefore herd immunity, depend on both
P (vaccination and recovered infected) and R, which includes social distancing,
mask-wearing, and other behavior that affects the virus’s transmissibility. A pop-
ulation with herd immunity while social distancing can lose it if the population
relaxes social distancing and R increases. Similarly, as more and more people are
vaccinated, Py will decrease until R, = RoPs < 1 and herd immunity is achieved.

The COVID-19 pandemic will continue until there is sufficient worldwide
vaccination to achieve herd immunity. There will be infection waves due to
geographically sparse outbursts, the appearance of multiple variants, and diverse
political and social responses to the pandemic. Despite this somehow unfortunate
reality, models can help inform decision-makers to manage the current pandemic
and prepare for the next one. Globalization will continue to connect the modern
world, with large masses traveling throughout the globe.
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Recent COVID-19 containment measures have included travel bands, testing,
and quarantining the sick and exposed populations. Measures used sporadically in
the current epidemic have included:

» Taking temperatures in restaurants, workplaces, and travelers at start and end of
travel;

* Require testing before take-off and at landing for long-distance air travels;

e Quarantining after arriving in a new location, such as another country or state;
and

* Contact tracing for people in contact with known infected individuals.

All of these mitigation efforts reduced R., but, unfortunately, many of these
measures were relaxed in the US, just as the COVID-19 Delta variant surged across
the continent.

Researchers have recently focused on including behavior changes in the models
to improve their predictive capabilities and identify which activities could most
effectively mitigate the pandemic. Although some of the current models include
these behavior changes, the lack of reliable data for human behavior limits their
predictability. Also, the behavior of a single infected individual can affect the spread
of an infection, especially in the early stages of an epidemic. Once the infection
becomes widespread, data for the aggregated community-level behavior might be
sufficient for the models to predict the spread reliably.

Predicting the transmission pathways that an infection can take depends on the
decisions people make for social distancing, masking, self-reporting symptoms, test-
ing, quarantining and isolation, and vaccination. A new approach called infodemic
modeling simulates the spread of good and bad information about the epidemic and
predicts how the public will respond. These models include the public’s fatigue to
restrictive measures, confusion around changing policies, the role of misinformation
on social media.

Transmission models for the COVID-19 pandemic must be complex to capture
the complexity of the changes in people’s behavior and vaccination status. Effec-
tive models require collaborating teams of mathematicians, social scientists, and
academic and government public health experts to build the simulations on a solid
mathematical and epidemiological foundation.

We illustrate this complexity by comparing the spread of the virus in Hawai“i,
with natural geography barriers between the major cities, and the spread in New
Jersey, where population centers are tightly connected within the state and the neigh-
boring major cities, New York and Philadelphia. In addition, New Jersey can be
divided into three distinct regions with different sociodemographic characteristics.
We use our models to help understand why the epidemic evolved very differently in
these two regions.

After describing the advantages and limitations of agent-based and compart-
mental transmission models, we fit the models to simulation the epidemics in
Hawai‘i (Sect. 3) and New Jersey (Sect. 4). We relate the magnitude of the multiple
infection waves to the geographical isolation of the Hawaiian islands and the
sociodemographic characteristics of New Jersey. We observed that our CM for New
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Jersey (Sect. 5) was effective in predicting the early stage in the epidemic but less
accurate as the pandemic evolved.

2 Mathematical Models

Agent-based models (ABMs) mimic the behavior of a group of individuals or agents
and their interactions (contacts) where the infection could be transmitted from an
infected person to a susceptible person [37]. Often the model can be represented by
anetwork or graph where the nodes represent the individuals. The edges between the
nodes represent contacts where an infection could be transmitted from an infected
to a susceptible person. The infection transmission is modeled as a stochastic event,
and each epidemic simulation tracks a random branching event as the infection
spreads through the network.

An ABM can be compared to modeling fluid dynamics by following the paths
of individual atoms. One could imagine modeling the Brownian motion of multiple
particles that all follow the same physical laws. As the number of particles increases,
eventually, the average behavior of the system can be predicted by a mean-field
diffusion equation. In the same spirit, as the number of infected individuals in an
ABM becomes widespread, then the average spread of infection can be modeled by
a mean-field CM.

Compartmental epidemiological models are based on the idea of splitting the
population into different compartments corresponding to their behavior or infection
status. The underlying assumption is that all of the individuals within a compartment
are indistinguishable.

2.1 Agent-Based Models

ABMs have been used in social, economic, and biological sciences for over 40 years
[46,51, 52]. The popularity of ABMs exploded in the 1990s when the computational
power significantly increased and became widely available, and they have been used
to model the spread of influenza, measles, Ebola, and other infectious diseases [3,
9,10, 27, 32, 41, 47].

The connectivity properties of an ABM network, which is described in more
detail below, reflect the contact network in the particular population being modeled
and impact the spread of the epidemic. These properties are quantified by the degree
distribution, joint-degree distribution, and clustering coefficient. While an individual
behavior can often be described using simple rules, the collective behavior of
the network of individuals can exhibit complicated interactions and transmission
pathways. Each epidemic can follow a wide range of paths depending on the
structure of the network. The uncertainty generated by the stochastic transmission
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network creates challenges when interpreting the results to non-statisticians and
policymakers.

In an ABM, the state of each agent can be described as an element of some space
S. If A is the finite set of agents, then the state of the ABM system can be defined
by a map of each element in A to an element in S. The collection of all such maps
denoted S4, constitute the total state space of an ABM. When modeling a pandemic,
one typically chooses A to be the set of people within a closed community of
interest, and S is usually a set of tuples consisting of continuous and binary values.
Formally, such a set of tuples can be written as a product R x Zg. Here R™
captures continuous variables related to the disease, such as age and susceptibility
to infection, and Z’; = {0, 1}" captures binary variables, such as the presence of
infection and comorbidities. Of course, one can add other categorical variables if
needed.

The evolution of the system state through time is described by an association of
an element of our total state space to each time point under consideration. Again,
such an association can be regarded as a map from the collection of possible times
to the total state space of the system, which we can formally write as g : T — AS.
Here, T is our time set, which, assuming that the state changes at discrete time
points, can be regarded simply as the set of natural numbers, T = N. Instead of
looking at the total state of the system, we can, equivalently, focus on the evolution
of the state of each individual agent. This means that we associate an agent’s state,
i.e., an element of S, to each time-agent pair.

Formally, this yields amap f : T x A — S, which is related to the evolution
of the total state via the equality f (¢, a) = g(¢)(a). The function f can be defined
deterministically, or it can be a realization of a stochastic process. Importantly, one
does not focus on the whole f and instead defines how the state of an individual
agent is updated using the states of the other agents. That is, one defines how the
value f (¢ + 1,a) is obtained when f(¢,a) for all a € A is known. Of course,
a change in the state of an agent is unlikely to depend on all of the other agents.
Typically, each agent has an associated subset of agents that may affect its state
due to “interaction”. We shall refer to such a subset as a contact set of an agent.
In the case of pandemic modeling, a contact set consists of people who actually
interact with a given individual. This example also suggests that a contact set of
an agent a € A, which we shall denote N (a), may have an additional structure
to better reflect interactions within different contexts. For example, interactions at
work may be different from those at home. Mathematically, this may be represented
as a disjoint union, N (a) = |_|l’.’=1 N;(a). Also, a contact set may be time dependent,
thus yielding N (¢, @) = U}_, N;(t, @), t € T, which simply says that the contact set
may change with time.

Considering that interactions between agents are typically symmetric, it is
convenient to represent all contact sets N(a), a € A, using an undirected graph, so
that each separate N (a) is just a collection of adjacent vertices. More specifically,



The COVID-19 Pandemic Evolution in Hawai‘i and New Jersey: A Lesson on. . . 115

we let A be the vertex set of our graph, and let £ C {{a,b}la,b € A} be
the set of edges. We shall refer to such a graph as a contact network. We can
then define a contact set of an agent a € A as a set of adjacent vertices, i.e.,
N(a) = {b € A|F{a, b} € E}. Additional structure and time dependency of contact
sets are obtained by defining multiple, possibly time-dependent interaction networks
with the same vertex set A and different edge sets E;(¢),i =1, ..., n.

In the deterministic case, the state of an agent a € A at time step ¢ 4 1 is
defined as a function of time ¢ and the states f(¢, b) where b ranges over N;(t),
i = 1,...,n. In the stochastic case, one computes the conditional probability
distribution for f(# 4 1, a), conditioned on the above f (¢, a) (and possibly ¢), and
then samples from it. When modeling a pandemic, this often simplifies computing
the probability of infection given an uninfected individual or the probability of
developing symptoms, given an infected but asymptomatic individual, etc. Then
a (pseudo)random number is generated to determine the actual state transition
(e.g., an individual gets infected, develops symptoms, etc.). While the transition
between states can be mathematically quite complicated and non-Markovian, the
implementation is often fairly straightforward.

An example of a contact network for an ABM of a pandemic is shown in
Fig. 1. The contact network determines how the infection will spread through the
community, and their construction is a challenging problem. Once the network is

@ Infected =— CoOmmunity == School

@ Not infected = Home = Work
© Infected — COmmunity == School
@ Not infected
@ ® Vaccinated Home Work

Agent State
age 55
dead 0
infected 1 ‘
diagnosed 1 :
symp_prob 0.75 vaccinated 1
severe_prob 0.10

Agent State

date_infected 05/14/2020
date_diagnosed 05/17/2020

Fig. 1 Sample contact network representing individuals in the population as nodes and the
interactions for possible viral transmission among them as edges. The different colors refer to
four different types of contacts or individuals in the population (LHS). The vaccinated individuals
will have a reduced transmission which is reflected in their state (RHS)
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defined, the infection is transmitted through the edges (contacts) between the nodes
(people), and the infection status can be straightforwardly updated. For example,
Fig. 1 shows that adding vaccinated individuals is conceptually quite simple. Of
course, the process governing state transitions also needs to be updated.

2.1.1 COVID-19 Agent-Based Simulator (Covasim)

Covasim is a stochastic ABM developed by the Institute for Disease Modeling
to explore the coronavirus dynamics and interventions [35]. The Covasim default
contact networks have our “social layers” (i.e., edge sets) analogous to the ones
shown in Fig. 1. Covasim associates each agent (node) a state with 39 variables,
including information such as demographic, individual susceptibility, and variables
representing intrahost viral dynamics (along with viral-load-based transmissibility).
Each stochastic simulation generates a different epidemic. The expected values for
quantities of interest (e.g., new daily infections, the number of hospitalizations, etc.)
are reported for an ensemble of (typically 15-20) simulations.

We extended Covasim to include additional interventions, such as vaccinations,
for our simulations of the Hawaiian COVID-19 epidemic in Sect. 3.1.1.

2.2 Compartmental SEIR Models and Variants

Compartmental epidemic models started with the pioneering Kermack-McKendrick
Susceptible-Infected-Recovered (SIR) model [34]. The susceptible compartment (S)
included individuals who could be infected if they are in contact with an infected
person (I). The infected population eventually recovered (R) and were no longer
susceptible to being infected.

The original SIR model has been extended to include additional states, such as
including an infected, but not infectious, exposed state (E) to create an SEIR model
[31]. Further extensions have proved effective in modeling traditional infectious
diseases (pertussis [20, 48], measles [5], Ebola [38, 40], etc.), new diseases
(HIV [21, 45], Lyme, etc.), as well as reemerging diseases (tuberculosis [6, 54],
cholera [19], etc.). They have been used extensively also for the COVID-19
pandemic [7, 23, 25, 26, 63].

For example, a simple CM was used for predicting hospital beds that would be
needed in New Jersey in the early stages of the COVID-19 epidemic [1]:
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where S are susceptible, E exposed, 14 infected asymptomatic, /s infected symp-
tomatic, R recovered, and N = S + E + I4 + Is + R is the total population.

The basic reproduction number, R, is the average number of individuals
infected by infected individual if everyone is susceptible. During an epidemic, only
the fraction P; = S/N of the population is susceptible, and so a typical infected
person will only infect the effective reproductive number R, = Ro(S/N) people.
If an individual is infected for an average of D; days, then, on average, an infected
individual will infect R,/ D; people per day. Hence, the total infected population,
(14 + Is), will infect (14 4+ Is)R./ D people per day. All the newly infected people
are removed from the S compartment in the first equation and enter the exposed, E,
compartment.

The exposed population becomes infectious after an average of Dg days when
a fraction o enters the asymptomatic infectious state 74 and (1 — «) enter the
symptomatic infectious state. The model assumes that the infectious people either
recover or are hospitalized after an average of D; days. A before fraction o of Ig
are hospitalized before recovering after Dy days.

This simplified model assumes a closed, randomly mixing population where the
small fraction of people who die from the infection do not significantly impact the
overall spread of the infection. Even with these simplifications, this model helped
estimate hospital bed needs in the initial phases of the pandemic. However, the
model assumed that everyone had the same behavior and risk of infection, and the
coarse-grain model could not be used to forecast the spatial heterogeneities in the
epidemic [36].

There are more complicated CMs that include time-dependent parameters, effect
of travels and even zoonotic infections [11, 50]. These more complicated models
have more compartments for different progressions of the disease [26] and account
for age-structured populations and spatial variability [8, 16, 17, 33, 61, 62].
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The simulations in Sect. 3 for the spread of the virus in Hawai‘i generalize
the model by Lloyd-Smith et al. [39] and subdivide the susceptible population
into the general community (C) and healthcare workers (H). In addition, Exposed
and Infected (in each population group) are split into multiple stages per day to
reflect the disease’s progression better. Also, individuals in isolation (including
hospitalization) are categorized in separate compartments. The incubation period
for those who do develop symptoms is between 2 to 14 days after exposure. The
model assumes that some of the people who contract the virus are asymptomatic.
Those who do not develop symptoms after 14 days are moved from the Exposed
compartment to the Removed compartment.

The quarantine sub-compartment has 14 stages accounting for the effect of
contact tracing and the reduced transmission rate for quarantined individuals. The
infected individuals go through 5 stages, of which the first two represent the first
two days of being symptomatic, whereas the last three represent the phase where
the immune system is fighting the disease. Since the last three stages can go on
for more than one day each, there is variability in the number of days any given
person can spend at each stage. Our model assumes that the symptomatic phase of
the illness lasts at least five days.

Travelers play an essential role in spreading the infection in the archipelago
and Islands. We consider two broad categories of travelers—tourists (forming a
new group) and returning residents (coming into the community group). Finally,
the Vaccinated population has the same sub-structure as the Exposed and Infected
compartments used for non-vaccinated groups, with the parameters modified to
account for the vaccination status. This CM is described in detail in [37].

2.3 Comparison of Agent-Based and Compartmental Models

For the past two decades, there has been a robust discussion on the effectiveness
of ABM and CM epidemic models [42, 43, 58]. ABMs and CMs are structurally
different. Agent-based models treat the population at the individual level, where
every individual can have a different behavior pattern or disease progression.
Compartmental models aggregate the population into compartments, where the
people within the same compartment are indistinguishable. Stochastic ABMs can
capture the early and late stages of an epidemic when the course of an epidemic
could be sensitive to individual behavior and transmission events. However, ABMs
are computationally expensive and challenging to analyze when an ensemble of
simulations predicts a broad range of possible epidemics. Ordinary differential
equations approximate the mean-field behavior of a population and best once the
infection has become well-established. The analysis of CMs is straightforward, and
simulations are inexpensive.

Kunwar et al. [37] summarize the advantages and limitations of both models.
When dealing with a CM, an inherent difficulty is the conceptual complexity asso-
ciated with accounting for newly discovered pandemic features, such as vaccines
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and new variants, which can be highly non-trivial to implement. The aggregate
nature of the interactions poses a challenge to reflect the actual intricacy of those
interactions. Therefore, the conceptual complexity of the model may become a
hurdle. A CM is also quite limiting when it comes to including demographic,
ethnic, and other essential information, as it would again require one to introduce
numerous compartments. On the other side, due to the structure of ABMs and
everyone being represented by an agent, incorporating new attributes for individuals,
such as age, ethnicity, or vaccination status, is conceptually relatively simple. It
amounts to augment the dimension of the state of each agent while the network is
untouched. For instance, a new variant will be simply represented as a new variable
characterizing the variant to the agent state space.

Stochastic network ABMs are computationally expensive when there are many
agents (nodes) and widespread infection. Fortunately, it is often straightforward to
parallelize ABMs, and current software can often handle populations with tens of
millions of people. Usually, only a tiny fraction of the population is infected at any
given time in an epidemic. Agent-based transmission models only need to follow
this small, infected population to follow the paths of infection. For example, if there
are | Ay| infected nodes (people) and there are, on average, | E;| edges (contacts) per
node, then there are at most |A| | E;| people who could be infected on the next time
step. Note that this is independent of the size of the network.

Although the transmission dynamics requires O(|A;| |E7|) operations, when
the behavior or the vaccine status of population is changing, then each time step
may require O(]A|) operations to update the status of all |A| agents and O (|E])
operations if the contact structure changes in the number of edges, |E|, due to
changes in social distancing.

The primary challenge for the ABMs is that they might be computationally
expensive if the number of agents (i.e., the population) is large and the computation
is not appropriately parallelized. Since every time step requires an iteration over
each interaction edge and an update on each agent’s state, the size of the network
impacts primarily the total time complexity, which is O(|E| + |A|) of each time
step where |E| is the number of interaction edges and |A| denotes the number of
agents. In [37] the authors show that the increase in computational time with the
number of days is roughly linear and that the scaling of the computational time with
respect to the number of agents is also close to being linear. The role of parallelism
in reducing the computational time of agent-based epidemiological models should
be explored to speed up calculations crucial for large population sizes. On the other
side, the computational complexity is typical for CMs O(NC), where NC is the
number of compartments, which is significantly less computationally intensive for
the same problem.

Agent-based and compartment models complement each other and are often
best used together. For example, classical gradient-based optimization algorithms
can easily fit the parameters for a CM to data and determine which parameters
are identifiable. It is, however, far more complicated to estimate parameters or
determine their identifiability using an ABM. As explained in [37], often you need to
resort to a stochastic global optimization technique such as the Metropolis-Hastings
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algorithm or the genetic algorithm [12, 29]. Such a procedure is computationally
expensive and does not always produce a good fit [29]. We can combine the
approaches by using the CM to obtain reasonable estimates for the baseline
parameters. These values can then be used as an initial guess (or a prior) to calculate
appropriate values of the corresponding parameter in an ABM.

3 Archipelagos and Islands

Little research has focused on modeling pandemics in smaller, contained popula-
tions. It is, however, imperative to study and understand the spread of infectious
diseases in such environments since populations in them are highly vulnerable.

We will use the Hawaiian Islands to illustrate the challenges and benefits of
a contained environment. Documentation on the impact of infectious diseases in
Hawai‘i dates back to the eighteenth century. It exposes how, due to lack of
immunity to foreign diseases, the native Hawaiian population has been decimated
in the past by invasive viruses such as measles, whooping cough, dysentery, and
influenza. The first quarantine facility was established by King Kamehameha V in
Molokai for individuals affected by leprosy. In addition to many Native Hawaiian
lives lost, schools and the economy were disrupted due to the high mortality
[4, 30, 53]. Today, Hawai‘i remains vulnerable to infectious diseases because it
is geographically isolated and does not have hospitals and other medical facilities
capable of treating large numbers of infected non-residents; nor does it have the
ability to shift excess COVID-19 cases to neighboring hospitals or care centers other
than perhaps military ships.

The State of Hawai ‘i found itself in a unique position in the COVID-19 pandemic
due to its isolated geographic location, mostly linear population distribution along
the coast, and a heavy dependence on tourism and hospitality sectors of the economy
[14]. At the time of writing this paper, early September 2021, Hawai‘i is facing its
biggest crisis since the pandemic began. There is a clear dichotomy between the
conditions before and after the introduction of the Delta variant. What remains true,
however, is that despite their proximity and similar environment, different Hawaiian
counties exhibit quantifiably different dynamics of the spread of the disease [15]
and therefore require localized, targeted mitigation measures, possibly at different
times.

3.1 March 2020-June 2021

Hawai‘i ’s first case of COVID-19 was detected on March 6, 2020, in a man that
traveled back to the Islands from a cruise. A sharp exponential growth followed
the traveler’s return, and a stay-at-home order was declared on March 25, 2020. A
CM was developed during the summer of 2020 to evaluate the impact of various
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mitigation measures and, once calibrated to the observed case numbers, forecast
what-if scenarios. This model, described in [13], quantifies the differences and
similarities in the spread of COVID-19 among the different Hawaiian counties in
2020. The authors compiled reported COVID-19 daily cases from March 6, 2020, to
January 15, 2021, grouped by the four primary counties: Honolulu, Hawai ‘i, Maui,
and Kaua‘i. They examine available data on daily cases, positivity rates, mobility
and employ the CM mentioned above fitted to the daily cases. We first summarize
the results presented in that paper.

The transmission rate in their CM model is optimized to reflect non-
pharmaceutical interventions. These included the two stay-at-home orders early
in the pandemic, as well as the safe travel program implemented on October 15,
2020. Fall 2020 also saw an introduction of the Tier system in Hawai‘i based on the
count of daily new infections and testing positivity rate. The State moved from Tier
1 to Tier 2 on October 21, 2020, from Tier 2 to Tier 3 on February 25, 2021, and then
from Tier 3 to Tier 4 on June 11, 2021. Unique to a geographically isolated location
is the ability to control travel. The State of Hawai ‘i has heavily regulated travel; see
[13] for more details. The travel flux in the model is based on data compiled from
the COVID-19 State of Hawai‘i Travel portal [57]. The State of Hawai‘i started
administering vaccines on December 15, 2020. The model vaccination rate was
estimated from the State of Hawai‘i—Department of Health, Disease Outbreak
Control Division Dashboard.

3.1.1 CM Model Fit from March 06, 2020 to January 15, 2021

Figure 2 displays the model fit for the Honolulu county. The dots represent the
new daily cases reported by the State of Hawai‘i Department of Health, and the red
curve shows the model fit. The vertical lines correspond to mitigation measures
that had an impact on the curve and thus governed the values of the parameter
representing the baseline transmission rate, 8. The model was fit to the data by
varying the transmissibility, 8 (shown with the red bar graphs). The rapid decrease
in B at the beginning of April demonstrates the significant impact of the first stay-
at-home order on March 25 while numbers were still under 50 new daily cases.

On August 27, 2020, the second stay-at-home order had a lesser impact on the
transmission rate due to the ongoing community spread within large households. On
October 15, 2020, the safe travel program was initiated with mandatory pre-travel
testing for all passengers or a 2-week quarantine. It was followed by a surge in travel
and initiated an increase in tourism which has effectively become nonexistent from
March 20 to October 15, 2020. As seen in Fig. 2, in Honolulu County, the new daily
cases stabilized between 70 and 100 during Fall 2020, with a slight increase due to
the Holidays.

An analysis of the other counties showed significant differences among them
in the evolution of the pandemic. On Fig. 3, obtained from [13], we display the
normalized model for Honolulu, Hawai‘i, and Maui counties as well as the daily
raw numbers for Kaua‘i (there is no model fit for Kaua‘i due to the numbers being
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Fig. 2 Honolulu County model fit from March 06, 2020 to January 15, 2021. The star shows
the beginning of safe travel program. It can be observed that the compartmental model accurately
tracks the data
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Fig. 3 Honolulu, Maui, and Kaua‘i counties with the normalized model fit, Kaua‘i with normal-
ized daily cases. It is clearly observed that counties started to differ in response to the spread of
COVID-19 after the safe travel program opened

too small). Except for Kaua‘i, the other three counties exhibited qualitatively similar
behavior until the Safe Travel program began. Hawai‘i and Maui county had a few
clusters that generated the other peaks. The main observation is the sharp increase
in new daily cases for Maui starting end of October, which is not visible on the other
Islands.

We analyze similarity between the counties of Hawai‘i by computing the
classical L, distance between normalized model fits. Considering that we have a
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Table 1 L, norm between normalized fit of Hawaiian counties (Fig. 3) to measure similarity. The
counties have different tourist-to-resident ratios, and the travel restrictions impact the counties
differently. Before travel was reinstated, Honolulu and Maui counties were the most similar; this
situation changed afterward

Mar 06—October 15 Mar 06-Jan 15
Honolulu—Maui 2.05 4.50
Honolulu-Hawai ‘i 3.31 3.81
Hawai ‘i-Maui 3.53 4.23

single sample for each of the time series representing the new daily cases, we assess
the significance of the computed L, distances by looking at how the corresponding
numbers change when the model is fitted to random perturbations of the original
time series data. These perturbations are obtained by adding Gaussian noise with
mean zero. Assuming that a large number of new daily cases implies a larger
possible error, the standard deviation for the noise is time dependent and equal
to one-tenth of the recorded daily cases. In the rare cases when adding the noise
yielded a negative number of new daily cases, this number is set to zero. In Table 1
we compare the Ly-norm of the COVID-19 incidence in the different counties.

The work presented in [13] also compares the different counties to other Islands
and Archipelagos. Using the merged trees corresponding to the new daily cases
curves shows that Honolulu county is qualitatively most similar to Iceland, Maui
county to Japan, and Hawai‘i county to Puerto Rico (to a smaller degree). The
conclusion is that islands with control over the influx and outflow of people may
surprisingly experience similar overall pandemic experiences, even if they are
geographically distant and culturally different. This suggests an underlying complex
transmission network for the spread of the disease within an island chain, since the
similarity in weather and proximity do not always correlate with the spread of the
infection.

In December 2020, the state of Hawai‘i began vaccinating people. The CM
results, presented below, come from [37] assume that the vaccine requires two doses.
New compartments were introduced into the model to account for vaccination and
differentiate between people who have received one or two doses of the vaccine.
The model also tracks exposure to the virus and infections occurring in vaccinated
individuals between vaccine doses and post-vaccination. The vaccinated compart-
ments have the same sub-structure as the Exposed and Infected compartments used
for non-vaccinated groups, but parameters might vary. The interaction between the
vaccinated and non-vaccinated individuals is accounted for by the hazard rate for a
susceptible person’s likelihood of getting infected. Figure 4 shows the dynamics of
the model that includes travelers and vaccines for Honolulu county. The simulations
assume an 80% reduction in transmissibility for the vaccinated population and a
95% reduction in the probability that a vaccinated individual will develop symptoms
and severe disease. The parameters values for these simulations are in [37].
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Fig. 4 Top: Honolulu County fit from March 6, 2020, including travelers starting October 15,
2020, and vaccination starting December 27, 2020. The simulations through April 25, 2021.
Bottom: Zoom in for the period where both vaccination and travelers are included with the
corresponding transmission rates
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Fig. 5 Compartmental (blue) and Covasim (green) fit from March 6, 2020 to April 25, 2021
including travelers and vaccines [37]

3.1.2 Comparing CM and ABM Models

In Fig. 5, we represent the optimized fit obtained from the Compartmental SEIR
(blue) and the agent-based Covasim (green) models for Honolulu County. To run
Covasim, we used the data from the Hawai‘i Population Model developed by the
Hawai‘i Data Collaborative [28]. It can be observed that the two models agree
qualitatively, including the spike in August.

Figure 6 shows the impact of the vaccines for both models with the benchmark
fitted parameters. The simulation is for 1 million people with 100 infections on day 1
(but no symptoms) and constant transmissibility, 8. Scenario 1, shown in Fig. 6 top,
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assumes no vaccines and compares the model predictions over 425 days. Scenario
2 assumes a vaccination rate of 2500 individuals per day and a 95% reduction in
the probability of developing symptoms for vaccinated individuals and an 80%
reduction in transmissibility. The simulations also assume that the vaccine only
requires a single dose. The results are shown in Fig. 6 bottom.
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Fig. 6 SEIR (blue) and Covasim (green) benchmark scenarios forecasting spread and vaccination.
The green Covasim curve is the mean of 20 simulations [37]. Observe that the overall behavior of
the two models is similar even without fitting the data
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3.2 July 2021-September 2021

The first case of Delta variant in the State of Hawai‘i was detected in a fully
vaccinated Oahu resident who had traveled to Nevada in early May. As of June
13, 2021, it was present in all four counties, with a majority of detected cases in
Honolulu County. As of the end of August 2021, all cases were attributed to the
Delta variant. In early July, Honolulu County has seen a major surge in new daily
cases, the largest so far, as can be seen in Fig. 7. The cases reported by the Hawai ‘i
department of Health climbed up to 1185 on August 29, 2021. Note that the State
of Hawai‘i went from Tier 4 to Tier 5 on July 8, 2021, and despite the alarming

numbers, never reversed to lower Tiers afterward.
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Fig. 7 Top. New Daily Cases from March 6,2020 to September 3, 2021 for Honolulu County.
Right: Active Hospitalization for Honolulu County for the same period
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A primary challenge in fitting the data with the model for August and September
2021 is the data variability for the new daily cases. Indeed, the observed difference
in the daily case numbers from one day to the next goes up to 40%. Figure7
bottom represents hospitalizations. Calibrating the model for hospitalizations is not
trivial, the primary reason being that data was not publicly available until July 2021.
Subsequently, the available data on hospitalizations came aggregated at the county
level, making parameter estimation challenging since hospitalization depends on the
age and health of the infected individual. However, the fit is remarkable, even with
a single optimized transmission rate for those two months. Also, note that the active
hospitalizations trend lags about 10 days behind the new daily cases.

The infection again spread differently in the counties after the emergence of the
Delta variant. Honolulu County experienced the most rapid increase of the Delta
variant, followed very closely by Hawai‘i county. Over 80% of cases due in both
states were the Delta variant by mid-July. Maui was two weeks behind in reaching
80% in early August and Kaua‘i a month later in mid-August. It is unclear why these
timelines are different since all counties were under the same mitigation measures
and safe travel program.

The asymptomatic individuals in the CM are subdivided into 14 compartments
and can develop symptoms at any stage of the infection. This allows the model
to estimate the distribution of symptomatic and asymptomatic cases when fitting
the model to the daily cases. Figure 8 shows the population of active asymptomatic
individuals for the county of Honolulu corresponding to the model fit of the detected
daily new cases coming from the department of health. For example, as of August
15, 2021, the model fit projected about 500 daily new cases and 16,587 undetected
active asymptomatic individuals, among which 66% were vaccinated. The latter
percentage, which is significantly larger than the previous estimate of 40% of the
infected being asymptomatic, makes sense since the vaccine prevents the infected
individuals from developing symptoms, and therefore many of them would go
undetected. The Delta variant created a crisis for the State of Hawai‘i. The model
provided 10-day forecasting each week for the department of health to inform
decision-makers addressing the situation.
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Fig. 8 Model estimate for the amount of active asymptomatic individuals necessary to fit the
actual data of daily new cases
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3.3 Discussion

Travelers brought COVID-19 variants into the Islands. The Delta variant emerged
despite the safe travel program requiring vaccination, testing before arrival, or a
period of isolation after arrival. This indicates that it might require a complete halt
on travel to prevent the importation of a new infection effectively. This is, of course,
not possible for many reasons, primarily economic. However, the chances are high
that a delay occurs between mainland developments and the virus’s arrival or the
latest variant to the State of Hawai‘i. This delay could be taken advantage of.

The first case of the Delta variant was identified in December 2020, well before it
reached the Islands, and despite the warnings, the State of Hawai‘i was unprepared
to face the “Delta storm”. As of September 2021, the hospitals in the State of
Hawai‘i are at capacity, mostly due to a shortage of health personnel. All of this
happened despite the fact that prior to the Delta variant, the State-controlled the
spread of the virus exceptionally well, even after reopening to travel, and despite a
good vaccination rate as of early July.

4 The Pandemic Waves in New Jersey

New Jersey is a good state to explore these geospatial and temporal patterns of virus
transmission for two reasons. First, New Jersey was one of the few locations in the
USA with a high prevalence of COVID-19 during the first wave of the pandemic in
the USA. Thus, this dataset permits exploration of how virus transmission during
the first US wave compared to later waves. Second, New Jersey is the most densely
populated and racially/ethnically diverse state in the USA, and thus it provides
a good test case for exploring how population-level sociodemographic variables
predict transmission rates over time. The following sections show spatial and
temporal patterns of COVID-19 case rates across New Jersey at both the county—
and municipality—Ilevel and explore how these patterns could provide insight into
the variables that might be important to incorporate in future models of pandemics.
Of key importance is the fact that the variables that best predict virus transmission
may change with time. The variables that most strongly predict virus transmissibility
in an area near the beginning of an outbreak may not be the same variables that
predict transmissibility near the end of the pandemic. Understanding the temporal
dynamics of critical variables can help geographically target pandemic responses to
maximize health and minimize the economic impact.
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4.1 Comparing New Jersey to the US

As the pandemic unfolded in New Jersey, COVID-19 case rates (number of cases,
adjusted for population) varied throughout New Jersey—both across geographic
areas and over time. Case rates in three regions of New Jersey (northeastern,
northwestern, and southern) and the USA as a whole are shown in Fig. 9. New Jersey
experienced four distinct waves of the pandemic. The first wave in New Jersey, in
the spring of 2020, coincided with the virus first reaching the USA. New Jersey
did not experience the wave during the summer of 2020 that reached much of the
county. The second wave in New Jersey lasted from November 2020 to February
2021. The third New Jersey wave was March and April of 2021, and the fourth New
Jersey wave began in July of 2021.

Predicting and mitigating pandemics requires understanding the patterns of these
waves and their geographic specificity. For example, if each wave followed the same
geographic pattern, it is more reasonable to model virus transmission in only one
way. If, on the other hand, the geographic patterns varied depending on the wave,
then a more detailed understanding is necessary.
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Fig. 9 The figure plots new daily cases per 100,000 residents (y-axis) as a function of time (x-
axis) for four different regions: the entire USA (dark blue), northeast counties (green line: Bergen,
Essex, Hudson, Middlesex, Monmouth, Ocean, Passaic, and Union Counties), northwest counties
(light blue line: Hunterdon, Mercer, Morris, Somerset, Sussex, and Warren), and southern counties
(red line: Atlantic, Burlington, Camden, Cape May, Cumberland, Gloucester, and Salem). For each
region, the total number of cases in the region was summed and divided by the total population in
the region. Data were retrieved and smoothed as described in the Methods section. The counties
were divided into the three regions by initial spread of COVID-19, as defined by the number
of COVID-19 cases in the county on April 1, 2020 (northeast counties: more than 1000 cases;
northwest counties: between 250 and 1000 cases; southern counties: <250 cases per county)
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4.2 Spatial and Temporal Patterns in COVID-19 Cases in New
Jersey

The four waves of the pandemic exhibited clear regional patterns. During the first
wave, case rates in New Jersey were largely predicted by proximity to New York
City, the epicenter of COVID-19 in the USA. Counties in the northeast part of New
Jersey, nearest to New York (green line), had the earliest and highest peak. Counties
in the northwest part of the state (light blue line) had a slightly later, slightly smaller
peak. And counties in southern New Jersey (furthest from New York City) had
the latest, smallest peak (red line). The maps of the first wave at the county level
(Fig. 10) further illustrate the broad geospatial patterns across the state during the
first wave. In this map, darker shades of red indicate higher case rates during the
first wave of the pandemic. The dark red areas on the map in Fig. 10 are almost
exclusively located near New York City. This pattern is unsurprising and is what
you might expect from travelers and commuters contracting the virus in New York
City and then transmitting it to others in their home communities away from the
city.

However, the regional patterns varied in later waves. During the second wave,
the highest case rates occurred in the southern and northeastern parts of the state,
with the northwestern parts of New Jersey having the lowest case rates (Fig.9).

Fig. 10 The color shows the
number of positive
COVID-19 tests accumulated
in each county between
January 22, 2020 and April = !
27, 2020. Figure from [2] / MoRmis J ESSEX
with permission from author —\ 4 e

Cases per 100K by County
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[ 500 - 1000

B 1000 - 1500

[ 1500 - 2000
2000 - 2300
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Fig. 11 The color shows the
number of positive
COVID-19 tests accumulated
in each county between June
30, 2020 and December 13, )
2020. Figure from [2] with ESSEX
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This pattern is further illustrated in Fig. 11, where red colors indicate the highest
case rates during the second wave of the pandemic. The southern counties are much
redder in the second wave than in the first wave.

The third and fourth waves were similar to the first and second. Cases in the third
wave were largely predicted by proximity to New York, but as of September 2021,
the southern counties of New Jersey are showing the highest case rates (Fig. 9).

4.3 Sociodemographic Variables

What can explain this pattern of results? It helps to understand the demographics of
the state. Broadly speaking, the northeast part of New Jersey is very urban, whereas
northwest and southern New Jersey are much less densely populated. According to
data from the 2019 County Health Rankings and Roadmaps [18], the northeastern
counties are 1.2% rural, the northwestern counties are 24% rural, and the southern
counties are 16% rural. All of New Jersey’s cities larger than 100,000 are located in
the northeast. Southern New Jersey and northwest New Jersey each have only four
municipalities with more than 50,000 residents, but 29 municipalities in northeast
New Jersey cross this threshold.
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The regions of New Jersey also differ in their socioeconomic and demographic
characteristics. The densely populated northeastern New Jersey consists of a mixture
of municipalities with high and low socioeconomic conditions that are close to
each other. These counties are also more diverse. Counties in this region have an
average median household income of about $77,000 per year and are about 55%
white. Northwestern New Jersey has more consistently affluent and white suburbs.
Northwestern counties have an average household income of $98,000 per year (28%
higher than northeastern New Jersey counties) and are 72% white. In contrast, the
southern region is much less affluent than both northeast and northwest New Jersey,
with counties in this region averaging $68,000 per year. These counties are 66%
white.

Taken together, this description of the regions of New Jersey suggests a pos-
sible explanation for the patterns across waves. Perhaps absent other mitigating
factors, initial outbreaks of a virus are largely predicted by geospatial variables,
while sociodemographic variables are largely irrelevant. However, after a virus
has achieved wide-ranging community spread and after mitigation strategies are
employed, sociodemographic variables begin to play a larger role in predicting
transmission rates. For example, essential workers are more likely to come from
lower socioeconomic brackets and thus have a higher risk of exposure. The first
and second waves follow this pattern in New Jersey. The third wave of the virus in
New Jersey followed a similar geospatial pattern as the first wave, which would be
consistent with a new variant spreading throughout the region. And the fourth wave
is just beginning.

4.4 Discussion

The changing patterns of COVID-19 case rates in New Jersey show clearly
that the different waves of the pandemic spread across the state in different
patterns. One possible explanation for this pattern is that population density
and proximity to initial infection largely predict initial virus transmission, while
sociodemographic variables that are correlated with behavior play a larger role in
the later stages of a pandemic. However, even if an alternative hypothesis better
accounts for the data, the patterns show that even with the same underlying virus,
the variables best predicting virus spread can change over time. This suggests
that successfully predicting transmission of novel viruses will require models to
incorporate population-level variables such as sociodemographic variables, and that
the relative importance of population-level variables may change over the course
of a pandemic. Understanding how and when population-level sociodemographic
variables influence the temporal dynamics of virus transmission is important for
targeting containment and mitigation measures of future pandemics.
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5 The Use of Compartmental Models in New Jersey

In the early stage of the pandemic, the model (1) was used to make predictions
on the spread of the disease. More precisely, In March 2020, the Center for
Computational and Integrative Biology at Rutgers University-Camden collaborated
with the Senator Walter Rand Institute for Public Affairs to provide early estimates
for the spread of pandemic in New Jersey, see [1]. The model was instrumental
in identifying the needs for the state of New Jersey as the spread was arriving
from the neighboring New York, see [1] and was cited in a letter from New Jersey
Governor Phil Murphy [44]. The focus was on establishing hospital beds’ needs in
the eight counties of New Jersey located in the southern part, with different scenarios
depending on the adopted social distancing measures. The starting point was the
SEIR model proposed in [60] for COVID-19 in Wuhan, tuned using also data from
the outbreak in Italy occurred in February 2020. For all the examined counties, the
following were provided:

* Hospital bed availability;

» Expected peak in hospital bed demand in three scenarios;

* Expected demand exceeding capacity;

* Impact of social distancing on the basic reproduction number Ry.

The model (1) was fit to data from the Chinese Center for Disease Control and
Prevention [59] and the Italian “Protezione Civile” [49]. The basic reproduction
number was estimated as Ry = 2.68 for the data from Wuhan and as Ry = 3.9
for the Italian data. This key parameter was estimated by various papers during
the pandemic in a range typically between 2 and 5. Even more challenging is to
characterize the effect on Ry of non-pharmaceutical interventions such as social
distancing measures, masking, testing, and quarantining. To identify feasible values
for the model parameters, we considered three zones of New Jersey, corresponding
to northern, central, and southern part of the state The zones are color-coded as in
Fig. 12.

5.1 Time-Evolution of the Basic Reproduction Number

In standard SEIR models, the basic reproduction number Ry is a characteristic of the
infection diseases, which is usually assumed to be constant in time. However, during
the COVID-19 pandemic, such number was highly affected by non-pharmaceutical
intervention and the response of population to such intervention. We used techniques
developed by Thompson et al. [56], based on the instantaneous reproduction
number. The latter is the average number of secondary cases arising from a primary
case of infection [24]. In simple terms, it is an “instantaneous” transmissibility. In
particular, we used the online tool available at [S5]. The time between successive
cases is defined as serial intervals. We used Bayesian parameter estimation to obtain
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Fig. 12 Counties of New
Jersey colored by zones. The
red zone has a population of
around 4M, the orange zone
close to 3M, while the yellow
one of 2M. Notice that these
zones are for the regions for
the New Jersey State
Department of Health
released hospitalization data,
and are different from the
sociodemographic regions in
Fig.9
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posterior samples of the serial interval distribution assuming daily cases are drawn
from a Poisson distribution. This allows to obtain an analytical for the posterior
distribution of R;, the time-varying reproduction number. The estimated R; for
the three regions is shown in Fig. 13 bottom right for the evolution after April 1st
2020. The time-evolution of R; represents the impact of lockdown and other non-
pharmaceutical measures.

5.2 Infected Confirmed Cases, Hospitalizations, and Deaths

Data from the Johns Hopkins public repository [22] and the New Jersey Department
of Health COVID website were used to further fit the SEIR model. In particular,
the repository include worldwide data for confirmed COVID-19 cases and COVID-
19 related COVID-19 related deaths. COVID-19 related hospitalization data were
manually copied from the New Jersey Department of Health COVID website for the
relevant time period.
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Fig. 13 Data per zone from April 1st 2020. Top Left: 7-day rolling average of confirmed cases;
Top Right: 7-day rolling average of confirmed deaths. Bottom Left: Confirmed cases resulting in
hospitalization; Bottom Right: Estimated reproduction rate

Due to different reporting standards during weekend days, we used seven day
moving averages, which smooth out the irregularities. The data on deaths needed
further treatment due to other irregularities. More precisely, on June 26, 2020 many
deaths were deemed resulting from COVID-19, which previously were attributed
to different cases. This was achieved by spreading such deaths weighted by the
proportion of daily deaths.

Another challenge is the interpretation of confirmed cases. At the beginning of
the pandemic, most people tested were in hospitals showing symptoms. However,
as time progressed testing became more available, thus testing campaigns were
able to detect a number of cases which show mild or no symptoms. Therefore, we
considered three ways of dealing with confirmed cases:

1. All confirmed cases were symptomatic, thus in /s.

2. All cases were symptomatic until April 20, then 50% symptomatic, thus in /g,
and 50% asymptomatic, thus in /4 by May 31.

3. All confirmed cases were symptomatic up to April 20, then the data are no more
fitted.

The three cases gave rise to very similar results, thus we report results only from the
third case.

We used optimization via AMPL code (“A Mathematical Programming Lan-
guage”) to calibrate the model parameters to data. Data presented some dis-
continuities, thus we approximated the time series using degree 8 polynomial.
The best parameters were determined using bounds determined by bio-medical
considerations: the bounds for D;, Dg, and Dy are shown in the estimate column
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Table 2 Values of parameters per zone

Zone max R; | Dj Dg | Dy o o r Ey I,

Red 2.79 5.00 1 4.00 | 10.60 1 0.39 |0.14 |0.47 |38,682 1.85
Orange | 3.26 5.00 4.01 | 10.87 /10.35 |0.17 |0.43 | 15,159.3 1.33136
Yellow | 1.66 5.00 |4.00 | 7.52 |0.62 0.32 |0.21 |5141.2 407.32

of Table 2 whereas the other parameters had the following intervals: Ry € [0, 15],
a€l0,1],0 €[0,1],7 €0, 1], Eg € [0, 8 x 10°], I4, € [0, 8 x 10°].

The parameter optimization allowed to determine few characteristics of the
pandemic evolution. The instantaneous reproduction number R; showed significant
differences among different zones, but these were due mainly to the initial phase of
the pandemic, while data after April 1st showed a consistent pattern. The parameters
of time duration of exposure, infection, and hospitalization (respectively, Dg, Dy,
and Dp) showed minimal or mild variation among different zones. The incidence
of asymptomatic cases ranges between 35% and 62%, lower than the initial estimate
of 81% from data or early stage in Wuhan. This is in-line with data obtained later in
the pandemic. Finally, the hospitalization rate ranged between 14% and 32%.

5.3 Discussion

The use of a simple CM combined with region-specific data allowed early stage
studies that helped informing the decision-makers. The following data-fitting
activities revealed the limitations of basic CMs. Despite augmenting the models
with additional compartments to represent different stages of the disease, other
challenges showed up, such the aggregated modeling of different effects (disease
characteristic but also human reactions), the difficulty of interpreting data for
positive, tests, the irregularity generated by the data reporting mechanism, and the
dependence of model parameters on the sociodemographic characteristics of the
considered regions.

6 Conclusion

We compared the evolution of the COVID-19 pandemic in Hawai‘i and New
Jersey with compartmental and agent-based mathematical models. The significant
geographical and sociodemographic differences in the states resulted in different
transmission patterns that the models could analyze and explain. The main take-
aways of our study include:

* Mathematical models can provide a framework to understand how an emerging
epidemic is spreading.
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The agent-based and compartmental models have complementary advantages
and disadvantages and can provide different insights into the transmission of
infections.

The accuracy of model predictions depends on the quality of the underlying
data for estimating the model parameters. Reliably forecasting an emerging
epidemic requires rapidly available data with sufficient granularity to estimate
these parameters.

Fitting mathematical models to data often requires information that might not be
obvious to public health workers collecting data for an emerging epidemic. Early
collaborations between these communities in designing the data collection and
curation are needed to understand and predict future epidemics.

The sociodemographic features of a community impact the spread of infection
through that community. Reliable models must account for this heterogeneity
when forecasting over widespread regions.
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A Novel Point Process Model for )
COVID-19: Multivariate Recursive ik

Hawkes Process

Bohan Chen, Pujan Shrestha, Andrea L. Bertozzi, George Mohler,
and Frederic Schoenberg

1 Introduction

1.1 Hawkes Point Process Modeling of Infectious Diseases

Recent research has been devoted to modeling infectious disease transmission using
branching point processes such as the Hawkes process [19, 26, 29]. In the early
weeks of the COVID-19 pandemic, Bertozzi et al. [3] used a Hawkes process model
with dynamic reproduction number to model regional scale transmission. In [8],
mobility indices and spatial covariates are incorporated in Hawkes process models
of COVID-19 to improve forecasts. Hawkes processes are also used in [20] to model
cases in France, where the authors simulate two scenarios, with and without lock-
down. Their experimental results shed some light on how shutting down a city
can contain the spread of the disease. Following the idea of [10], a two-phase
dynamic contagion process is introduced in [7] to model COVID-19 before and after
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preventative actions. The underlying idea is to use two kinds of point processes to
model COVID-19 cases. Before the lock-down, exogenous cases are modeled with
externally excited triggering functions, while after the lockdown a monotonically
decaying function is adopted to model the intensity of the events triggered by
€Xx0genous cases.

Compared to compartmental models that consider counts of events over discrete-
time intervals, point processes are continuous-time, stochastic models of infectious
disease transmission that treat events, and their interactions, individually. In partic-
ular, the number of confirmed cases (or deaths) is modeled as a counting process,
{N(t),t = 0} with values that are non-negative, integer, and non-decreasing. In
other words, for s < ¢, N(¢) — N(s) corresponds to the number of events occurring
during the interval (s, t]. The conditional intensity, A(¢|#;), is used to characterize
the evolution of a counting process. This conditional intensity is defined by:

1
Mi|Hy) = Jim A PN+ A — N@®)IH,), ey

where H, is a filtration such that H; contains all historical information on points
occurring before time ¢.

A Hawkes process [16, 17], also known as a self-exciting process, is a special
kind of point process in which background events occur according to a Poisson
process, and then these background events trigger other events (e.g., secondary
infection, earthquake aftershock), which in turn may trigger other events (and so
on). The conditional intensity of a Hawkes process is given by:

I
A(r>=u+1<f0 gt = )AN(s) =+ K ) gt — 1), @)

<t

where {#; is the time of occurrence of the ith event of the process and g : RT — R™
is a kernel density-“triggering” function that expresses the influence of past events
{t;} on the current intensity A(¢). In Eq. (2), K is the productivity (reproduction
number) indicating the expected number of offspring directly triggered by each
event, and p is the background rate representing determining the intensity of
spontaneous (Poisson) background events.

1.2  Multivariate Hawkes Processes

In situations where events occur on a network, for example, a viral tweet and
subsequent retweets, a multivariate Hawkes process can be used to model event
cascades across nodes of the network. The multivariate Hawkes process [21]
is an extension of the univariate Hawkes process in Eq. (2) when there are
multiple sub-processes indexed by u = 1, 2, ..., U. The conditional intensity A, ()
corresponding to the sub-process u can be expressed as:
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U r U

Au(t) = py + E Kj,u/ gj(t_s)dN(S):Mu+ E § Kj,ugi(t_ti)s
. 0 . .
j=1 j=liti<t

3)

where event j has both a time, t;, and a mark (network node index), u;. Each
directional edge has its own productivity number K ; ,, which gives the expected
number of events of index u that are triggered by one event of index j. In Eq. (3),
gu 1s the time-triggering function of node u and w, is the background rate of node
u.

The multivariate Hawkes process considers both self-exciting effects (within a
node of the network), along with mutual excitement across the edges of a network.
The events from one sub-process can contribute to the intensity function of another
sub-process through the kernel. This multivariate model has been used in network
reconstruction and modeling dynamics across heterogeneous groups due [31]. In
[13], for instance, a temporal multivariate Hawkes process is proposed for inferring
leadership from an email network.

While some work has been dedicated to monitoring the progress of diseases
only based on the number of daily reported cases, many have also tried to
tackle the problem through spatiotemporal approaches. For a two-dimensional
multivariate spatiotemporal model, events of the point process are expressed by
{(xi, yi, ti, Mi},N: |» Where x;, y; are spatial coordinates, #; is the time, and u; is
the index of the sub-process. In this case the intensity function includes the spatial
coordinates:

U r
ku(x,y,t)zuu(x,y)vLE Kj,u/ gu(dy,t —s)dN(s)

. 0

j=1

v 4)
=, y)+ Y K Y gjldit — 1),

j=1 ity <t

where d; = \/ (x —xi)2 + (y — yi)? and g, models how triggering decays over
a distance, d;. In [12, 24, 25], spatiotemporal point processes are introduced to
model how the geo-locations would affect the triggering functions. Gaussian kernels
are used to model the decay behaviors with respect to distances. In [24] power-
law and Gaussian functions are compared, and experimental results demonstrate
better performance on the power-law function than naive Gaussian. In [33], the
authors developed a fast estimation method of the parameters of the spatiotemporal
multivariate Hawkes model and implemented it on the crime-topic networks in Los
Angeles.
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1.3 Recursive Hawkes Processes

One drawback of the univariate and multivariate Hawkes processes above is that
the productivity, or reproduction number, is fixed across time. However, in the case
of disease transmission, public health measures, social distancing, or other factors
may reduce the reproduction number. To deal with these issues, a “recursive” point
process model is introduced in [28] to study the spread of contagious diseases when
the reproduction number depends on the conditional intensity, expressed by:

1_
MO =+ fo RGNSt — )AN() = i+ Y hGU gt 1)), (5)

tj<t

Compared with the univariate Hawkes process in Eq. (2), the recursive model has
an extra function £, called the recursive function, which is assumed to be a non-
increasing function of the intensity. The recursive Hawkes model can be used for
novel viruses when the disease has a high transmission rate at the start of an
outbreak, due to the high prevalence of susceptible people and a lack of public
health interventions, and then later has a lower transmission rate, as more people
are infected and recover from the disease, and as policies and behaviors change to
mitigate the spread of the disease. The recursive model can also be used to evaluate
the effect of imposed interventions during a pandemic [28, 32].

Schoenberg et al. [28] applied the recursive model to fit Rocky Mountain Spotted
Fever cases in California from 1960-2011, and the results suggest that the recursive
model outperforms the traditional Hawkes process in terms of goodness-of-fit.
Kaplan et al. [18] took the model a step further by estimating the recursive function
defining the productivity non-parametrically, rather than being characterized by a
parametric decay function. Geo-location was also included in that model, through
an exponential decay in space in the triggering function with respect to the distance
between a primary and a secondary infection.

1.4 Outline

In the present chapter, the goal is to extend the recursive Hawkes process to the
multivariate setting. The multivariate recursive Hawkes process has the advantages
of the multivariate Hawkes process, which can capture disease transmission across
a network, while also adapting to changes in reproduction through public health
interventions, social distancing, natural immunity, and vaccination. The outline
of the chapter is as follows. Section 2 includes the introduction of the proposed
model along with several theoretical results on existence, expectation, and variance.
Section 3 covers parameter fitting algorithms and simulation methods for the
multivariate recursive Hawkes process. Section 4 concerns the reconstruction of
multivariate point processes from data with imprecise times, and Sect. 5 presents
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results from the multivariate recursive Hawkes process when the model is applied
to synthetic data and Covid-19 case data from California.

2 Theoretical Properties of Temporal Multivariate Recursive
Hawkes Models

For the model, it is assumed that the productivity at a site is nonzero, has variability
in the sense that it dynamically may change over time, and is recursively related
to the conditional intensity at previous event times for all sites. At the start of an
outbreak in a new location, the conditional intensity A is initially low. However, the
rate of cases will increase exponentially (when the productivity is above 1) in the
absence of public health interventions by local government or natural immunity in
the population (due to past infection). During later stages of the outbreak, public
health interventions, changes in behavior (e.g., social distancing), vaccinations,
and natural immunity can result in a lower rate of transmission despite a high
conditional intensity. These assumptions align well with the contemporary literature
on outbreak modeling [22] and disease epidemics [6], and the presented model
aims to capture such phenomena. The univariate recursion case was explored by
Schoenberg et al. in [28]. In the present work, the intensity formula (5) is expanded
to the multivariate case. The model is considered via a U-tuple conditional intensity,
At) = [Ay (t)]U where for each node u (corresponding to a particular location,

u=1°
e.g., city, county state, depending on the resolution of the model)

U o
w0 =+ 3 [ HGL O 5w =Ny ©)
=1

Assumptions:

* Background rate: u = [u,,]g=1 with i, >0V u

» Triggering function: g > 0 is a probability density function

* Productivity function: H(%;(t"), u, j) = K ,h(x;(t")) where K  , describes the
productivity for a new event in sub-process u being caused by sub-process j and
h(X(t)) is the recursive function. K; ,, is assumed to be bounded

From the above discussion, it is inferred that H should generally be decreasing.
When restricting the number of sub-processes to a single one and taking h(x) =
x~!, then the model reduces to the standard recursive case proposed by Schoenberg
et al. [28]. Following sections include the proof of the existence of a point process
with the given conditional intensity function (6) and the derivation for formulas
of the mean and variance. The results vary for different choices of the recursive
function. Work here is motivated by the univariate case in [28].
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2.1 Existence

Proposition 1 Given a complete probability space, a counting process, Ny, with
conditional intensity satisfying (6) can be constructed with H (x, -, -) bounded, non-
negative and decreasing in x.

Proof Let (er)i>1 be a sequence of independent exponential random variables with
unit mean. Set Tp = 0 and for each u, define a sequence of stopping times, {T}'} by

t U ot
=it o 1 [ Y [ HO@. g ~ TaNDds =
T} — o
J

k

Define, for k > 1 the sequence of sub-processes Nt”’(k) = Z]I{T,-“St}’ and define
i=1

*) .Y , .
N = [N, ’ ] K Note that, (x1, x2, -+, x,) < (V1, Y2, -, yp) if and only if
U=
each x; < y;. Using the Random Time Change Theorem [9], Nt(k) is a counting
U
process with conditional intensity Ak = [)\]; (t)] 1 specified by

u=

U t7
oot Z/ HQO (), jouwgt —v)dN® it NO <k,
A, (1) = =170

0 it NO =&,

where Nl(]f) = limy ~ lek). Then use truncated counting processes to make

estimations for the limit case. Now, let N; = limi_ o N,(k). It should be focused
on showing that the model is well defined and does not include a finite time blowup.
Fork > 1,

1_
E[N}")] —E f W (s)ds
0
_ t_ U
:E[/t [,\’;(s)]u ds}:[E[/ x’;(s)dsﬂ . %)
0 u=1 0 u=1

By assumption, U is a finite number, which gives the reason to focus on arbitrary u.
Notice the fact that productivity function H is bounded by a finite number, denoted
as M. Successively, apply a convolution property for point processes (Lemma 22 in
[11]) and Fubini’s Theorem to obtain
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r_ i U s_
E[/ )J;(s)ds] < put + ME / Z/ gt —1)dNPds
0 0 500
r—
= put + MUE [/ gt — s)NS(k)dsi|
0

t_
= Ut —i—MU/ g(t — )E [Ns(k)]ds,
0

Combine the results for a single node u in the U-tuple equation (7) to get

U

[ 1
E[N,(k)] <|E f W (5)ds <t +MU/ ¢(t — )E [N<k>]ds.
0 u - 0 s

Then, via Gronwall’s inequality, sup; E [Nl(k)] < utk, where k is a constant

depending on M, U, g, t and provided g is locally integrable. This upper bound
is uniform for all k > 0 and a fixed ¢. By the Monotone Convergence Theorem, it is
obtained that E [N;] < oo. This implies that N; < oo almost surely. From this, the
conditional intensity of N, satisfies equation (6). O

By existence, it guaranteed that a probability space can be found where the point
process does not blow up in finite time. The uniqueness in distribution of the limit
is well supported by contemporary literature (Theorem 6.55 in [21]).

2.2 Mean

The expectation of N (z) being finite allows us to exploit the Fubini theorem, the
martingale property of point processes, and Campbell’s Theorem [34] to find the
mean of the multivariate recursive process with conditional intensity defined by (6).

Proposition 2 Define ¢ = [0, T]. Under the assumption that
T—t'
lim gydt =1, Vv, (8)
T—o0 Jo
there is an estimation of the mean as

U

li lE[N( )= +l iE(/TH(X‘(t/) j, U)X\ (t/)dt/) ©)]
T1_>mooT { =M T po 0 J s Js U)Ay .

u=1
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Proof
1 1 T 177 v
FEIN@] = =B U; dNt} = +E [/0 A(t)dt] =z [/0 ]E[Al,(t)]dt:|u=1
1 T t U v
== E /0 Mu+/0 ZH()\./(I/),j,u)g(t—t/)dNt”/ dt
j=1 u=1
U
1
=l + /OE i /Zm (), J, gt — haN® | ar
u=1
- U
1 T
=u+ = / (f H (1), ],u)g(t—t)dN”)
T|J, ¢
L J= u=1
1 i U T t v
— - E HOo (1), i A / A
nt - ; (/Ofo (), j,u)ha(t)g(t t)dtdt) )
1 [ v T ) ) T—1 ) v
=nt ;15(/0 H(x,(t),j,u),\u(t)(/o g(t)dt)dt)
L/~ u=1
U U
— u+ 7 2_: (/ HO(), j, u)hy (t)dt) , T — 00
- u=1
U T v
ZE < / Kjuh(Ouj (')A, (ﬂ)d;’)
j=l 0 u=1
O

Remark 1 If the assumption (8) is not true, then equation (9) is an approximation.
Without such an assumptions, the impact on consistent estimation of parameters for
univariate recursive model is investigated in [27]. The motivation for the analysis
into asymptotic mean is to check the stability of the model for large T. The
investigation provides an insight into the importance of the recursive function #,
while this result does not provide insight into % itself.
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2.3 Variance

With the aim of classifying the class of “nice” functions for £, the univariate case in
[28] is used for inspiration.

Proposition 3 According to proposition 2, under an assumption about the time
triggering function g, there is an estimation (9) of the mean of the point process.
Based on this estimation, under two assumptions of the recursive function h:

1. Define M; ,(t) = fé (k -(t’)) dN” assume that for each {j, u},there exists an
increasing deterministic function, Olt ' such that M ; () — o] is martingale;
2. Foreachu, j € U, fo g(T — t)a]™"dt < oo;

there is an estimation of the variance:

U 2

U T
sup{ TE | [ 77IN(T) - u+;|:ZE|:/ Kj,u,\u(r)h(xj(z))dr}
T i 0

u=1
(10)
It will be shown that the estimation (10) is always finite.

Proof In order to obtain these bounds, rewrite the inner term in (10) by making the
following modifications,

U

1| T
T-'N(T) — “+T ZEUO Kj,uxu(t)h(xj(t))dt}
j=1

1 T
=7 (N(T) —/0 A(t)dt)

1| Z T S
— |+ - IZ_;EI:/O Kjuhu(t)h ()»j(l))dtil — T,/(; A(t)dt
= u=1

u=1

For the ease of notation, define

1 T
Ar = — (N(T) —/ X(t)dt)
T 0

1| < T oy
=t ;E[/O Kj,u,\u(z)h(xj(z))dz] _7/0 A(t)dt
= u=1

=
S
|
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Since the inner term in (10) equals A — Br, use the inequality (a —b)? < 2(a?+b?)
to majorize. The goal is to show TE [ATZ] and TE [BTQ] are both upper bounded
conditional on the selection of the recursive function /. Consider focus on the first
term, Ar. Refer to [4] for more information on the martingale properties of point
processes. Using the fact that Ny — fOT A(t)dt is a martingale with the compensator

(Ne = J 2()di)y = [ 2(0)dt, it comes to

1 T 2
TE [ATZ] =TE|:<?(NT —/0 )\(r)dt)) }

—1E N, .ktdt —1 TEktdt
== [(.—fo ) >r]—7f0 (0]

Using the same argument flow as in Proposition 1 but instead now for A(?), it shows
that sup, E[A(¢)] is finite. Thus,

sup TE[A?] < o0. (11)
T

Now let us turn focus onto Br.

U

e 1| ¢ !

u=1

U

1 [T U 1 u T
:T/O IO ZEUO K,-,uxu(t)h(xju))dt]

~.
I
<N

u=1

[T U
ZT/O [Au () — Mu]uzl dt

1| T Y
- ZE[/ K,-,u,\u(t)h(,\j(t))dt]
j=1 0 u=1
1 T U t_ v
== /0 Z/o Kjuh(rj@"))g(t —tdN/dt
Jj=1 u=1

U

el

R T
_ ZE |:/ Kj,u)\u (H)h ()‘j (t)) dt]
j=t 0

u=1
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Now for any node u, partition the interval [0, T], by the event arrival times for the
u-th process. Here, 0 = 19 < t; <t < --- < t, < T. The summation definition
of the conditional intensity function for Hawkes Process is used to simplify the first
term.

T (U o
f Z/ Kjuh(hj(t))g(t —t)dNY | dt
o \i5iJo

T
> h())g — 1)t

Il
MQ

j=1 t'<t
Y U e+l

“Y kY [ ) g s
j=1 =1 k=1
Y Y fi+1

=Y Kiu) Y h( A(tk)/ g(t — )t
. i—k ti

Il
=
M- -

~
Il
-
~
Il
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T
h(%j(1)) / g(t — n)dt
L4

T
() (I)/ g(t —1")dtdN},
t/

/g(T—t)/ (0,;(t")) dN"d1

Define M; , (t) = f(; (A -(t’)) dN” According to the assumption 1, for each {j, u},

there exists an increasing deterministic function, ", such that M; ju(t) — ol is
martingale. Writing this term in the expression for BT, it is the equality

\

T MQ T MQ

U

v T
ZKM/O g(T —t)M; , (t)dt
j=1

u=1
U

1 U T
-1 ZE[ / Kj,uxua)h(x./(t))dt]

j=1 u=1
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1| T v
== > K. / g(T — 1) (M (t) — o} ™ + o} ")t
d j=1 0 u=1
1| Z T Y
- ZE[] Kj,uxu(t)h(xj(r))dt}
j=1 0 u=1
1| & T Y
== ZK,-,H/ (T — (M (1) — o} " )dt
j=1 0 u=1
1 U T . T v
+3 ZKM(/ a,]’”g(T—t)dt—]E[f Aj(t)h(kj(t))dt])
j=l 0 0 u=1
(12)

Majorize the first term using the assumption that K ; ,, is bounded by some number,
say C, for all j, u. Jensen’s Inequality can be applied using the fact that g is

probability density function. Finally, with the assumption on £, E [(M ‘o )2] =
E[(M¥, M¥),] = &/ Using these details, there is

1| & T ' U \?2
"l T ZlKJFM/(; (T — (M, (t) — a}"")dt
g u=1
C? U .t | » U
=72 E X;f(; (T — ) (M (1) — a]"")dt
u=1
2 % .y
-T2 Z |:</ (M/u(t)_ol )g(T—t)d[> :|

U

2 U T ‘
<= Z/O E[(Mj,u(t)—atj’")z]g(T—t)dt
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u=1
U

C2 [ v T .
<3 Zf o " g(T — t)dt
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u=1
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Hence,

— U 2
1| T ,
U
TE T ;K,,u/o (T —1)(M (1) — o]")dt
J= u=1

- 13)

- U
bor U T )
== Z/ (T — )" dt
Li=1""

u=1

According to the assumption 2, fOT g(T — )" dt is finite between any two sub-
processes. Thus, (13) is also finite. It is shown that every other term is indeed finite
as such, to find bounds for (10), the query boils down to finding the whole square
bound for the second term in equation (12). To that extent, we use the upper-bound
for K; , and then apply integration by parts. Namely,

11 T . T
TE T ZKM(/O o] "g(T —t)ydt — E /O M (3 j (1)) dt

U 2

j=1 u=1

U rred (T 1T ol
chz[ZEK%/O g(T—t)dt—?/(; 8tt ¢(T — t)dt

j=1
1 T 2 U
_ ?E |:/0 Au(Oh (Aj(t))dz:|> ]]uzl

The second term is always negative. This allows us to obtain a tighter bound for the
expression. However, it cannot be proceeded on without specific guesses for h. O

(14)

Remark 2 In the standard univariate recursive case [28], the compensator oz,j M=t
and the recursive function A(x) = )lc In this particular case, the above expression
(14) decomposes to

T 1 (7 2
TC? |:E [(/ g¢(H)dt — —/ g(t)dt — 1) H
0 T Jo
00 1 T 2
=TC2E[</ g(t)dt + —/ g(t)dt) ]
T T Jo
o0 2 l T 2
<2C? ((«/7/ g(t)dt) + = (f g(t)dt) )
T T \Jo
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With the assumption that limsupy_, o, JT fTOO g(t)dt < oo, it implies a uniform
upper bound in ¢ for the second term. Combining this bound with the results of (13),
(11), the variance is finite and obtain an LLN result.

While a uniform bound is not arrived, a couple of “desired” properties of the
recursive function 4 have been obtained in this section.

3 Parameter Fitting and Simulation Algorithms

3.1 Parameter Fitting Algorithms

The spatiotemporal multivariate recursive Hawkes processes (MRHPs) (u =
1,2, ---, U) have the conditional event intensity function A, as the following:

a0, 9, 0) = (6, V)4 Y H Oy (i, yi, 1), i, W) (=i, y=yi, 1=1;),  (15)

<t

where #; and (x;, y;) are the timestamps and geo-locations, respectively; w, is the
background rate for each state u; H is the effective reproduction number function,
which depends on the event intensity at a given time; and g is the distribution
function, called triggering kernel in Hawkes model.

Raise two assumptions:

I. H, u,v) = K, ,h(X).

2. gx,y,t) = g1(t)g2(x,y), where gi(¢) is a one-dimensional distribution
function about temporal value ¢, and g»>(x, y) is a two-dimensional distribution
about spatial value (x, y).

For a spatiotemporal model, the set of observations is a sequence X =
{t:, xi, i, u,-},N: | with N events, where #; is the timestamp when the given event
happens. The spatial location of event i is then denoted as (x;i, y;), and u; €
{1,2,..., U} is the category index of event i. The goal of parameter fitting is to
find the parameters and functions, such as K = {Ku,v}g,v:v n = {uy(x, y)}fle,
g1(t), g2(x,y), and h()) that fit to the observation sequence {#;, x;, yi, u,-}lN:1 the
best. In other words, it needs to maximize the log-likelihood function over these
parameters:

Ity (Ko} ey (), 81(). 820 ) = argmax L(w, K, h, g1, 82; X).
WK, h,g1.82
(16)
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where L(u, K, h, g1, g2) is the log-likelihood function that

N U T
L. K. h,g1,82: X) =Y 10g(hy, (xi, yir 1)) — Z/ /2 M (i, yi, t)dxdyd.
i=1 u=170 JR

17

Using information about the functional form of the recursive function 4(A) and

the triggering functions gi(¢), g2(x, y), one can fit the model parametrically. If,

however, these functional forms are unknown, the algorithm can be extended to
semi-parametric or non-parametric versions as in Yuan et al. [33].

3.1.1 Parametric (or Semi-parametric) Estimation

In this section, it is assumed that the form of triggering functions g1, g» is known,
and the model can be fitted no matter whether the information of recursive function
h is given or not. As an example, consider a multivariate recursive Hawkes process
with a specific parametric form:

* uyu(x,y)is alinear combination of a series of two-dimensional Gaussian kernels
i.1.d. ~ N(O0, nzlz), where I, is the 2 x 2 identity matrix:

N 2 2
Bu; u (x—x)"+ O —y)
,y) = = — . 18
Hu (X, y) ;_1 T n2TexP( Py ) (18)
e g1(¢) is an exponential decaying function with mean %:
g1(t) = we™™". (19)

e g1(x,y) is a two-dimensional Gaussian distribution N(0, o2lh):

2 2
exp (—x bl > (20)

202

g(x,y) = Tmol

e If h(X) is fitted parametrically, it is assumed to be an exponential decaying
function:

h()) = e, (1)
Otherwise £ is fitted non-parametrically as a piecewise constant function:
h(X) = h;, YA € D;, (22)

where {D,'}f\]:‘l is a set of bins in R.
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Here, T denotes the time span of a data set. The quantity B,, , denotes the extent to
which events in process u; contribute to the background rate for events in process u.

The EM algorithm [30] is applied to estimate those parameters since EM type
of algorithms are popular approaches to maximum-likelihood optimization problem
with incomplete data.

In the presented point process model, it only provides the observations about the
category and spatiotemporal information of each event with any information about
the branching structure of a point process. In this sense, the data set is incomplete.

It comes to the estimation of parameter ® from data X. One can view the
likelihood function L(®; X) as the marginal likelihood function of L(®; Y, X),
where Y is a latent variable. L(®; Y, X) is referred as the “complete-datalikelihood
function,” while L(®; X) is the “incomplete-data likelihood function.” Since both Y
and L(®; Y, X) are random variables, they cannot be estimated directly. Therefore,
consider the following expectation function:

0(®,0'"") =E[log(L(©; Y, X)|X, 0]

. (23)
:/log(L(®; Y, X)f(Y|X, 0" Hdy,

where f(Y|X, ©®'~1) is the conditional probability density function of Y, given the
data X and ®~!. Then update parameters by solving the following equation:

O = argmax Q(0, @i_l). 24)
o)

In practice, given the spatial region R and the time window [0, T'], the log-
likelihood function is

N U T
L(©; X) = Y log(h; (xi, yir 1) — ) /0 f ha(xi, yi, ti)dxdydt, — (25)
i=1 u=1 R

where X is the observation sequence {(#;, x;, Vi, u,-)}lN: , and ©® is the parameters

w, K, g1, 82, h.
Consider latent variables Y; ; and Yl.b ;as

Y = ]l{Event iis triggered by event j via triggering kernel g}» i > ]
L] — . .
0,i<y

b . .
Yi,j = LiBventiis triggered by event j via background rate u}> I = J

where 1 p is an indicator function that
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1p= 1, if Pis true (26)
0, if P is false.

Then, define two probability matrices P = {P; j}f\f - = (Bl j]}f\f iy and
P’ = {Pfj}f\”jzl = {E[)’ilfj]}fj’jzl. The complete log-likelihood function is as the
following:

N N U N
L©: YY", X) =) % ¥ log(u) = ) D Bu

i=1 j=1 u=l1i=1

N i-1
+ D0 Vi jloglKu w8 xi — xj. yi = Vi ti — t))h O (), ¥j. 1))]
i=2 j=1
U .r
- Z/ / Z Ky uh gy (i, yis 0)8(x — xi, y — yi, t — t;)dxdydt.
u=1v0 R? t; <t
27
The expectation function is formulated by:
N N 2 2 U N
Bu, (x=x)"+ =)
0©) =) ) Phjlog( 7 arexp(———7 7)) =D ) Fu
et £ ’ 2nn<T 2n .
i=1 j=1 u=1i=1
N i—1
+ D0 Pijlog [Kujuih O, (xj, yis 1))
i=2 j=1
N i—1 2 2
w (i =xj)"+ (i —y))
+ Z Z P; jlog [mexp (—a)(t,- —tj) — 752
i=2 j=1
U N
- Ky, uh ()‘u,- (xis Yis ti)) (1 - e_w(T_ti))
u=1i=1
(28)
In the maximization step of EM algorithm, it needs to solve the equation:
6= argmax Q(0). 29)
0]

In the model ® = {u,K,h,g1,8} = {B,1n K,h,w,0}, where 8 =
{,BM,U}LJ’U:], K = {Ku,v}fxv:1 and 7, o, w, o are positive scalars. In practice, the
maximization step is performed directly by taking derivatives with respect to the
parameters and setting them to 0, and parameters are optimized one by one while
fixing other parameters.

As for the expectation step, since Y; ; and Yl.'f ; denote the triggering relationship
from triggering kernel g and the background rate u, respectively, they can be
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estimated from the previous estimation of ® = {u, K, g1, g2, h} according to the
conditional intensity formula (15) as

P Kujuh O (X, 150810 — 1)82(xi — xj, yi — yj)/M(xi, yis ti), 1> ]
0,i<]j.

= )2+ (yj —vi)?)
2n?

ﬂ%=ﬂwmwp< )/@N#TMMJuM)

By iterating the expectation and maximization steps alternatively, the overall
Algorithm 1 is developed for the parametric model. Note that as for the initialization,
sample 8 = {ﬁu,v}g,wp K = {I(u,v}f)’w:1 and h, g1, g2 at random according to
their parametric (non-parametric) forms.

Algorithm 1 is the EM-based algorithm to parametrically (semi-parametrically)
approximate parameters in the MRHP model.

Remark 3 (Update the Recursive F unction h) If h(L) = ae™**, in order to simplify
the calculation, practically consider (1) = e~®*. By taking the derivative of the
expectation function (28), o can be updated by solving the following equation:

U N

DO Kuphs (i yi 1)exp (=, (xi, i, 1)) [1 = exp(—w (T — 1,))]

u=l1i=1

_ZPi,j)‘uj(xj! yj,tj) = 0
J<t

(30)
In practice, the solution @ of (30) can be approximated by the “fzero” function
in MATLAB, which is a combination of bisection, secant, and inverse quadratic
interpolation methods. The old « is used to be the initial guess of this iterative
scheme. If the output « is a negative number, set « = 0 instead. With the output o
and K, set k(L) = ¢e ™ and K = K /o as the final result.

h can be fitted non-parametrically without any information about it. Let m =
minj<;j<y A; and M = minj<;<y A;. Set up N, bins Dy = [di—1,dk), k =
1,2,..., N, withdy = m+k((M —m)/N,. h is assumed to be a piecewise constant
function. In each bin Dy, h has a constant value sy defined by:

N il
2iz2 2501 P Lo (v
T

hk = u=1 Z;N=1 Ku,ul- ]1()»1,41- (.x[.y[.t[)EDk)[]_exp(w(r_fi))] ’

)eDy)

oy (s v Y N Dy 9,
0, otherwise
(31
Finally, normalize h such that

Ny

Z|Dk|hk =1. (32)

k=1
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Algorithm 1: Parametric (Semi-parametric) solver for the spatiotemporal
multivariate recursive Hawkes model
1 Inputs: Point process {(t;, x;, yi, u,—)}{\’: | with time window [0, T']. Termination
threshold: €. Maximum number of iteration: Ijax
2 TInitialization: Randomly sample two U x U matrices as K © and @ according to
U[0, 1]. Randomly sample 2 scalars as »©, O according to U[0, 1] and let
n©® =6 Choose h@ (1) = =% with ¢ © ~ UI0, 1] if h is parametric,
otherwise choose #(¥ (1) = 1 (constant function).

3 Outputs: Model parameters ® = {8, K, n, o, o, h}.

4 Initialize § = 1 and [ = 0.

5 while § > € and | < I, do

6 Updates

1. Update background rates ,u,,(,l,.) (xi,yi), i=1,2,...,N:
N ) 2 2
Buju; (i —x;)"+ (i —yj)
HCRIEDS SO P ERERD) ).

j=1

2. Update triggering functions:

1 _0
g0 = Ve,

(1)( )_ 1 X2+y2
& Y =5"0 (1))26"9 200y )"

3. Update intensity A (x,, Vi ti),i=1,2,.

f,{)(xl, Yis ti) = s,-)(xiv yi)

I I
+ Z KL(,I),, (l)()»f,l?(xj, Vs tj))gi (1 — [j)g;)(xi —Xj, Yi — Yj)-

tj<tj

Expectation step:

1. Estimate triggering probabilities, fori, j = 1,2,..., N:

1 1 1 . .
P _ K uhO 0 gy gl @ — 198 i = xjoyi — v i >
! 0,i<j.

b (xj —x)* 4+ (yj — ¥i)?)
= Bl p(_ — 2n2,<z>j — | /@O

. ) pb,() N (/) b(l) _ P
2. Normalize P P such that Zj:l |:P + P/ i| =1,Vi=1,2,.---,N.

Maximization step:

_.p?

1 ol+D = j<iZij

N - 1 ] .
Y PO+ X SN KD OB (i )T —t)exp(—o® (T —1;))]

2. Update h(+D (details in Remark 3).

Y=o Tuj=u P
3. K;l;rl): Q) . i =12,....U
. Z G 10 DI —exp(— wl+D (T —1;)]’
S S B
4. 1511’1) ’71']’ u?vzl,z,...,U.

uj=u

N (O] 0]
5. (G(l+l))2 _ 2i=1(P; +P,/ (i =) >+ Gi—y)%) . (1+|))2 (U([+l))2
22” I(P(I)+PI)(1))

I=1+1,
8 = max(|K*D = KOlloc, 1) = BV le, [0 FD = 0O, |6 +D — D).

7 end




160 B. Chen et al.

Remark 4 ( Guaranty of Positive) According to the model assumptions, parameters
w,w,o, P j, P , Ku.v, Bu.v should all be non-negative numbers. In fact, according
to the method of random initialization and iteration steps in Algorithm 1, these
parameters are guaranteed to be non-negative.

3.1.2 Temporal Version of Parameter Fitting Algorithms

In Sect. 5, the temporal MRHP model is implemented to deal with real daily reported
cases data of COVID-19. The corresponding temporal version of parameter fitting
algorithm is slightly different from the spatiotemporal case. In the temporal model,
the conditional intensity of sub-process u degenerates to:

ha(0) = g+ Y H Oy (1), i 08— 1) = pr + ¥ Ky uh Gy (1))8 (¢ = 17).
1<t ti<t
(33)
Let X = {(#, ui)}f\’: | be the observed point process. The model settings are the
same as those in Sect. 3.1.1. Considering the latent variables

L{Event i is triggered by event j}» { > J

28 Y J

Yi,j = ]l{Eventiisabackground event}» i = ] (34)
0,i<j,

and the probability matrix P = {P; j}l el = = {E; j)}
complete log-likelihood function can be derived as

i =1 the corresponding

N i-1

L(n, K, h,g Y, X) = ZY, ilog(u) + D Y Vi j1oglKuj u;8(ti — 1)hChu; (1))
i=l i=2 j=1

—Z/ [+ 3 Kt = 1), 1)

ti <t

= Z(Z Y; )log(py) — T Zuu

u=1 uj=u
N i-1

+ ) > Y jloglKy, w8t — t)h (s, ()]

i=2 j=1

- Z/O S Kua(t = 1)hCh, ()

i<t
(35)
The temporal version of parameter fitting algorithm 2 for both parametric and semi-
parametric models can be built similarly as the process in Sect. 3.1.1.
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Algorithm 2: Parametric (Semi-parametric) solver for the temporal multivari-

ate recursive Hawkes model

1 Inputs: Point process {(#;, u,—)}lN: |- Termination threshold: €. Maximum number of
iteration: Iax.

2 TInitialization: Randomly sample a U x U matrices as K © according to U[0, 1].
Randomly sample U + 1 scalars as @ = {;Lf,o)}f":l and 0@ according to U[0, 1].

Choose h(® A) = e*"‘(m)‘ with @ ~ [0, 1] if h is parametric, otherwise choose

hO ) = 1 (constant function).

3 Outputs: Model parameters © = {u, K, h, g}.
4 Initialize § = 1 and/ = 0.
5 while § > € do
6 Updates
1. Update the triggering function: g® (¢) = wBe=o"t,
2. Update condition intensity )Lf,ll.) ), i=12,...,Nby
Wy =nd + 3" kD w000 e 1)),
<t
Expectation step:
I S
K uh® G gt — 1), i > |
0 Do .
L. P = Mz(l,),l=J
0,i<j.
2. Normalize P) such that Y%, P" =1, vi=1,2,--- N
. ij j=1%ij; = 5 = 1,4 s .
Maximization step:
I+1
L™ =y, _ Pi/Tu=12..U.
0)
2 o) — Yj<ihij
Y PO G—tp+ 2 T KD O ()T —t)exp(—w® (T 1))
3. Update h¢+1 according to Remark 3.
Zu-:v uj=u Pi(l')
4. KD = P cuv=1,2,...,U.
' Z“j:“ R )] —exp(—w+D (T —1;))]
I=141,8 =max{||[K*D — KD|, 0D — 0®|}.
7 end

3.2 Simulation Algorithm

To generate synthetic data for model comparisons and verification of parameter
fitting algorithm, it needs to simulate the multivariate recursive Hawkes point
processes with the conditional intensity in (15) for each sub-process u. Branching
structure method [33, 35] of self-exciting point processes is applied to develop
Algorithm 3 for simulations.



162 B. Chen et al.

Algorithm 3: Simulation of a spatiotemporal multivariate recursive Hawkes
process

1 Inputs: Time window size T and spatial region R. Background rate u = {uu}gzl.
Temporal and spatial triggering kernels (distribution function) g1 (), g2(x, y).
Recursive function A (1).
2 Outputs: Point process H = {(t;, x;, yi, u;, )L,-)}INZI, where (t;, x;, y;) are the
spatiotemporal stamps of event i, u; is the category index of event i and
Ai = Ay; (xi, yi, t;) is the conditional intensity of event i.
3 Initialization: An empty set H and an empty stack Q.
4 Generate background events:
1. Draw Nf , the number of background events of type u, from a Poisson distribution with
parameter 6 = p,, T foreachu < U.
2. Add each background event i < fo: 1 N,f , with its associated tuple (¢, x;, yi, #;), to the
stack Q, with #; and (x;, y;) drawing from the uniform spatiotemporal distribution over
the time interval [0, T'] and a bounded spatial region R respectively.

Generate triggered events:
while Q is not empty do

1. Pick the event i: (¢, x;, yi, u;) in stack Q with the minimal time and remove this
event from stack Q.
2. Calculate the conditional intensity related to event i by

Ay (Xis Yis 1) = (X5, yi) + Z Kujuh(hj)giti —tj)82(xi — Xj, yi — ¥j).
jeH

(98]

Add (#;, xi, yi, u;, A;) into set H.

4. Draw n;, the number of events triggered by event i, from a Poisson distribution with
parameter §; = Zi/:l Ko uh(A).

5. Generate events (i, Xk, Yk, ) for each k < n;, where #, (xx, yx) and uy are

uj i

sampled from g (¢), g2(x, y) and P(ux = 1) = ST e

6. Add (fx, xk, yk, ug) tostack Q iffp < T.

end

Remark 5 (Temporal Version of Simulation Algorithm) If it only needs to simulate
a temporal point process, just replace the spatiotemporal intensity formula (15) by
the temporal intensity (33) and drop everything else about the spatial coordinates
(x;, y;) in Algorithm 3.

4 Reconstruct Multivariate Point Process from Data with
Imprecise Time

In practice, it may be difficult to obtain data with very precise happening time
of event times. For example, in COVID-19 data, only the number of infections
happening on each date is provided without the precise infection time of each event.
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According to experiments in Sect. 5, the fitted parameters can be really far away
from the ground truth if the model from dataset is fitted with imprecise time.

In this section, the original point process is approximately reconstructed from a
point process with imprecise time. Since there is only the temporal bias, consider
a temporal point process H = {(, ﬂ,‘)}lN: | as the observation data with imprecise
time. The goal is to reconstruct its original point process H = {t;, u; }lN: I

The imprecise time steps are assumed to be derived from rounding up the result
of the original time #; due to reports being issued daily. Also, the testing results may
have some delay in different states. Therefore, purely inferred the parameters from
the COVID data can lead to the wrong conclusion.

4.1 Time Reconstruction

The shape-preserving piecewise cubic interpolation method is applied for the time
reconstruction. It can be implemented by Akima’s algorithm [1, 2]. This algorithm
performs cubic interpolation to produce piecewise polynomials with continuous
first-order derivatives (C') and preserves the slope and avoids undulations in flat
regions. A flat region occurs whenever there are three or more consecutive collinear
points, which are connected by the algorithm with a straight line. To ensure that the
region between two data points is flat, insert an additional data point between those
two points.

When two flat regions with different slopes meet, the modification made by the
original Akima algorithm gives more weight to the side where the slope is closer to
zero. This modification gives priority to the side that is closer to horizontal, which
is more intuitive and avoids the overshoot, and the original Akima algorithm gives
equal weights to the points on both sides, thus evenly dividing the undulation.

The spline algorithm, on the other hand, performs cubic interpolation to produce
piecewise polynomials with continuous second-order derivatives (C?). The result is
comparable to a regular polynomial interpolation but is less susceptible to heavy
oscillation between data points for high degrees. Compared to the spline algorithm,
the Akima algorithm produces fewer undulations and is better suited to deal with
quick changes between flat regions. This difference is illustrated in Fig. 1a.

Such an interpolation method is chosen to reconstruct the cumulative curve
because of two reasons:

¢ The input cumulative function of imprecise time data is an increasing function.
The interpolation result is supposed to preserve the increasing property. Hence, a
shape-preserving method is needed.

¢ Recall the definition of conditional intensity XA of a given counting process N (¢):

A1) = liII(l) P{N(t+h) —hN(t) = 1|'Ht}’
—
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Fig. 1 Panel (a): Difference between the shape-preserving interpolation (Akima) and the cubic
spline interpolation. It can be seen that the shape-preserving interpolation is more suitable for
the present problem. Panel (b): Reconstruct the curve base on a step function through the shape-
preserving interpolation

where H; is the history of point process before time ¢. This definition is similar
to the first derivative. It implies to require the interpolation result to be a C'!
function.

The time sequence reconstruction algorithm 4 is based on this shape-preserving
piece cubic interpolation method.

Algorithm 4: Reconstruction of time sequence
N
i=1

1 Inputs: An integer-time sequence { Ti}
2 Outputs: A reconstructed time sequence {#; }1N= 1

1. Calculate cumulative step function F(t) = Z,N: 1 Lis; <1}, where 1 is the indicator function.
2. Apply Akima’s algorithm to get the shape-preserving piecewise cubic interpolation result
based on nodes {n, F'(n)}, n < max;{7T;}, n € N. (Illustrated by Fig. 1b)
3. Find the time steps {Ti},N: | When the interpolation curve reaches every integer. Here
T; = inf(F~'([i, 00))), i = 1,2, ..., N (Illustrated by Fig. 2a)
4. Define Tp =0.Fori =1,2,...,N,if T; — T;—1 < 1, choose ¢; as a uniformly random
variable in [7;_1, T;], otherwise choose #; as a uniformly random variable in [[7;_;]
—1, T;]. The reconstructed time sequence is {t,-}lN |- (Nustrated by Fig. 2b)

4.2 Category Index Reconstruction

In the multivariate point process, after the reconstruction of time sequence, it needs
to find the category that each event in the reconstructed time sequence belongs to.
The category index u; is really important since the potential causal relationship
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Fig. 2 Panel (a): Find the time steps {7; },N: | from the interpolation curve. Panel (b): Reconstruct
time sequence {t,'}lN= | from time steps {7; }1N= |- Details are in Algorithm 4

between two events is decided from their temporal values. If category indices are
mixed, it might lead to inverse causal relationships or chaotic branching structure.

Define H, = {(T;,it;)}z—y, # = 1,2,...,U. Apply Algorithm 4 on the
time sequences of H H,..., I-IU to get the reconstructed time sequences 7T =
(l‘z),N_l, (t )1—1’ .., Ty = (tiU)l{VZU , where N, is the number of events in
sub-process Hy, and "V N, = N.

The goal is to find an index sequence {u; } * | solves the following optimization
problem:

U
min Y T, — Tl

{u }l lu=1u;j=u (36)
s.t. Z 1=N,,
uj=u

where 7}, is the sequence form by all #; that #; = u. According to rearrangement
inequality [15], the problem (36) can be solved explicitly. That is the category index
reconstruction algorithm 5.

Algorithm 5: Reconstruction of category indices

1 Inputs: A temporal point process H= (%, i )} L, with fi eN.
2 Outputs: A reconstructed index sequence {u; }l L
1. Apply Algorithm 4 on the time sequences of H H Ts-- ﬁy to get the reconstructed time
sequences T = (t,)l = (t )l e Tu = (tU) . It is illustrated by Fig. 3a.
2. Consider the composite point process H= Uu @k, u)}l.:] . Sort the events of H

according to the time array from small to large. The resulting array of category indices {u; }1N= 1
is the solution to (36). It is illustrated by Fig. 3b.
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Fig. 3 Panel (a): Reconstruct time sequence about whole process and each sub-process. Panel
(b): Reconstruct category indices by solving the minimal difference problem (36). The arrows
indicate how to label the case in the whole process based on the reconstructed time sequence of
sub-processes

Combining the reconstructed time sequence {t,-}lN: , and reconstructed index
sequence {u,-}lN= {» one can have the reconstructed point process H = {(t;, u,')}f.\'= I

5 Numerical Experiments and Results

In this section, the parameter fitting algorithms are applied to both synthetic and
real COVID-19 data sets. Experiments on synthetic data sets are used to verify the
parameter fitting and simulation algorithms in Sect. 3. Meanwhile, the necessity of
having a reconstructed algorithm mentioned in section is verified Sect. 4 via the
synthetic data. Further experiments are made on real COVID-19 data. A MRHP
model is fitted according to real data, and predictions are made based on the
simulation algorithm 3. The predicted results are compared with the ground truth to
test the performance of MRHP. The code to reproduce the experiments is available
on Github.'

5.1 Synthetic Data Sets

In this part, under different choices of background rate u, triggering function g,
productivity matrix K, and recursive function &, a synthetic point process X =
{(xi, yi, ti, Mi)},N: | (f the point process is not spatiotemporal, it should be X =

! https://github.com/wispcarey/Bohan_MRHP.
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{(, ui)}fv: 1) is generated and applied to fit a MRHP model. The fitted parameters
are compared with the ground truth under several metrics:

» For parametrically fitted triggering function g and recursive function 4, the error
metric is the relative error of the corresponding parameters.

* For background rate i and productivity matrix K, the relative error of the 2-
norm, i.e.,

Kﬁt - K fit _
Error(K) = 1K~ K2 g = 1H-—#l2. (37)

112 llrell2

* In the recursive model, the productivity number H (A, u, v) = K, yh()). There
might be the case that the matrix K and function % are fitted poorly but the fitting
of H(A, u,v) = K, ,h() is relatively acceptable. Hence it is necessary to define
a fitting error of the productivity number

N fity, fit
1 I K™h™ (i) — Kh(i)ll2
error(H) = —
N Z I Kh(i)ll2

, (38)
i=1

where A; is the conditional intensity of the ith case of the point process X, i.e.,
A = A(xi, i, t;) (A = A(%;) if the point process is not spatiotemporal).

For the temporal model, the parameter fitting algorithm terminates if the number of
iterations reaches its maximum value, 1000, the difference of likelihood function
(27) between a pair of neighbor steps is less than 107°, or the error |K°1 —
K™ + |04 — @"%| 4 [|u°d — "% ||, between a pair of neighbor steps is
less than 1075, In the case of spatiotemporal model, the terminal conditions are
the same except the definition of the error, which is the maximum value among
”Kold _ KHCWHOO, |Cl)01d _ a)nCW|’ ”MOld _ Mnew”OO, |O_Old _ 0new|~ The iteration
terminates when error is less than 5 x 107>,

5.1.1 Comparison Between Parametric Fitting and Non-parametric
Fitting

A temporal point process with U = 10 categories is simulated. The background rate
uni =0.1, i =1,2,...,10. The recursive function i (x) = 2¢72% and the triggering
function g(t) = e~’. And the productivity matrix K is shown in Fig. 4a. Apply
the simulation algorithm 3 to generate a temporal point process until 7 = 5000.
There are 10,566 cases in this simulated point process. Table 1 and Fig. 5 show the
results of the parametric fitting and the non-parametric fitting. In Table 1, the * in
iteration means the algorithm terminates because of the reach of maximum number
of iteration rather than the reach of the error bound. It can be seen that errors of both
fitting algorithms are similar. The non-parametric fitting process can fit K, g, u, and
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Fig. 4 Ground truth of K matrix. (a) U = 10. (b) U =6
Table 1 The comparison between parametric and non-parametric fitting
# Iteration Error p Error g Error K Error H
Non-parametric 1000* 1.54e—1 1.00e—2 1.72e—1 2.11e—1
Parametric 377 1.58e—1 6.74e—3 1.54e—1 1.54e—1
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Fig. 5 Comparison of fitting results: The first row are fitted parameters from the non-parametric
algorithm, and the second row are fitted parameters from the parametric algorithm. The first column
is the productivity matrix K. The second column is the background rate n, where black dots are
the ground truth and asterisks are fitted results. The third and fourth columns are the recursive
function /# and time-triggering function g, respectively, where black solid lines are the ground
truth and black dotted lines are fitted results. In fact, except the non-parametrically fitted £, other
fitted results of 4 and g are almost the same as the ground truth

the productivity number H quite well and can grab the major pattern of function 4.
But it still has a relatively large error of / in some intervals.
5.1.2 Verification of the Parameter Fitting Algorithm

In this part, different combinations of parameters are used to simulate several point
processes and compared with the fitted parameters from the simulated process.
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The triggering function and the recursive function are assumed to be parametric.
Specially, the temporal-triggering function and the recursive function are the
exponential distribution function g1 () = we™®" and h(x) = ae™**, respectively,
and that the spatiotemporal recursive function is the Gaussian distribution function

24,2
g(x,y) = ﬁexp (—"Qj; ) The productivity number of the point process is

H(A,i, j) = K; jh(X). Besides, there is a parameter U in experiments, which is the
number of sub-processes (categories) of the MRHP.

Two kinds of the productivity matrix K are included in the following exper-
iments, the special one shown in Fig. 4 and the random one. Similarly, for
background rate u, there are the special one u; = 0.1, i = 1,2, ..., U and the
random one. The way of randomness is to sample each element according to U[0, 1]
(uniform distribution on [0, 1]). Then normalize the matrix K and the vector w that
Yo KV =U2and YL, i = U/10.

The terminal conditions are the same as in Sect. 5.1.1. A point process is
simulated until 7 = 3000 via Algorithm 3. For spatiotemporal models, spatial
locations of the background event are sampled within the range [0, 5] x [0, 5].

Table 2 shows the results of several experiments with different settings. In the
table, N means “not applicable.” For temporal models, o is N and U = 10, while for
spatiotemporal models, there are values of ¢ and U = 6. S and R under parameters
K and p correspond to the special choice of K or p and the randomly generated K
or u, respectively.

According to experiments 1-6 about the temporal point processes, the errors
about each parameter are stable among different experiment settings. Almost all
the relative errors of @ and o are below 0.1. The relative 2-norm errors of K and
w are around 0.2 and 0.1, respectively. The relative errors of productivity number
H are around 0.2. According to experiments 7—12 about the spatiotemporal point
processes, the relative errors of w and w are below 0.1. The relative errors of o
are around 0.3. However, the fitting of matrix K and parameter o about function
h performs poorly, some of which are even far from the ground truth. Considering
the productivity number H = K x h, the parameter fitting algorithm still has a
good performance. The relative error of H is around 0.2, which is similar as the
temporal cases. Such a result implies that the algorithm cannot fit recursive function
h and productivity matrix K separately well, while it still has a good fitting of their
product, the productivity number H.

5.1.3 Experiments About Data Sets with Imprecise Time

In some data sets such as COVID-19 data, the exact time of each case is not
provided. In this part, some experiments are designed based on simulated data sets
to make a comparison of fitted parameters of the original simulated point process,
the point process of rounded time values, and the point process with reconstructed
time values.
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For a certain choice of parameters, the simulation algorithm 3 is applied to
generate a temporal point process X = {;, ui}lN: - Let ; = |;] and define
X = {1, u,-}lN: |» Where X is the point process with integer-time values. The
reconstruction algorithms 4 and 5 are applied to get a reconstructed point process
Xreconl — {tirec"“1 , u?econl } lN: | based on the point process X. Meanwhile, the random
reconstruction method is applied to get a reconstructed point process X'c°n2
{tirec"“z, u;j}:,, where ti“’“’”2 = f; + R; with a uniform random variable R; on [0, 1].
The parametric fitting algorithm 2 is applied to fit parameters of X, X, xreconl and
Xrecon2 and then compare the fitted parameters with the ground truth.

Table 3 shows the results about experiments on the reconstruction algorithm.
Since only temporal processes are considered in this part, parameters about this
model are w, o, K, i, and H, whose definitions are in Sect. 5.1.2. The errors of
these parameters are defined by (37) and (38). There are the special choice and
the random choice of triggering matrix K and background rate p as the notations
S and R in Table 3. The way of special and random choices is the same as that
in Sect. 5.1.2.

According to Table 3 and Fig. 6, the reconstruction algorithms 4 and 5 and
the random reconstruction method can significantly recover fitted results based
on the rounded point process. From Fig. 6, the major patterns of matrix K are
successfully recovered. In each experiment, the fitted results of the rounded point
process are very far away from the ground truth. They even do not include any useful
information. This is because the rounded-off process obscures the inner relationship
between cases and breaks the smoothness of the original point process. After the
reconstruction, parts of the information of the original point process are recovered.
From error values in Table 3, the fitted results after reconstruction are worse than
those of the original point process, but they are much better than those of the rounded
point process. The reconstruction algorithms 4 and 5 have similar performance
as the random reconstruction method. Compared with the random reconstruction,
Algorithms 4 and 5 are better on the fitting of background rate 1 and the productivity
number H but are worse on the fitting of time-triggering function g. Meanwhile, the
number of iterations needed are similar between these two kinds of reconstructions.
It seems that the reconstruction algorithm takes more efforts but performs similar as
the trivial random method. However, in Sect. 5.2.1, it is shown that the Algorithms 4
and 5 converge much faster in the point process where cases happen more densely
and the process is not a strictly Hawkes process.

5.2 Experiments on Real COVID-19 Data

The data set in this section is the daily reported cases of COVID-19 in California,
which is available on the website “Tracking COVID-19 in California” [5]. It
provides the number of daily reported cases, daily reported tests, and daily reported
deaths of each county in California. Since Los Angeles is the county of most cases
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Fig. 6 Experiment results about the reconstruction algorithm. Panels here are corresponding to
experiment 1 in Table 3. The first row are fitted results from the original point process X. The
second row are fitted results from the rounded point process X. The third row are fitted results
from the reconstructed point process X"°"! via reconstruction algorithms 4 and 5. The fourth row
are fitted results from the random reconstructed point process X2 The four columns are the
productivity matrix K, the background rate j, the recursive function /, and the triggering function
g from left to right. In column 2, black dots are the ground truth and asterisks are fitted results. In
columns 3 and 4, black solid lines are the ground truth and black dotted lines are fitted results

in CA, daily reported cases of 9 closest counties (include LA) to LA are chosen
and considered as a 9-tuple temporal point process. Here the counties chosen are
Los Angeles, Orange, Ventura, San Bernardino, Riverside, Kern, San Diego, Santa
Barbara, and Tulare. The data set is between 2/1/2020 and 4/11/2021, spanning 435
days. Since the number of cumulative cases is large, a unit size N is applied to
rescale the data set, i.e., 1 unit = N cases. Denote t+ = 0 as the date 2/1/2020 and
t = 435 as the date 4/11/2021. Two problems are raised about the implementation
of MRHP on real COVID-19 data:

1. Does the MRHP adequately capture the dynamics of the spread of COVID-19 in
California?

2. How accurately can the MRHP forecast future incidence of COVID-19 using
past behavior as a guide?
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For the first problem, experiments are designed about different time windows
in [0, 435] of the original data set. For each subset, the parameter fitting algorithm
is applied to estimate the triggering matrix K, the time-triggering function g, the
recursive function %, and the background rate p, where the time-triggering function
g and the recursive function & are assumed parametric. Several point processes are
simulated based on these fitted parameters using the simulation algorithm 3. The
simulated point processes are compared with the original one to see if they are
similar enough.

For the second problem, experiments are also based on different time intervals
[t1, 2] C [0,435]. Let X be the point process corresponding to the time interval
[t1, t2]. Apply parameter fitting algorithms 2 to estimate the parameters about point
process X. Setting X as the history process, using fitted parameters, simulate the
point process in the time interval [#2, t> 4 #] and compare the simulated results with
the ground truth.

5.2.1 Model Validation

For each point process X;, the parameters of MRHP are estimated and applied to
simulate M point processes X ,.(j ), j=1,2,..., M. Define the frequency vector of
Xl.(j) as fi j = (f(]) fl.f]), e, fl(il?), where n; = t; 2—t; 1 and fl({c) is the number of
cases of X i(J ) in the interval [ti,1+k—1, #; 1+k). Similarly, the frequency vector of X;

is f;. For p € (0, 1), define the Fl. as the set {f(J) j=1,2,..., M} dropping the

(l_p M greatest values and the a 2p M Jeast values. Roughly speaking, if p = 0.9,

then the set F; P g is the set of values fl(l) fl.(z) yees [ (k ) without the top 5% and the
bottom 5%. Further define the p-confidence range of simulated frequency on the
interval [t; | +k — 1,11 + k) as If . = [min Flp ., max Ff 1. Then the simulation
error is defined by

1. P
error(f) = Y. ikl (39)

s
k=1,2,...n; !

The raw data set of daily reported cases is shown in Fig. 7. It should be noticed
that there is a significant increasing of the number of reported cases after 7 =
300. Considering two groups of time intervals, the first group includes 4 intervals
I = [50,250], I = [50,280], Iz = [50,300], I4 = [100, 300], which do not
include the big explosion after 7 = 300 and the second group includes 6 intervals
Is = [150,350], I¢ = [200,400], I; = [100,350], Iy = [150,400], Iy =
[50,360], I;p = [50,400]. The corresponding unit size N1 = 120, N» = 200,
N3 = Ny = 160, Ns = N7 = 240, N9 = 280, and Ng¢ = Ng = Njg = 320. When
calculating the frequency ranges, the number of simulations M = 300.

The parameter fitting algorithm terminates if the number of iterations reaches its
maximum value, 3000, the difference of likelihood function (27) between a pair of
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Fig. 7 Smoothed data of 4
daily reported cases 4 x10
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neighbor steps is less than 1079, or the error | K94 — K™V|| + |04 — 0"V +
|10 — "W || o between a pair of neighbor steps is less than 5 x 1073,

The daily reported cases of nine counties within time interval /; form a point
process X; for i = 1,2,...,10. It takes two steps to preprocess the raw point
process X;:

1. Smoothing: Replace the raw daily reported cases by the mean value of the
closest 7 days.

2. Reconstruction: Apply the reconstruction algorithms on the smoothed point
process.

First, the number of iterations are compared between different reconstruction
algorithms. The subinterval I1, 14, Is, Is, Iy, I1p and their corresponding point
processes X;, i = 1,4,5,6,9, 10 are chosen to make the test. Table 4 shows the
comparison results. It can be seen that the fitting takes much less iterations on the
point process reconstructed by the Algorithms 4 and 5. Taking the time interval
[50, 400] as an example, there are 7811 (rescaled) cases in 351 days, while the
synthetic data in the previous section has around 6000 cases in the time interval
[0, 3000]. The real data are much more dense. Besides, the real data may not be
a standard Hawkes process. In such a circumstance, the reconstruction algorithm
outperforms. As a consequence, the reconstruction algorithms 4 and 5 are applied
in the preprocess step.

The preprocessing steps output point processes X;, i =1,2,...,10. Parameters
are fitted via parametric fitting algorithm 2 under the assumption that the recursive
function / and the triggering function g are both exponential distribution function.
Figure 8 shows the experiment results. Table 5 shows the error values of each
experiment. From the panels about simulation curves in Fig. 8, most of the ground
truth curves are covered by the simulation range. Meanwhile, from Table 5, there
are 7 out of 10 experiments with the simulation error error( f) less than 20%.
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Table 4 Comparison of the number of iterations between two different reconstruction algorithms.
Recon 1 refers to the reconstruction algorithms 4 and 5. Recon 2 refers to the naive random
reconstruction algorithm. The notation % means the iterations terminate because of reaching the
maximum number of iterations rather than reaching the error requirements

Exp no. Start T End T N # Iteration Recon 1 # Iteration Recon 2
Exp 1 50 250 120 1071 1764

Exp 2 100 300 160 2037 2296

Exp 3 150 350 240 2582 2532

Exp 4 200 400 320 1168 1698

Exp 5 50 360 280 1031 3000*

Exp 6 50 400 320 866 1541

Offspring Offspring Offspring Offspring

Parents
Parents

g 110° Start=50,end=250 o 10 Start=50.end=280 ,.4 x10°*Start=50,end=300

0.0
100 150 200 250 100 150 200 250

Offspring Offspring

0.0
100 150 200 0 100 150 200
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o L 1o’start=150,end=350 a6 L 1o’start=200,end=400 . L1o’Start=100,end=350 a6 L 1o’Start=150,end=400

0.0 - -
150 200 250 300 350 400

0.0
100 150 200 250 300 350

Fig. 8 Row 1,2 are experiment results about point process X i, i =1,2,3,41in group 1. Row 3,4
are experiment results about point process X;,i=5,6,728in group 2. Panels in row 1,3 are the
productivity matrices K, and the panels in row 2,4 are the comparisons between the ground truth
frequency (daily reported cases) of X; and the simulated frequencies. For each panel about the K
matrix, the rows from top to bottom (also the columns from left to right) correspond to county
Los Angeles, Orange, Ventura, San Bernardino, Riverside, Kern, San Diego, Santa Barbara, and
Tulare, respectively. In each panel about the simulation curve, the black solid curve is the ground
truth; the gray region is the 90% confidence interval of simulation, and the black dotted line is the
average of simulation process, where x-axis is the time and y-axis is the number of cases
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Tablg 5 Error results of Groupno. |Expno. |StartT |EndT |N | Errorf
experiments on 2 groups. G 1 Fxo 1 50 250 120 | L6de—1
There are 4 experiments with roup *P e
different choices of Exp 2 50 280 200 |8.23e—2
parameters. In each Exp 3 50 300 160 | 1.63e—1
experiment, the simulation Exp 4 100 300 160 | 2.94e—1

error (39) is applied to
evaluate the performance of
parameter fitting and

Group 2 Exp 5 150 350 240 |4.08e—1
Exp 6 200 400 320 | 1.64e—1

simulation Exp7 |100 |350 |240 |3.23e—1
Exp8 |150  |400 |320 | 1.51e—1
Exp9 | 50 360 | 280 | 8.68e—2
Exp 10 | 50 400 320 | 1.3le—1

5.2.2 Prediction Based on MRHP and Historical Information

Table 6 shows the results from 12 different experiments, and Figs. 9 and 10 visualize
the corresponding predictions. For each experiment, a short-term prediction for the
following 15 days and a long-term prediction for the following 50 days are made
based on fitted parameters. The error metrics error(f) in Sect. 5.2.1 are applied to
evaluate the performance of prediction, whose definitions are the same as that in
Sect. 5.2.1.

It can be seen that short-term predictions are fairly good, while most of the
long-term predictions are not acceptable. Especially when predicting on some sharp
increasing/decreasing parts, the predicted curves are far away from the ground truth.
The sharp increasing and decreasing might be because of some external factors such
as the change of policy or the promotion of vaccine. Since the MRHP is a self-
excited model, these external factors will affect the performance of prediction.

6 Conclusion

In this chapter, the multivariate recursive Hawkes process (MRHP) is introduced.
Several properties of it are derived, and the performance on COVID-19 data is
analyzed based on experiments. The existence of a counting measure with a MRHP
intensity is proved. Formulas of mean and variance about the counting process are
derived. It is shown how the MRHP can be fitted to data using an expectation—
maximization (EM) algorithm and provided an algorithm for simulating realizations
of the process given its parameters. Several experiments on synthetic data were used
to verify the simulation and parameter fitting algorithms.

In COVID-19 data sets, event timestamps are typically unavailable, and counts
are instead provided daily. This binning of event times can impact the performance
of the parameter estimation algorithm, and such cases might lead to incorrect
interpretations of model parameters (e.g., the reproduction number). To address this
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Fig. 9 Experiments about short-term predictions for the following 15 days. In each panel, there is
a dotted vertical line that marks the point between the historical information and the prediction. The
solid black curve is the ground truth, the gray region is the 90% confidence region of prediction,
and the black dotted curve is the average of prediction. The start date, end date, and the unit size
N of each experiment are in the title of each panel and can also be found in Table 6. In each panel,
x-axis is the time and y-axis is the number of cases. (a) Exp 1. (b) Exp 2. (¢) Exp 3. (d) Exp 4. (e)
Exp 5. (f) Exp 6. (g) Exp 7. (h) Exp 8. (i) Exp 9. (j) Exp 10. (k) Exp 11. (I) Exp 12

issue, two possible strategies are investigated to deal with the problem of coarse-
grained event times. A shape-preserving piecewise cubic interpolation method is
applied, which can reconstruct the timestamps from coarse-grained event times
during model fitting. Through experiments using synthetic data, it is observed that
the reconstruction algorithm can improve the performance of parameter fitting.

Several experiments on real COVID-19 data are conducted to infer the key
parameters such as the productivity (reproduction) matrix K under the MRHP
model. However, it should be noticed that the MRHP model had difficulty in
medium- and long-term forecasting of COVID-19 surges. There are a number of
exogenous factors not included in the model that may be necessary to improve
longer-term forecasts. This is a significant challenge for infectious disease forecast-
ing models in general, as SEIR-type models also have such difficulties. Predicting
when surges will occur, what shape they will take, and when they will subside
should be a direction for future research, either by improving model performance or
developing insights into why such a problem may be ill-posed.
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Fig. 10 Experiments about long-term predictions for the following 50 days. In each panel, there is
a dotted vertical line that marks the point between the historical information and the prediction. The
solid black curve is the ground truth, the gray region is the 90% confidence region of prediction,
and the black dotted curve is the average of prediction. The start date, end date, and the unit size
N of each experiment are in the title of each panel and can also be found in Table 6. In each panel,
x-axis is the time and y-axis is the number of cases. (a) Exp 1. (b) Exp 2. (¢) Exp 3. (d) Exp 4. (e)
Exp 5. (f) Exp 6. (g) Exp 7. (h) Exp 8. (i) Exp 9. (j) Exp 10. (k) Exp 11. (1) Exp 12
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Multiscale Aspects of Virus Dynamics )
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Franco Flandoli, Eleonora La Fauci, and Martina Riva

1 Introduction

The diffusion of a virus in a human population is a key example of a multiscale sys-
tem. The virus operates inside the human body at cellular level with consequences
also at systemic level. These two aspects already concern very different scales that
give rise to heterogeneous behaviors and represent a complex system in itself with
different outputs and a large degree of uncertainty.

Then we move to the interactions between humans, which are the reason for
the virus diffusion. These interactions concern a much larger scale and give rise to
a great degree of complexity and source of uncertainty. Then one can summarize
the information about the virus diffusion in a population by means of macroscopic
variables, like the well-known S, I, R in the homonymous model that we shall
review below. And different scales may also enter here, depending whether these
variables are computed for a single town, a nation, or the entire world.

Few other examples in natural sciences have such amount of scales interlaced
in a complex manner. Examples like turbulence, although extremely difficult and
still partially open, may benefit of properties like some degree of self-similarity at
different scales; it is not so for virus diffusion. A somewhat similar example is the
understanding of weather-climate dynamics, where world-wide phenomena should
be understood which, however, are influenced by local inputs like relatively small
convective cells and human activity.

Our aim in this chapter is discussing the duality between compartmental
models (which we could call macroscopic models) and individual-based models
(microscopic with the respect to the compartmental ones, although not yet truly
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microscopic in terms of virus interaction with human cells). This duality is only one
aspect of the possible multiscale features of virus dynamics, but we prefer to focus
on one aspect in order to enter in some technical details.

Limited to this duality, indeed, we insist on one aspect which is not always
properly taken into account in the literature on this topic: a correct quantification of
the uncertainty. We distinguish between two sources of uncertainty called epistemic
and empirical, and show where, in the models, they appear and how we should
properly quantify them. Usually the quantification of uncertainty is a frustrating
exercise since there is no data to check whether it has been done correctly (often
we deal with a phenomenon which happens only once, like in climate studies).
But in the case of COVID-19 pandemic, due to the hard lockdown experienced
in Spring 2020, the behavior of certain towns of similar kind may be seen as a
repeated experiment under similar and independent conditions. This allows us to
compare this experiment with different quantification rules and see advantages and
drawbacks of them.

1.1 On the Biology of the Virus

Before we enter Mathematics it may be useful to recall a few features of COVID-19
that we shall meet in the models. We refer to the report [8], which is bimonthly
updated, and to the papers [4] and [9] for much wider accounts. A brief description
of the biology of the virus is delivered in the following:

e The virus: Coronavirus disease 2019 (COVID-19) is initiated by the infection of
the SARS-CoV-2 virus, a coronavirus.

e The contagion: The contagion by the SARS-CoV-2 occurs when breathing
respiratory droplets, up to 1 millimeter across, released by an infected person
via coughing, sneezing, or speaking.

e Entry into human cells: The large Spike protein (S) forms a sort of crown on
the surface of the viral particles. Its receptor-binding domain interacts with high
affinity with angiotensin-converting enzyme 2 (ACE2) receptors on the surface
of host cells. After the binding, two host cell proteases (Furin and TMPRLRS)
cleave spike proteins and their exposed fusion peptides fuse the virus membrane
with the membrane of the host cells. The virus RNA enters cells of the upper
and lower respiratory tract, and it is translated into viral proteins. The cell dies
releasing millions of new viruses that infect other cells and other individuals.

e Immune system responses: Cellular and humoral innate immunity represents the
first line of resistance which takes care of most encounters with infectious agents.
When the virus manages to overcome these barriers, a rapid release of danger
signals activates the reaction of the host immunity.

* Immunity: There is evidence that symptomatic COVID-19 elicits immunological
memory and resistance to reinfection. Based on SARS, one can expect immuno-
logical memory to last 2-3 years.
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Moreover, we want to focus on two aspects that we will be crucial in the
following, as they represent important risk factors in the spreading of the illness.

* Stages of the incubation period: The incubation period, defined as the time
between exposure to the virus and symptom onset, can be divided into two stages.
The first one in which the amount of viruses is still small and the individual
cannot transmit the virus to others; and the second stage, still of incubation,
in which the individual is infectious because, as the virus multiplies, he/she
may shed copious amounts of it. Both are pre-symptomatic stages; hence, the
individual has no sign of being infectious: the immune system prepares its answer
but still does not act so strongly. Needless to say, the second stage is very
dangerous for other individuals.

* Unknown patients: There are several studies, such as [12, 18, 25], that show that a
large proportion of the population has SARS-CoV-2 infections that do not result
in COVID-19 symptoms or result in mild symptoms that go unnoticed. Therefore,
there is a large proportion of infected individuals who remain unknown to the
National Health Systems and who are not isolated. It is clear that this kind of
patient is highly dangerous for other individuals, as they may act as if they are
not infectious.

1.2 Modeling the Complexity of COVID-19

Covid-19 massive diffusion all over the world motivated the development and
investigation of several mathematical models. Many of them are based on differ-
ential equations, ordinary or partial, deterministic or stochastic, or based on other
stochastic processes and dynamical systems. Among those that use differential
equations we cite [17, 29, 31]. All of these papers are based on the fundamental SIR
model introduced by Kermack and McKendrick in [21] in 1927, who idealized the
phenomenon in few “compartments”; but still in its simplicity indicates basic logical
building blocks which are present in much more refined models. Generalizations
and additional complexity due to spatial structure have been introduced later on; let
us mention, for instance, [2, 3, 5-7, 13, 22] and extensive treatises like [1, 14, 26].
The list of contributions is very large, see the references in [4] and the examples
of multiscale models presented there. All works try to approach some aspects of
the multiscale complexity. For instance, viral load and the response of the immune
system are included by Perelson [27]. Another key aspect is the network structure
between individuals or communities that can be deterministic or stochastic; some
examples can be found in [10, 20, 28, 30]; see also [1, 11, 16, 24] for other
approaches. With many differences, the methodology described in the present
chapter looks similar in spirit to what is done in [4]. Among the peculiarities, let
us mention the detailed treatment of the randomness which pervades all steps of our
modeling and represents one of main successes in comparison with real data.
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2 Epistemic and Empirical Uncertainties in Compartmental
and Individual-Based Models

2.1 SIR Model

Recall the equations of SIR model

ds (1) 1)

T
arw _ 10 1
" _/\NS(t) r1(;),
dR(1) 1

7 —tl(t),

where N is the total number of individuals, S () the number of those which are
susceptible, I (t) the number of infected, and R () the number of people restored
from illness. This is the simplest example of the so-called compartmental models;
more elaborated variants include additional compartments, namely categories of
individuals (like a subdivision of infected subjects into symptomatic and asymp-
tomatic). In the sequel we discuss the original SIR model above but the arguments
we develop apply to all deterministic compartmental models (if they are stochastic,
the discussion may be modified case by case).

It is known that this simple model or some of its variants are able to fit epidemic
curves very well. However, it is different fitting than predicting. In order to make
predictions it is necessary to choose in advance relatively precise values of the
parameters A and t and the solutions depend a lot on these values. The parameter
T is easier, its meaning is the average duration of the illness and thus it can be
estimated quite early and remains relatively stable under different conditions. But
A incorporates the effect of so many factors that it is almost impossible to decide
its value before having already an experimental curve. Hence it is very difficult
to use the SIR model to make projections and decide which policies will be more
successful, if these policies correspond to new regimes not experienced before. Less
ambitiously, if we just want to explore the qualitative dependence of the projections
on different social measures, it is difficult to use SIR because the effect of too many
factors is accumulated in the value of the single parameter A.

Recall the meaning of the two main different concepts of uncertainty called
epistemic and empirical. The epistemic uncertainty refers to any uncertainty related
to the model: algebraic structure of the nonlinearities, variables treated by the model,
and finally the numerical values of the parameters. In the case of compartmental
models it may refer to the variables considered (e.g., only the infected as a total or
dividing them as symptomatic and asymptomatic ones), but let us accept that the
elementary SIR model is already a very good approximation or reality. The lack
of knowledge about the value of the parameter X is the major source of epistemic
uncertainty in the SIR model.
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The empirical uncertainty on the contrary refers to the intrinsic variability of a
phenomenon. In the case of Covid it comes from many aspects (here the multiscale
nature of the problem is particularly relevant). Two of them, of very different nature,
are: (1) when an infected and a susceptible individuals meet, not necessarily the
susceptible becomes infected, it depends on several unpredictable circumstances;
(2) the duration of the infective period for a person is random, it varies in the
population, as well as the duration of the incubation period; and the duration of
these periods affects the spread of the virus.

Going back to SIR model with the aid of this conceptualization of the uncertain-
ties, we may say that epistemic uncertainty, for SIR, is mainly due to the parameter
A; but empirical uncertainty is completely absent in the model: nothing corresponds
to it (as it is A for the epistemic uncertainty) and no way to quantify the empirical
uncertainty is provided by the model.

SIR is a model for global quantities, the total number of individuals with this or
that feature. Behind this there are the individuals with their particular story. Models
that take into account the single individuals as specific units of the models, with
certain variables for each one of them, will be called individual-based. The global
quantities of the SIR model, at least at an heuristic level, correspond to averages of
the individual-based models (there are theorems formalizing this link, see below).
The true number of infected, in an individual model, is a stochastic process, with
a variability, an uncertainty with respect to the average behavior. Therefore it is
natural to expect that individual-based models capture the empirical uncertainty.
In Sect.3.2 we discuss this topic and, in particular, we show that the estimate
of intrinsic variability given by individual-based models is very realistic, while
shortcuts based on the Central Limit Theorem, immediately applicable to SIR itself,
lead to wrong results.

Less clear is whether individual-based models may help to reduce the epis-
temic uncertainty: a priori they have more parameters, since there are more
details and more variables. However, there is a chance that the parameters of the
individual-based model are more elementary and unique, less composite: each one
corresponding to some specific feature, not summarizing the effect of many inputs
as it is for the coefficient A of the SIR model. We shall see below that the answer to
the question whether an individual-based model is an improvement with respect to
compartmental model from the viewpoint of the epistemic uncertainty is difficult
and may depend on the model. Roughly speaking, to anticipate what we shall
see, the most elementary individual-based model behind SIR does not improve,
A remains its major uncontrolled parameter. But we shall discuss a variant of the
elementary model, based on more refined multiscale information about the virus
diffusion and the development of the infectiousness of the individuals, such that A
is somewhat decomposed in more focused and elementary sub-parameters, having
a more direct interpretation; see Sect. 3.1.
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2.2 Individual-Based Interpretation of A

Let us discuss here an individual-based interpretation of A which may help to get
more information on this parameter.

Assume we analyze a community of N subjects, which for simplicity is assumed
to be closed to exchanges with the external world. Each subjecti = 1,..., N hasa
“state” X! (t) which may change in time. The state, in this simple model take only
the following three possible values:

X' (1) €{S,1,R)}.
In a short time interval [z, t + At] an individual i such that X’ (1) = S could jump

to the state X’ (r + Ar) = I. The probability of this jump, for very short time, has
the form

P (Xf (t+ A1) = 11X (1) = S) )\%At (1)

where the notation ~ stands for the fact that the rule is true only in the limit as
At — 0, hence it should be formulated as

(t)

lim P (X' (t+ At = 11X (1) = s) JAL =)

At—0

but we shall omit this more precise formulation in the sequel. Here I (¢) is the
number of individuals that, at time ¢, are of class /:

N
10 =) xiw=1)- @

Jj=1

The previous prescription is not properly formulated, as we see from the previous
rule. Indeed, for simplicity we were tempted to write the conditional probability that
individual i jumps from X’ (t) = S to X' (t + At) = I but the rule depends on the
state at time ¢ of all individuals, not only on the state of individual 7, hence it must
be a conditional probability to such more complex state. We should write

; j Z?’:N{x,—:]}
P(xeran=n{xof =l )~ 2T

if x; = S. However, since this more rigorous formulation is less intuitive, we
continue to write the first one; the reader may easily correct the formalism.
The model just introduced, complemented by easier rules of passage from I to R
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P(X" (t + At) = RIX' (1) = 1) ~ %

(here the formalism is correct), can be proved rigorously to converge to the SIR
model, in the following mean field sense. First, let us formulate SIR system of
differential equations for the fractions s (f) = % i(t) = % r@ = %, o)

that the parameter N does not appear anymore:

ds (1) _

pr —Xi(t)s (1),
DO s @) - i@
dr ! s ‘El ’
dr 1.
T i(t).

Then introduce the empirical fractions associated with the individual-based model
above:

N
1
sy (1) = ﬁ; Lxii=s}>
1 N
iy (@)= N Z I{Xj(;)ZI},
j=1

N
1
ry (1) = N Z Lixi =R}
j=1

Then it can be proved that the stochastic process (sy (f) , iy (t) , ry (t)) converges
in probability, uniformly in time on compact time intervals, to the deterministic
function (s (¢),i (¢), r (¢)). This holds true under proper assumptions on the initial
condition; for instance, the following classical one: given a triple of non-negative
numbers (s (0), i (0), r (0)) such that s (0) + i (0) + r (0) = 1, we assume that the

random variables {X i (0)}1.:1 _yare independent, identically distributed, with

P(X'(0)=5) =50, 3)
P(X"(O):]):i(O),
P(X"(O):R)=r(0).

This result can be complemented by a study of fluctuation which, roughly speaking,
tells us that the fluctuations behave like
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N
Z Lixigy=1y = Ni (t) ~ Cr (1) VN,
j=1

for a suitable function Cy (¢). In Sect. 3.2 below we discuss this rule and the value
of Cy (1).

Let us examine the relation (1) to get an interpretation of A. Assume At is so
short that in the interval [z, ¢ + At] the individual i meets only one other individual,
or nobody; assume o € (0, 1) is the average fraction of time we spend with other
people, and 1 — o we spend alone. If the other person is of class different from 7, no
infection may occur. Otherwise, there could be an infection. Assume the probability
that a person of class S gets infected, when it spends a time At with a person of class
I, has the form L At, asymptotically in At — 0. By the rule of total probability
(namely we decompose the event over all possibilities depending whether subject i
does not meet anybody, meets a person of class I or a person of class different from
D),

IP(X" t+A)=I1X () = s) - a%x,m.

Thus
A =OAj.

The number X is therefore the product between the average fraction of time we spend
with other people multiplied by X;, the probability per unit of time (i.e., the rate) of
becoming infected during a contact with an infected person.

The numerical value of the parameter A; is affected by very important factors
that a little bit generically we may classify into two groups: the contagiousness of
the virus and the modalities of contact. It is therefore very difficult to know A; in
advance. One of the worst features of A7, and also of the other parameter «, is that
they are averaged over a large variety of situations.

2.3 An Example of Modified SIR Model

The oversimplification of the SIR model may be, in principle, the cause of certain
difficulties to give a precise meaning to parameters; or at least it is interesting to
investigate more detailed compartmental models where additional phenomena can
be discussed. Our particular reason to introduce one of them here is that our main
multiscale model, described in Sect. 3, is an individual-based multi-class-interaction
variant of this specific compartmental model.

Assume that, instead of looking only at susceptible, infected, and restored
individuals, we pay attention to a more precise subdivision:
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e S () is the number of Susceptible

¢ V(t) the number of Vaccinated

e IN(t) the number of Infected but Non-infectious
e [1(t) the number of Infected Infectious

e U(t) the number of Unknown

¢ K (t) the number of Known

e E(t) the number of Exits.

The logical diagram is

Infected but Infected

Susceptible : &
not infectious and infectious
Known Unknown ‘

‘ Vaccinated \ /

Exit (restored or death)

Let us explain the meaning of these groups. The first two categories are clear. The
infected are divided into several categories. An infected person is non-infectious at
the beginning, for a random period of some days; I N (¢) the number of such people.
Then an infected person becomes infectious, but still does not have any symptoms
and does not know to be infected; this is a very dangerous period, since the person
stays in contact with other people without special care; /1 (¢) the number of such
people. Then there is a bifurcation: some of them develop symptoms and are then
recognized to be ill, and they are K (¢); others do not and remain Unknown, they are
U (1). Itis estimated that the proportion of U (¢) is quite large. While the first group is
treated and put in quarantine, hence in the average it is not dangerous anymore, the
second group is like the group 71 (¢): very dangerous. Finally, both these categories
exit the infection and enter the group E(¢), which essentially is the same as the
restored ones of the SIR model.

One can write analogues of SIR equations for these new groups. We avoid
including the vaccinated into the equations since vaccination is not a natural
phenomenon, it is regulated and thus its inclusion in the differential equations is
less direct. In the numerical simulations (discussed and reported below) we have
taken into account the vaccinated but in a static way, namely we have considered, for
instance, a population with a certain percentage of vaccinated, as an initial condition,
hence excluding it from the dynamical model. The equations then have the form

ds() IT®)+U@)
dIN@) 1)+ U®) _l
T =X N S (1) rllN(t)’
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Il 1 1
— —IN@G) — —11 (),
dt T] (%)
WO _ gl Luw,
dt (%) 3
dK 1 1
d(” — (=B —11()— —K (),
t (%) T4
dE@) 1 1
=—U@®)+—K(@).
dt 3 T4

Clearly “conservation of mass” holds:

d(S+IN+II+U+K+E)
dt -

0.

We have many more parameters than in the SIR model. However, some of
them have a clean interpretation, stability in time under different conditions, and
some possibility of experimental measurement: 7| is the average duration of the
incubation period; 7, the duration of the intermediate period from incubation to
development of symptoms; t3 the average duration of infectivity for people that did
not develop measurable symptoms; 74 the average duration of infectivity for people
that developed measurable symptoms. The parameters A and 8 are more difficult.
The most difficult one is A, which has a role and meaning similar to the A of SIR.
The parameter B is the proportion of cases which do not develop symptoms, a very
unclear number at the beginning of the pandemic but less obscure as time goes on.

2.4 Individuals Behind the Modified SIR Model

Again we assume to have N isolated subjects i = 1,..., N with a “state” Xt (1)
now taking the following values (we do not include a dynamics of the vaccinated):

X' (r)e{S,IN,II,U,K,E}.

The probabilities of jump in very short time are (using the same short-hand notation
as above)

Iy (t Un(t
N N()];,l' N()At

’

P (X" (t+ A = IN|X (1) = S) ~

A . 1
P (X' (t+ Aty = T1|X' () = IN) ~ — A,
7
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B

P (X" (t+ At) = UIX' (1) = 11) ~ A
2

]P’(Xi (t+ AN =UIX (1) = 11) -]

—p

17

At,

. 4 1
P (X’ (t+ A1) = EIX' (1) = U) ~ — A,
3

. . 1
P (X’ (t+ A1) = E|X' (1) = K) ~ A

Here we have used some of the following empirical processes:

N
Sy () = Z l{xj(;):_g},
j=1

N

1y 0= =)

Jj=1

N
Ky () =" 1{xin=k}»

j=1

sy () =N"'Sy (1),
iin (1) =N""1Iy (1),

ky (1) = N"'Ky (1),

N
INy (1) = Z 1{xj(t):1N},
Jj=1

N
Un (1) = Z Lixiw=u}
j=1
N
Ey (1) = Z Lixiw=E),
=1

iny (t) = N"'INy (1),
uy (1) = N"'Uy (1),
en () =N"'Ey(1).

Concerning the initial conditions we have to assume conditions analogous to those
described above for SIR that we do not repeat here.

Theorem 1 The process

(sy (1), iny (2),iiy (t),un (t), ky (1), en (1))

converges in probability, uniformly in time on compact intervals, to the unique

solution of the equations

s' () = A (@i () +u()s @),

in" (t) = A @i (1) +u()s (@) — Tlin ®,
1
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i I L.
ii"(t)y=—in(t) — —ii (1),
T (%)
1
u' (1) = Eii (1) — —u(),
72 3

K () =

i - Lra.
(%) T4

1 1
W)= —u@)+—k(@).
3 T4

The scheme of proof is given in Appendix.

2.5 Time-Discretization

For computational purposes and maybe also for simplicity of communication, it is
useful to replace the previous jump Markov processes with discrete-time Markov
chains. Let us recall the idea with abstract notations. Assume we have a Markov
process in continuous time (X;);¢[0,00) Which jumps in a finite state space, time
homogeneous, with transition probabilities given by

pij (1) =P (X; = j|Xo =1)

and transition rates given by, for j # i,

Notice that probabilities take values in [0, 1] but rates are just positive, potentially
larger than 1. Hence, when we write

pij () ~ Ajjt

we assume that ¢ is small enough, so that A;;+ € [0, 1], and it is a good
approximation.

Now assume we want to construct a Markov chain (discrete time) which is close
t0 (X1)te[0,00) We choose a time step 6 > 0 and introduce the Markov chain
(Yn)en, approximation of (Xs),cn With transition probabilities m;; given by

mij = pij ().

Since we do not have a precise formula for p;; (8), we approximate it by A;;4:
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Tij ~ Aijé, “4)

taking care that we have chosen 8 such that all A;;6 are less than 1.

In our Covid application it happens that we are interested in changing the rates
Aij to explore different scenarios. In particular, to make an example, the difficult
parameter A stressed above could be doubled (roughly speaking) if certain variants
take place (like the so-called delta variant). In this case, it may happen (and happens
to us) that doubling A the number A§ is larger than 1. In such cases we need a more
precise estimate of p;; (8) (in itself it is a number in [0, 1], the problem comes from
its approximations).

There is, however, one case in which we have a simple exact formula for p;; (6),
fortunately fitting precisely with our COVID example. Assume that the states i and
J have only the direct communication i — j, with no other multistep way to go
from i to j (including loops which, from j, come back). And assume that from i we
can only go to j. In the SIR example this happens for both the transitions S — [
and I — R. In the more elaborated model it happens for S — IN, IN — II,
U — E, K — E.In this case

pij (8) =1—e i

(of which 2;;$ is the first order approximation for small §). In this formula we can
double the rate A;; without any trouble.

As a numerical example: assume that 77;; = 0.65. It means 1 — e~ 4% = 0.65,
namely 1;;8 = 1.05; doubling A;; we get 24;;8 = 2.1, hence 1 — e=?*% = 0.877,
namely ni‘}ew = 0.877.

There 1s a second element we want to clarify about the connection between
continuous and discrete systems: the links between the transition parameters and
the waiting times. Consider a state i, for a jump Markov processes in continuous
time (X/);e[0.00) and call T°™ the first time the process jumps from i to another
state; it is exponentially distributed. We have

Z )‘ll [Tcont]

JF#

Consider now the case of Markov chain (Y,),cy and call Tl.diSC the first discrete
step (greater or equal than one) the process jumps from i to another state; it is
geometrically distributed. Notice that [E [Tidisc] > 1, since TidiSC > 1, property not
shared by 7,°°™. Then

; Tij = [lesc]

These rules are fundamental to fit parameters, since it is easier to have information
on waiting times. But which is the link between the continuous and the discrete rule?
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Assume the time step of discretization is § > 0. Then, roughly speaking,
t dis
7"[001’1 ~ 87“1 ISC’

hence E [Ticom] ~ §E [Tidisc], hence

D i~ 8 hijs

J#L J#L
which is coherent with the rule (4) decided above. In the next section we describe a
model taken from [15], in discrete time, where all transition probabilities have been
fitted by using their relations with expected waiting times like Tidisc; here revisiting
[15], we shall use (4). The discussion just clarifies that there is no mistake: fitting
7;j by means of inverse average waiting times or by means of (4) is equivalent.

3 The Individual-Based Model of [15]

This section is devoted to a Markov chain individual-based model developed in [15].
It is an elaboration of the model of Section 2.4, but, in order to clarify its genesis,
let us say that the model of Sect. 2.4 appears in this chapter for the first time, with
the purpose to create a closer link with SIR; obviously, on the other hand, SIR
and generically its variants have been a fundamental source of inspiration in the
development of [15].

First, [15] is a discrete-time analog of the model of Sect.2.4, with transition
probabilities chosen according to the rules of Sect.2.5. However, the model of [15]
makes the second step forward from the viewpoint of realism: at the individual level,
[15] introduces different interaction structures. Let us explain this key issue.

In both the simple individual-based models of Sects. 2.2 and 2.4, the interactions
are mean field, global: each individual interacts with each other. This is essential
for having the simple mean field macroscopic description based on the systems of
ordinary differential equations of Sects.2.1 and 2.3; and the proof of convergence
outlined in the Appendix is so simple because of the mean field structure. Said in
another way, the probability of getting infected is proportional to the global number
of infected. This is not realistic: people spend a large amount of time inside home,
in contact only with members of our family; then they spend another amount of
time in contact with people of a very restricted group (work or study colleagues,
friends; always the same people); finally, they spend a usually small amount of time
in contact with generic people (during public transportations, at restaurants, shops,
museums, etc.). It is unrealistic that the totality of infected people affects a single
person of class S. The work [15] thus introduces a decomposition according to these
three classes.

Concerning the problem of knowledge of the parameter A, let us remark that it
is this decomposition only, and not the fact that we deal with the modified SIR,
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which gives us some opportunity to enter the meaning of A and replace it by more
elementary parameters.

Let us describe in more detail the interaction structures used in [15]. One class is
the family. It is very different from everything else because, in the average over the
population, one spends much more time in the family and the level of protections
(masks, distancing) is almost absent there (however, after the emergence of COVD-
19 most people clean hands and objects much more than before, with positive effects
also on the family). The family is formalized by specifying, for each individual
i=1,...,N,asetof individuals

Jeam (i) C {1, ..., N}

which does not contain i itself. These data are collected into an N x N matrix Afm
with 0 and 1 entries: foreveryi = 1,..., N, we set Af?m = 1if j € Jram (i), zero
otherwise.

The second class is the city in its complex. When we enter shops, supermarkets,
when we take public transportations, go to a stadium or a church or a restaurant and
so on, we get in contact with people that usually we do not know, generic people of
the city where we live. These contacts are very different from those of the family;
for instance, under special rules imposed by a government, the time spent in these
contacts can be very reduced; and the modalities are very affected by protection
rules (masks, distancing, cleanings). We do not need to formalize these contacts
with a matrix, but for analogy with the previous case, we introduce an N x N matrix
ASY | with all entries equal to 1.

The third class is the group of friends and colleagues which we usually meet,
excluding the family members already considered above. Again certain restrictions
apply to this third group, not necessarily equal to the restrictions of the city. But
the main reason to introduce this third class is not the difference in parameters with
respect to the city (which can be small), but the fact that spending considerable time
in such groups with respect to the full city community leads to a potential limitation
in the spread of the virus, a fact that we wanted to investigate. In [15] these groups
were called pseudo-bubbles, perhaps because for a period in 2020 it was common to
refer to bubbles describing a governmental rule in Belgium which allowed people to
meet only a certain number of friends. Here we shall simply use the name “groups.”
The groups are formalized by specifying, for each individual i =1, ..., N, a set of
individuals

Jgroup (l) C {1’ 7N}

which does not contain i itself and collected them into an N x N matrix A8™"P such

that, foreveryi = 1, ..., N, we set Algyoup = 1if j € Jgroup (i), zero otherwise.
Therefore the three different networks of contacts are described by the matrices

Afam - ggroup - Acity p addition we introduce three parameters otfam, group» Acity €

(0, 1) which represent the fractions of time a generic individual meets, respectively,
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people of the family, of the group and of the city; they do not sum to one, because
there is a fraction of time an individual does not meet anybody.
By the rule of total probability, now we have (compare with (1) above)

P (X" (t+ A = 11X () = S) (5)

fam (t)
Nl

fam

~ Olfam)\l,fam

Lgroup (1)
N, éroup
Ly ©

Nl

city

+ Ofgroup)\l,group At

+ Ofcity)‘-l,city

The parameters A; fam, A1, groups A1, city are the probabilities per unit of time of getting

the infection during a contact with an infected person, respectively, of the family, of

the personal group and of the city.
The random quantities I, (?), Il

group (t ) ’ c1ty
;
NCity are defined as

(¢) and the numbers Ny, , Néroup,

Ifiam (t) = Z 1{X-/(t)=l}’

JAR=1

N ;am = Z 1,
JARm=1
and similarly for the other quantities. In fact, in the simulations of [15] and also the
new ones reported here, the numbers Npam, Ngroup, Neity are chosen independent of
i, for simplicity.

The potential advantage of this subdivision of the contacts is that we have a more
precise interpretation of the parameters otfam, ®groups Ocity> A7 fams Al groups AZcitys
compared to o , A;. Let us make an example. At the beginning of the epidemic
people were not aware of it and did not take any protection measures. Assume it is
possible to extract a fit of the parameter A; in such a situation (unfortunately also the
data about the infection in that period are corrupted by the surprise). Then this value
is quite representative of A7 fam, the case where still now we do not apply protection
rules. Another example refers to the time parameters. Guessing a priori the global
time o of the SIR model is very vague. But guessing a priori the times associated
with different classes looks easier. Less ambitiously, in the new model it is easier to
investigate at the qualitative level the effect of reduction of the time spent in certain
classes due to rules imposed by governments: we know which specific parameter
we have to affect, not generically « in a measure that is not clear.
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3.1 A Formula for the Parameter A of Compartmental Models

Assume the two models, given by the two formulae (1) and (5), are both relatively
realistic. Then, with some degree of approximation,

A M "~ GfamAJ],fam fam (1)
N ' Ntam

I group ()
N, group

I city ()
N city

+ agroup)tl ,group

+ O5city)\1,city

’

where now the symbol ~ refers to the approximation, not to a limit as At — 0.
Therefore

Iam (1) N

I () Npam
Igroup (# N
1(r) Ngroup

Ly ) N
+ acity)hl,citycllyT Ncity .

A~ Offam)\l,fam

+ ®groupA 1, group

Assume, for simplicity, that the infected people in the average are divided into three
classes uniformly, namely

Itam (t) ~ Nfam
1) N

’

Igroup ) N Ngroup
1(1) N
Icity ) N Ncity

1(1) N’

’

(if these were exact equalities, two of them imply the third one). Then:

Claim 2 Approximately, we have
A~ OamAl fam + QgroupMI,group + QeityA] city- (6)
This is a simple rule which allows one to use the SIR model as a byproduct of the

individual-based analysis. The approximate equation (6) is a sort of total probability
formula for transition rates.
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3.2 Analysis of the Fluctuations

In this section we want to understand the fluctuations of the number of infected
people. By experience, in this COVID-19 epidemic, we have seen that this number
is small compared to the global population (although very high in terms of human
cost and public health system capability). The fluctuations of a small quantity (small
compared to the cardinality of the full system) is a very delicate issue.

Let us start with an elementary model of fluctuations: assume we have indepen-
dent identically distributed random variables X1, ..., Xy, one for each subject of
the population, such that X; = 1 if individual i is infected, X; = 0 if not. r.v.’s X;
are Bernoulli with parameter i (¢), in the notations above: i (¢) is the percentage of
infected people, hence interpreted as the probability to be infected. The number of
infected

Sy =X1+...+ XN

is a Binomial r.v. with parameters N and i (¢). Consider for instance the case

N = 100000,
. 500
i(t) = = 0.005,
100000

which corresponds to several Italian cities during the Spring 2020 epidemic. The
histogram of ten thousand random values from such a distribution are plotted in
Fig. 1. The fluctuations, as we see, are quite small, of the order of a few dozens.
They can be guessed by the Central Limit Theorem (CLT):

Sy — Ni () ~+/i (1) (1 —i (1)V/N,

where i (1) = %, hence

Sy — Ni (t) ~ /500 ~ 22.

This result is completely unrealistic compared to real data, reported in Sect. 3.3.
The well-known “concentration” property of Binomial distributions (related to the
CLT) is unrealistic in this real case. Where does the additional spread come from?

Theoretically, the mean field limit, with the consequent propagation of chaos
property, is correct for the simplified individual-based model described in Sect. 2.1.
What is wrong, then? A secondary reason could be the fact that the real situation is
not of mean field type: already in our modified model of Sect. 2.4 we have two non-
mean-field levels of interactions, the family and the personal group, which a priori
could break the propagation of chaos. However, it is difficult to believe that the true
reason is so sophisticated. The main reason in our opinion is that the smallness of the
infected group breaks the mean field property. Let us explain this important concept
in some detail.
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Fig. 1 Ten thousand random values from Binomial distribution

Recall the specification of the initial conditions (3). It requires that the number
of infected individuals at time zero (and therefore also later on) is a non-negligible
fraction of N. The concrete number 500/100000 above is not a fraction of N, in
practical terms (10,000 is a fraction of N). If I (¢) is a fraction g of N, theni (1) =
and

Sy — Ni (1) ~ /B (1 — B)VN.

Assume, for instance, /B (1 — ) = /11—0 (1 — 11—0> = 0.3. Then

Sy — Ni(t) ~0.3-+/100000 ~ 95,

which is a very realistic estimate of the real data!

But in our case § is not 11—0, it is 0.005. Hence we are not under the assumptions
of the mean field result. How to estimate the uncertainty if we cannot apply the
paradigms of the mean field theory? The easiest is a direct numerical simulation of
the individual-based model. We have done it in our modified model and the results
are astonishingly close to reality, as shown in the next section.

3.3 Simulations

In this section we present some of the simulations from [15] that we deem to be the
most relevant. The first one is the distribution of the incubation period. We choose
this one because we think it is fundamental that a model can simulate correctly some
significant experimental quantities, such as incubation period and serial interval,
and their distributions, besides the number of cases. These quantities characterize
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Fig. 2 Histogram obtained calling the function that calculates the incubation period 5000 times

the illness and its infectiousness and are therefore truly important to consider when
studying the contagion’s dynamics. In order to obtain Fig. 2, we used a Monte Carlo
method to extract a large sample of incubation periods and we used the results to
make an histogram and to fit different distributions. What we obtain is incredibly
close to results we can find in literature, see [19], for example, estimated from real
cases.

Another result we obtained that we think is worth being presented here, as we
were saying in the previous section, is the simulation of the total number of cases
from March 2020 (beginning of the Pandemics) to May 2020 (when some of the
restrictions were abolished). This period of time is really characteristic because
it contains the first phase when there wasn’t any restrictions or any need to wear
personal protective equipment and the second “lockdown” phase. To differentiate
these two phases in our simulations, we decided to change the parameters of the
model, specifically the ones taking into account the time spent in contact with
individuals other than those in the family, and the ones regulating the probability
of getting infected when in contact with an infectious individual (this probability is
proven to be reduced by face masks and social distancing).

The first figure represents the total number of diagnosed cases of every of the
ten Tuscany’s provinces, scaled to an appropriate number of individuals and with
a black line representing the average. These real data are taken from the page of
Franco Mossotto. !

! https://datastudio.google.com/u/O/reporting/91350339-2¢97-49b5-92b8-965996530f00/page/
RdAIHB.


https://datastudio.google.com/u/0/reporting/91350339-2c97-49b5-92b8-965996530f00/page/RdlHB
https://datastudio.google.com/u/0/reporting/91350339-2c97-49b5-92b8-965996530f00/page/RdlHB
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Fig. 4 Fit of mean using only families

The reason we chose Tuscany to have a benchmark for our simulations is because
there the number of cases was like an enormous controlled experiment. We can
observe from Fig. 3 that the variability of these real cases goes about from 100 to
500. Hence we expect that a good fit of the mean is given by trials with variability
in this range. Notice that the majority of the lines stay under the mean. In Fig. 4 we
try to fit the mean using only the families as social barriers.

‘We supposed that during the pre-lockdown period the parameter X that we fitted
as explained in [15], was the same for all the situations, as this value corresponds
to the biological one. During the lockdown phase it is reduced to 1 /4 in the city,
in order to take into account the constraints imposed by the government about face
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Fig. 5 Total cases on the 4th of May in 100 trials. Model without groups

masks and social distancing. Similarly, the average proportion of time spent in the
city or, equivalently, in contact with individuals outside the family, is reduced when
the lockdown begins, going from oy = 0.5 t0 acjry;1 = 0.025 for a part of the
population (that we imagined as those people that did not go outside their house for
reasons other than grocery shopping) and to acjry,1 = 0.35 for the remaining part
of the population (people that still needed to go to work). It is noteworthy that the
variability is a little bit wider if compared to the real cases, especially for the lower
extreme of the range. However, it is quite close to what we wanted to obtain and it
is also possible to see the “long tail” that characterizes the real cases. This becomes
even more evident in Fig. 5, where we have plotted an histogram of the total cases
in the last day, that is the 4th of May, making one-hundred trials of our code.

Using the uniform scenario it is not easy to fit the mean because the introduction
of the families slows down a lot the epidemics. Differently, introducing the groups
we managed to fit the mean, introducing more realism. However, more realism goes
together with more parameters, thus for the period under exam is sufficient to use
the second scenario to model the real cases.

3.4 Presence of Inmunized Population and Virus Variants

In this section we present the results we obtained while trying to answer one of
the most difficult questions: what would happen if in a situation where a certain
proportion of the population is vaccinated and the virus is no longer circulating, a
new infected (and infectious) individual appears?

In order to make an attempt we consider different percentage of immunized
individuals, where immunized refers to individuals who recovered from Covid-19
or people that have been vaccinated. A small portion of vaccinated individuals can
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still be infected, but their infectiousness is lower and we made the simplification
that they have nearly no active role in infection spreading.

We try to simulate this situation using the model described in [15]. We choose
two different percentages of immunized population, 30 and 70%, to have an idea of
what happens when a small proportion of the population is immunized and how it
changes when we have much more immune individuals. Further, for each percentage
of immunized population, we ran two simulations of our model with different
values of L. We want to show that, in addition to the immunized population, social
distancing and masks lead to really different scenarios. Basically, those scenarios
can be described with the results of one-hundred trial of our code, where we set a
random individual to be infected. The results show that, with containing measures

P (T > 100) = 0.01,
in Fig. 8, whereas in the scenario of Fig. 9
P(T > 100) =0.2.

On the other hand, in a situation of absence of containing measures, Fig. 6 shows
that, despite an high number of immunized population,

P(T > 100) = 0.24
and with a 30% of vaccinated individuals (Fig. 7)
P (T > 100) = 0.79,

where T are the total cases registered after 120 days.

Frequency
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Fig. 6 Scenario with N = 100,000 individuals and G = 120 days. No social distancing or masks
and 70% of immunized population
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Fig. 7 Scenario with N = 100,000 individuals and G = 120 days. No social distancing or masks
and 30% of immunized population
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Fig. 8 Scenario with N = 100,000 individuals and G = 120 days. Social distancing and masks
and 70% of immunized population
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Fig. 9 Scenario with N = 100,000 individuals and G = 120 days. Social distancing and masks
and 30% of immunized population
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Appendix

In this appendix we describe a few rigorous details about the link between
compartmental models and their individual-based counterparts. We do this for the
modified model of Sect. 2.3, which is new, so the result of the present section is
original.

The best way to deal with continuous time jump Markov processes and their
macroscopic limit is, following [23], by introducing the state space

Ev ={S.IN,I1,U, K, E}"

and a Markov process X; € En, X; = (th, R XtN), the empirical quantities

N N
Sn (1) = Z Lixi@y=s}> INy (1) = Z Lixiw=1n}>
j=1 j=1
N

N
Iy O = Yxio=y  Uv®O =3 lxio-u)

j=1 j=1

N N
Kn =3 oy EvO =D Txo-e)

j=1 j=I
st =N"'Sy (@),  iny@)=N""INy (),
iin(@)=N""Iy@®, un@®=N"'Uy@),

kv =N"'"Kn(@®)., ex®)=N"Ey(@®,
and the infinitesimal generator £, defined on test functions F : Exy — R, as

(LF)(X) = (Ls,inF) (X)+ (Lin, 11 F) (X) + (L11,0F) (X) + (L1, F) (X)
+(LupF)(X) + (LxpF) (X),

where

(LsanF) (X0 = 3 Lgiogyh Gin +un) (F (XS5I) = F (),
i=1,..,.N

(EIN’”F) (X)) = . Z 1{Xi:[N}Til (F (XiJN—>11> _ F(X)) ’

i=1,..., N
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—F (F (X"”HK> _ F(X)),

2

1
(LinkF)(X)= ) Lixizin

i=l1,..., N

Here X € Ey, X = (Xl, e, XN), XiS—IN g configuration X where, if X! is
different from S, nothing changes, namely X*5~/N = X (but this case is inessential

because there in the multiplication by 1 {xi= S})- But if X! = S, then we replace S

by IN in position X', namely (X*S~!N)" = [N, (X"S=IN)) = X/ forall j #i.
The definitions of X"V =11 etc. are similar. Moreover, we have used the notations
iiny and uy, defined similarly to iiy (t) and uy (t), but referring only to the single
configuration X instead of the stochastic process X (¢).

With these preliminaries, one can apply Dynkin formula ([23, Appendix 1,
Section 5]) and get

'

sy () = sy (0) — )L./o (iiy () +un () sy (s)ds + My (1),

t
iny (t) = iny (0) +/ (k (TN () +un () sy (s) — _ElinN (S)) ds + My (1),
0 1
.. .. L1 I i
iy (@) =iiy (0)+/ (—an (s) — —iiy (s)> ds + My (1),
0 \T 1)

! 1
un (t) =uy (0)+/ <£iiN (s) — —un (S)) ds + My (1),
0 (%) 3

t
ky (1) = ky (0)+f ( ﬂiiN (s)—rl4kN (s)> ds + MY (1),
0

t
ey () = ey (0) + / <iuN (s) + ikN (s)) ds + M35 (1),
0 \T3 T4

where My (1), Mzi\’; ), Mzi\ﬁ (1), My (1), Mlli, (t), My (t) are martingales, the
quadratic variation of which is given by a further application of Dynkin formula,
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that we omit (being the final result about the estimates from above essentially equal
in most cases, see the second formula of Lemma 5.1 in [23, Appendix 1]), which
lead to

E[|my 0] =

and similarly for the other martingales. Let us show where the first identity above
comes from; the others are similar.

Consider the functional F; s : Exy — R given by F; s (X) = l{x./':S}’ where
X e By, X = (Xl, e, XN).Letus compute

(Ls.inFis) X0 = D Aoy Giy +un) (Fis (X57V) = Fs (0)
i N

= Z l{Xi:S}k(iiN+uN) (ll(X’lSﬁ”")j:S]_1{X'i=s}>'

i=I1,...N

In the sum, consider the addend i. If i # j, in the bracket we have

1{(X,gMN)f:S} — lixi=s} = lxi=s} = l{xi=s} =0,
recalling the rule (X i,5>IN )j = X/. Therefore

(Ls.nFjs) (X) = lixi—gyr (iin +un) <1{(Xj,S»IN)J':S} - 1{XJ'=S}) :

Moreover, (X/S~!N)/ = I N by the rule above, and 1{;y—sy = 0, hence
(Ls.inFjs) (X) = = (iin +un) Liyi_s)-
Now, calling sy = sy (X) the functional sy = N1 Z?’zl Fj s, we have
(Ls,insn) (X) = —A (iin +un) sy.
By similar arguments we get
(Lin.11s8) (X) =0

and so on for all the others. Indeed, as above,

1
(EIN,IIE/',S) X) = . Z 1{X":IN}; (1{(Xi.1N4>11)j_S} - 1{X!'=S})
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1
= l{Xile}T_l (1{(Xj'1N””)j—S} —_ l{Xj:S}>

1
= _r_ll{Xi:IN}l{Xf:S} =0.

Summarizing,

(Lsy) (X) ==X (iiy +upn) sn.

Now, Dynkin formula tells us that
t
F (X (@) =F(X(0) —l—/ (LF) (X (s))ds + M (1),
0

where M (¢) is a martingale. Using the functional F = sy we get

t
sy () = sy (0) — A/O (iin (5) +un (5)) sy (s)ds + My (1) .

The proof of the other equations is similar.
Consider now the process

(sn (@) iny (1) @iy (), un (1) ,kn (1), en (1))

on the Skorohod space on a generic time interval [0, T']. Using a classical tightness
criterium of Aldous [23, Chapter 4, Proposition 1.6], one can prove that the laws Py
of these 6-dimensional processes form a tight family on Skorohod space, also with
respect to the uniform topology. Thus there exists a weakly convergent subsequence
(Pwe) ey in the uniform topology; call P its limit. One can show it is supported
on continuous functions. By an easy argument of weak convergence based on the
functionals [23, Chapter 4, Section 2, Second step],

t
[OXY (1/\ sup s(t)—s(0)+A/ (i (s)+u(s)s(s)ds ),
1€[0,T] 0
t
DN (1 A sup |[s(t) —s(0) +f ()» {i(s)+us)s(s)— lin (s)) ds ) ,
1€[0,T] 0 71

and ®;;, Oy, Pk, ®g similarly defined, one proves that P is supported on
continuous solutions of the system (mean square convergence to zero of the
martingales is used here)
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t
s(t) =s(0)— Af @i (s)+u(s))s(s)ds,
0
t
in(t) =in(0) + / (A (i (s)+u(s))s(s)— Tiin (s)> ds,
0 1

t
i (t) =1i (0) ~|—/ <lm (s) — lii (s)) ds,
0\ 1)

t

u(t) =u0) +/ <£ii (s) — lu (s)) ds,
0 \72 73

T(1-B.. 1
k(t) =k (0) +/ < ii(s) — —k (s)) ds,
0 2 T4

T

t
e(t) =e(0)+ / <iu (s) + ik (s)) ds.
0 \T3 T4

By classical Cauchy theorem, this system has a unique solution, hence P is
supported on its single solution, namely P is a delta Dirac measure. Therefore the
whole sequence Py converges in law to P, and in fact converges in probability.
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Productivity in Times of Covid-19: m)
An Agent-Based Model Approach i

José F. Fontanari

1 Introduction

The trade-off between productivity at work and social interaction and, in particular,
the influence of mood on human cognitive function are long-established research
topics of social psychology (see, e.g., [1-3]). But the recent lockdowns and social
restriction measures aiming at slowing down the spread of the SARS-CoV-2 have
placed these themes at the forefront of public attention, with mental health pundits
predicting a reduction in overall productivity during this time, despite the quick
switch to remote work.

In fact, a popular explanation for the productivity reduction in a remote work
scenario is the so-called water-cooler effect which is based on the anecdotal
observations that placing an inanimate object for people to congregate around can
stir up casual conversations and, consequently, increase company productivity [4].
Of course, this is not obvious at all, since for a singular worker the extra downtime
communicating may actually detract from its productivity as a whole. Fortunately,
the economic literature offers more solid explanations for the positive correlation
between social interaction or communication among workmates and productivity
[5]. For instance, the peer pressure that generates feelings of guilt or shame when
one’s performance falls short of the expectation may increase focus on the work and
hence increase productivity [6, 7]. In addition, it is through social interactions that
workmates learn from each other and build up skills that they otherwise would not
have. Interestingly, this so-called knowledge spillover effect is the usual explanation
for the strong link between economic growth and the concentration of people in
cities [8, 9].
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However, since aside vaccination the main measure to curb the spread of SARS-
CoV-2 is physical distancing, rather than social distancing, one may argue that
internet-based and social media usage may mitigate the lack of physical proximity
(i.e., face-to-face social interaction within the same physical space) with workmates
[10, 11]. It is unclear, however, if use of technology to socialize remotely can
significantly improve mood: evidence of heightened psychological problems among
the youth in the wake of this pandemic indicates that the abundance of virtual social
contacts may have actually little or even negative impact on the feelings of loneliness
[12, 13]. The key issue here is, of course, the quality of the social interactions, as
the so-called Zoom fatigue illustrates so nicely [14], regardless of whether they are
virtual or physical [15]. We refer the reader to Isaac Asimov’s novel The Naked Sun
for an insightful analysis of the (surprising) collateral effects of prolonged physical
distancing [16].

Studying the interplay between mood, social behavior, and productivity using a
quantitative approach is particularly important at this time of crisis when physical
distancing and quarantining are enforced all over the world. In this perspective, we
envisage a scenario where the mathematical and computational studies of the Covid-
19 pandemics will account not only for the transmission of the physical infection in
the distinct age and socioeconomic segments of the population (see [17] for an in-
depth study of this issue) but also for the effects of the measures to counter that
transmission on the mental health of the population. Here, it is opportune to draw
attention to the fact that for many people the choice is between physical infection
and mental breakdown [18].

Accordingly, we have recently initiated a research program aiming at studying
the effects of physical distancing on mood and productivity using agent-based
models of a workplace scenario [19, 20]. In this approach, the mood (e.g., motivation
to work) of an agent is measured by a real variable that determines the propensity
of the agent to initiate a social interaction. So, on the one hand, we assume that
mood determines behavior. On the other hand, we assume that mood improves if
the agent is socializing and deteriorates if the agent is working, so that behavior
determines mood. The instantaneous productivity is a function of both behavior and
mood and, in particular, we assume that no work is done during socialization in
harmony with the “water-cooler” scenario and that productivity increases as mood
improves [3]. An agent can either socialize (i.e., talk to a workmate) or work. These
are the only types of behavior considered in our model. The feedback between mood
and behavior is responsible for the nontrivial results of the work group dynamics that
we review and develop in this chapter.

The main outcome of our model is the finding that the decrease of the frequency,
quality, or duration of social contacts leads the agents to enter a regime of burnout
in which their motivation to work tends to negative infinity as the duration of
the workday increases. In this regime, the time-averaged cumulative productivity
tends to zero, as expected. The regime of mental breakdown is separated from
a healthy regime, where the motivation to work is finite, by a continuous phase
transition in the sense that the fraction of working agents in the group changes
continuously when transitioning between those regimes. In the healthy regime, we
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find that the time-averaged cumulative productivity increases with the frequency
and quality of the social contacts, in accordance with the water-cooler scenario
presumption. The unexpected threshold phenomenon leading to a low-productivity
burnout situation highlights our unfamiliarity with the mental health consequences
of physical distancing.

The rest of this chapter is organized as follows. In Sect. 2, we present the rules
that govern the behavior of the agents given their motivations to work, as well as the
manner that those motivations are affected by their behaviors. In Sect. 3, we offer an
analytical (mean-field) approximation that describes the agent-based model using
three difference equations that couple the mean fraction of working agents in the
group, the mean motivation to work of a typical agent, and the mean cumulative
productivity per agent. These equations allow the identification and characterization
of the healthy and burnout working regimes mentioned above. In Sect. 4, we discuss
the setting of the several functions and parameters introduced in the definition of
the model and whose specifications are necessary to run the simulations. In Sect. 5
we present the results of the simulations of the agent-based model together with the
predictions of the mean-field approximation. We find a good quantitative agreement
between these approaches. Finally, in Sect. 6 we summarize our main results and
present some concluding remarks.

2 Model

In this section we offer a model of the dynamics of a work group composed of N
agents that interact socially and work together during a period of duration 7. For
instance, the typical duration of a workday is 7 = 480 minutes. We assume that
an agent is more productive when it is motivated (i.e., in a good mood to work)
[3, 21, 22], and its motivation improves when it engages in some form of social
interaction [1, 23]. In this perspective, motivation has an emotional dimension, since
talking to its peers improves the mood of the agent and helps it to focus on the
task, as well as an informational dimension, since talking to peers may result in the
acquisition of information that can aid the agent to consummate its task.

The motivation of an agent, say agent k, at time ¢ is measured by the parameter
Lf{ € Rwithr = 0,4¢, ..., T that, in turn, determines the propensity of this agent
to seek and engage in social interaction, as well as to end an ongoing interaction.
The time unit 6¢ will be specified later. We assume that low motivated people seek
company and high motivated people focus on work. In addition, we assume that L}
is affected differently depending on whether agent k is working or talking with its
peers. Moreover, we assume that the instantaneous productivity of agent k at time
t, denoted by m;, is a function of its motivation 7r; = m(L}) if it is working and
m; = 0 if it is talking. This is in line with the experimental findings that being
with other people would be associated with poorer cognitive task performance than
when being alone [24]. Here we choose 7 (x) as an arbitrary increasing function of
its argument so as to ensure that the productivity increases with the motivation of the
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agent. We note that in our framework only lone agents are capable of doing work,
and their productivities depend on their motivations, which, in turn, can increase
only through social interactions. These assumptions produce a complex interplay
between motivation, behavior, and productivity that is responsible for the nontrivial
results of the group dynamics.

More pointedly, if agent k is working (and so is alone), then the probability
that it will attempt to instigate a conversation is given by px = p(L}), where
p(x) € [0, 1] is an arbitrary function. When the lone agent k decides to instigate
a conversation, it selects a number m of contact attempts, where m = 0, 1,...1is a
random variable drawn from a Poisson distribution of parameter ¢. In each contact
attempt, a workmate is selected at random among the N — 1 agents in the group and,
in case the selected agent is alone at that moment, a conversation is initiated. In this
case, the agent k halts its search for company. If none of the m selected agents are
alone, then the attempt of agent k to socialize fails.

We assume that a conversation involves two agents only and that the lone agent
that is approached by agent k is obliged to accept the interaction, regardless of its
motivation. This pro-social behavior is chosen in order to not further complicate
the model, but it can be justified in terms of workplace social norms [25], especially
during the current pandemic when there is a pressure to talk to everyone because one
worries that they are lonely and one does not want to turn them down. Of course,
this pro-social behavior is one of the causes of the so-called Zoom fatigue.

If agent k is socializing, then the probability that it will unilaterally interrupt
the conversation is given by r; = r(L;C), where r(x) € [0, 1] is another arbitrary
function. Of course, in the case the conversation is ended both agent k and its mate
resume their work.

Finally, we assume that the rate of change of the motivation of agent k is
determined by the function M, (L}) € R if it is alone (i.e., working) and by the
function Ms(Lfc) € R if it is socializing (i.e., not working).

The asynchronous dynamics of the work group at time ¢ proceeds as follows.
In the time interval 6¢, we pick an agent at random, say agent k, and check if it
is working or socializing. In case it is working, we change its motivation L and
cumulative productivity IT; following the prescriptions

LI = L + My (LY)st (1)
and
i = 1 + st )

Then we test if agent k will attempt to initiate a conversation using the socializing
probability px = p(L}). As mentioned before, this attempt involves the selection
with replacement of at most m workmates until another lone agent is found. In case
agent k is socializing, we change its motivation according to the prescription
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Ly = L + M(L})ét, 3)

whereas its cumulative productivity remains unaltered, i.e., H;f‘s’ = I'I;C. Then we
check if it will terminate the conversation using the termination probability r; =
r(L ). In case it does, both agent k and its mate resume work at time 7 +8¢. As usual
in such asynchronous update scheme, we choose the time increment as 6t = 1/N so
that during the increment from ¢ to f + 1 exactly N, though not necessarily distinct,
agents are chosen to follow the update rules.

In order to clarify possible ambiguities of the above informal account of the
asynchronous group dynamics, it is convenient to describe it in a more formal
manner. In the following, we will denote the state working (or alone) by the symbol
w and the state socializing by the symbol s.

Given that agent k is working at time ¢, the probability that it will continue so at
time ¢ + &t is

Q ( t t | t) ! (1 ) N, !
w,t + 8 w, = pk) +p exXp q
k N k k N —1

1
N > [(1 — pi) + piexp <—%>:|

iell ik

+—2, “)

where N/ and N — N/ are the numbers of working and socializing agents at
time ¢, respectively. The sum in the second term of the rhs of this equation is
over the subgroup of working agents £’ , except agent k, at time 7. For notational
simplicity, we have omitted the time dependence of pi. The first term of the rhs
of Eq. (4) accounts for the possibility that agent k is the agent selected for update,
which is an event that happens with probability 1/N. In this case there are two
possibilities: agent k decides to continue working, which happens with probability
1 — pi or decides to instigate a conversation but fails to find another lone agent,
which happens with probability

o0 m t m t
_.q N, —1 N, —1
1—(1-= = —q—2 . 5
pka:;)e m!< N—l) PkeXP(QN_l )

The second term of the rhs of Eq. (4) accounts for the possibility that a working
agent i # k is chosen for update and that this agent either decides to continue
working, which has probability 1 — p;, or instigate a conversation with any other
agent but agent k, which has probability

1 m
Pzze_qq <—m> =PieXP<_%)‘ (6)
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Finally, the third term of the rhs of Eq. (4) accounts for the possibility that the agent
selected for update in the time interval 87 is one of the N — N/ agents that are
socializing at time 7. Since a working agent at time ¢ can either continue working or
start socializing at time ¢ + ¢, the probability that the working agent k at time ¢ starts
socializing during the time interval §7 is readily obtained from the complement rule
of probability:

Nl —1
Qk(S,t—l—Bt|w,t)=%[1_exp<_q w 1>:|

1
+ﬁ Z p,{l—exp(—%)] @)

iell;i#k

Next, we assume that agent k is socializing with agent k¥’ at time 7. The probability
that this interaction continues during the time interval 8¢ is simply

Quus. i 43t 5.0 =0+ -r)+ 2 @®)
where we have omitted the time dependence of ry and rp. Here the first two terms
of the rhs of this equation account for the events that agents k and k" are selected
for update and they choose not to interrupt their conversation. The last term of the
rths of Eq. (8) accounts for the event that any other agent, aside from k and k/, is
selected for update at time 7. As before, the event that k and k’ will terminate their
conversation during the time increment 8¢ is complementary to the event that they
will continue their conversation, i.e.,

1
Okiw(w, t+6t]s,1)= m (e + 1) - )

At this stage, it is instructive to note that Eqs. (4) and (8) are probabilities of
events that occur in the time interval 6¢ and so they should be proportional to
8t, which is in fact the case since we set 6t = 1/N, as pointed out before. We
stress, however, that we will not consider the unrealistic limit of infinitely large
work groups N — oo, which would correspond to a continuous-time model of the
group dynamics. In addition, we note that Eq. (8) introduces a short-time correlation
between agents k and k’ that hinders an exact analytical approach to solve the model.
However, in the next section we offer a simple mean-field approximation that yields
a fairly good description of the macroscopic features of the group dynamics.



Productivity in Times of Covid-19 219
3 Mean Field Approximation

Clearly, a macroscopic quantity of interest is the number of lone agents N/ in
the group at time ¢. This quantity is a random variable that can increase by two
units, decrease by two units, or remain the same during the time interval §z. More
pointedly, given N/, and the motivations L} for k = 1, ..., N, the probabilities of
those three events are

1
P (Nltv—HSI = Nltu +2) = N Z T, (10)
kel
1 N —1
)
P (NP = NI —2) = Nk%; Pk [1 —exp <—q—]\';)_ . )] (11
€ w

and P (N, = N!) = 1—P (N, = NI +2)— P (N = N, — 2). Here L.
stands for the subgroup of socializing agents at time ¢. Hence the expected number
of working agents at time 7 + 8¢ given that there are N/, working agents at time ¢ is

(NIHy = N 42 [P (Nl’j“” =N, +2)-P (N{jf” =N, —2)]. (12)

Following the same reasoning, we can write the expected motivation of agent k
att 4 8t as

1 N! 1 N—N! N—1
%)
(L = L+ Mo (L8] =+ [Li + Mo (L] - —— + Li—
t Nli) t t t (St
=L+ (M (L}) — M(L})) + M(LY) i (13)

where we have used that the probabilities that agent k is working or socializing at
time # are N/, /N and (N — N.))/N, respectively.

Finally, given the cumulative productivity of agent k at time #, we can write the
expected cumulative productivity at t + §¢ as

1 N! 1 N—-N! N —1
H[-‘r(st — 1—[[ Lt 5[ ~Tw Hl_ w l—ll
<k>[k+”(k)]NN+kN N +kN
N! St
- [me;{)} o (14)

To proceed further we make the usual mean-field assumption N), =~ (N.),
Lj ~ (L}), and I}, ~ (II}) (see, e.g., [26]). In addition, we assume that the mean
motivation and the mean cumulative productivity are the same for all agents, i.e.,
(L) = (L") = 1" and (IT}) = (1) = p'. Moreover, we introduce the notation
n" = (N!)/N for the fraction of working agents at time . These assumptions suffice
for writing the mean-field version of the group dynamics, viz.,
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r_
= 42 [(1 —r('y — ' p") (1 —exp (—qﬂ»] 5. (15)

1-1/N
ot
I =1+ [0 (My (") = My () + M, (1")] N’ (16)
and
146t t t t 6!
P =p ~I—7777(l)ﬁ, (17)
where we have used 6r = 1/N in Eq. (15) to stress the incremental nature of

the intensive variable n’. We note that the mean cumulative productivity has no
influence on the mean motivation I’ or on the fraction of working agents n’. Of
course, a possible direction to improve the model is to allow the productivity to
influence the motivation and the propensity of the agents to instigate a conversation
in the workplace.

In order to better appreciate the nuances of our model and to constrain the several
arbitrary functions introduced in its setup, we consider now the time asymptotic
limit T — oo of the mean-field equations. We stress, however, that since 7 is the
duration of a workday, it must be finite in a realistic scenario. In the case that the
group dynamics converges to a fixed point //t% = [ = [* in the asymptotic limit,
the equilibrium fraction of working agents ' = n’ = n} is given by:

. MM s
M= M%) — My (%)

with [* given by the solution of the transcendental equation
My, (I*)r(* »—1/N
_Mu@r@ (T UNY 19)
M (I*) p(*) 1 —1/N

The subscript £ in our notation for the equilibrium fraction of working agents 7}
stands for healthy since /* is finite in this equilibrium and so it characterizes a
healthy work regime. The condition n; € [0, 1] requires that either M,,(I*) < 0
and M,(I*) > 0 or M,,(I*) > 0 and M;(I*) < 0. Since /! measures the motivation
of a generic agent, here we will assume that M,,(I") < 0 and My(l") > 0, which,
according to Egs. (1) and (3), means that the motivation of an agent increases when
it is socializing and decreases when it is working (i.e., when it is alone).

An interesting situation occurs when Eq. (19) has no solution so that
lim;— oo/’ — —o0. This divergence characterizes a burnout regime where the
equilibrium fraction of working agents 1 is given by the solution of the equation
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ray o 0 — 1N
ot pUh)  1—n] [1 —oXp (_q 1—1/N )] ’ (20)

which is obtained from Eq. (15) by setting n'*%!

1y, stands for burnout.

Regardless of the working regime, the cumulative mean productivity (17)
always diverges in the time asymptotic limit, as expected, since the instantaneous
productivity of a working agent is non-negative. Hence, in order to get useful
information about the productivity of the agents we introduce the time-averaged
cumulative productivity per agent

= n' = n} and the subscript b in

pr=p"/T. (21)

Unfortunately, we cannot derive an analytical expression for this quantity in the
limit 7 — oo, so we need to resort to the numerical iteration of the system
of Eqgs. (15)—(17) to obtain information about the productivity of the work team.
However, before embarking on the numerical analysis of those difference equations
and on the simulations of the agent-based model we need to finish the setup of our
model.

4 Setting the Model Functions

Up to now we have left unspecified the functions p(/), r (), and (/) that determine
the effect of the motivation / on the behavior and productivity of the agents, as well
as the functions My, (I) < 0 and M,(l) > O that, in turn, determine how the behavior
of the agents influences their motivations. In order to simulate the model, we need
to specify those functions and in this section we propose particular functional forms
for them.

We begin by assuming that the probability to instigate a conversation is a
decreasing function of the motivation of the agents:

1
p() = 5 [1 —tanh(BD)]. (22)

where 8 > 0 is a parameter that determines the influence of the motivation on
the behavior of the agent. For instance, for 8 = 0, the motivation has no effect
on an agent’s decision to instigate or not a conversation, whereas for § — oo a
working agent will always attempt to socialize and hence stop working when / < 0.
The point of the choice (22) is that it guarantees that high-motivated agents will
be unlikely to seek to socialize and that low-motivated agents will actively seek to
instigate conversations. Moreover, we assume that the probability that a socializing
agent terminates a conversation does not depend on its motivation, i.e., r(l) =r €
[0, 1], since there are many external factors that may result in the interruption of
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a conversation, in contrast to the longing to socialize, which is most likely fed by
internal factors [27].

We recall that the instantaneous productivity of an agent is nonzero only in the
case the agent is working. In this case, we assume that (/) is an increasing, non-
negative function of the motivation / with lim;_, _o, 7w (/) = 0 and lim;_, o 7 (/) = c.
The limiting value ¢ is immaterial since it gives the scale of the cumulative
productivity (see Eqgs. (2) and (17)) only and so we can set ¢ = 1 without loss
of generality. A simple choice that satisfies those constraints is

n(l) = % [1 + tanh(al)], (23)

where o > 0 is a parameter that determines the influence of the motivation on the
productivity of working agents.

Finally, to complete the setup of our model of group dynamics, we assume, for
the sake of simplicity, that the rates of change of the motivation are constant, i.e.,
My() = —w < 0and M;(l) = s > 0. This means that the motivation decreases
by a factor wér when the agent is working and that the motivation increases by a
factor s8¢ when the agent is socializing. We note that we can set w = 1 without loss
of generality, since this parameter can be removed from our equations by a proper
rescaling of Ly, s, f and «.

With the above choices, we can rewrite Egs. (18) and (19) and obtain explicit
expressions for ny and [*, viz.,

* = 24
77/1 1 +s ) ( )
I* = ! In A (25)
Y 1-A)°
where
A= /s (26)

I4+s)—1/N\ '
1 —exp <—q_s/(1ts1)/1v/ )

This fixed point exists provided that A < 1 and a necessary (but not sufficient)
condition for this happening is 7/s < 1. In fact, a small value of » implies that
the conversations last longer and a large value of s implies that they bring about a
substantial increase of motivation. (We recall that the comparison baseline of s is
the decrement of motivation of working agents, viz., w = 1.) Hence, the lesser the
rate /s, the more motivated the agents are, provided, of course, that they can find
conversation partners whenever they need one. The parameter g is key to the success
or failure of the search for those partners.

In the case that A > 1 we find that I/ — —oo in the limit # — o0, i.e., iteration
of Egs. (15) and (16) with §t = 1/N (see, e.g., Fig. 1) does not lead to a fixed point
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Fig. 1 Mean fraction of working agents n” (left panel) and mean motivation per agent /7 (right
panel) at the end of a workday of duration T for a group of size N = 15. The mean number of
contact attempts is (from top to bottom in the left panel and from bottom to top in the right panel)
qg = 0.1,0.3,0.5, 1, and 3. The other parameters are r = 0.25,5s = 1,8 = 1, and @ = 1. The
mean-field prediction for the critical point is g, = 0.587. The colored lines are the averages over
103 independent agent-based simulations and the black lines are the mean-field predictions

for the variable I’. However, it does for the variable n’ that tends to the finite value
nj; given by Eq. (21), which reduces to

¥ F—1/N
r = il < [1 — exp (—qu>:|, 27
1—ny 1-1/N

since lim;_, o0 p(I*) = 1 and r(I') = r. We note that for A = 1 Eq. (27) reduces
to Eq. (24), i.e., n; = nj, so that the transition between the healthy and burnout
working regimes is continuous regarding the asymptotic mean fraction of working
agents.

The condition A = 1 determines the critical values of the control parameters
of the model. It is convenient at this stage to select the leading parameter of our
analysis, whose variation best reflects the effects of the physical distancing measures
on the work routine. The natural choice here is the mean number of attempts to
make a social contact g. Regardless of whether the contact attempts are physical
or remote, their overall number diminished significantly during the pandemics as,
for instance, the causal encounters at the water cooler or at the cafeteria were no
longer possible. Hence the threshold value that separates the healthy and the burnout
working regimes is

___=ZUN g
=it n N 29
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with /s < 1. The healthy regime occurs for ¢ > g, (i.e., A < 1) and the burnout
regime for g < g, (i.e., A > 1). In the case that r/s > 1, the model exhibits the
burnout regime only. In this case, the equilibrium fraction of lone agents 1}, given
by Eq. (27) does not depend on s.

5 Simulations

Here we present the results of the agent-based simulations as well as the theoretical
predictions of the mean-field approximation. Throughout this section, we set N =
15, which is not only the typical number of close friends, i.e., people one trusts
and spends time with regularly [28], but also a plausible size for a work team. In
addition, we set the initial conditions of each run as Ng = N and Lg = 1'[2 =0 for
k=1,...,N.In terms of the mean-field variables, these conditions amount to the
choices 770 =1,1=0, and ,00 =0.

In Fig. 1, we show the fraction of working agents and the mean motivation per
agent at the end of a workday of duration T'. It is clear from these results that
the agent-based model also exhibits a critical value of ¢ below which the mean
motivation diverges to negative infinity (burnout regime) and above which converges
to a positive or negative finite value (healthy regime). We recall that in the previous
sections we have discussed this transition using the mean-field results only. In fact,
the mean-field predictions describe the simulation results quite well with a few
perceptible discrepancies that the scale of the figure has obscured somewhat. We
note that, in accordance with the mean-field prediction Eq. (24), r/T is not affected
by the value of ¢ in the healthy working regime.

Since the phase transition between the healthy and burnout regimes that takes
place in the limit 7 — oo is the main outcome of our workplace model, in Fig. 2
we show the simulation results for a large value of 7' together with the mean field
predictions for the equilibrium. The point here is to highlight the characteristics of
the distinct working regimes. Despite some minor quantitative discrepancies, the
mean-field approximation describes the simulation results and, in particular, the
location of the transition point rather well. We draw attention to the curious finding
that the rate of increment of motivation due to socialization s has no influence
on the number of working agents in the burnout regime. The limit ¢ — o0
guarantees that a working agent will always find a conversation partner if there is
one available. In this case, the mean-field approximation yields n; = s/(1 + s) and
I* =—1/28)In[(r/s)/(1 —r/s)]if r/s < 1,and n; =r/(1 +r) and [* — —o0
ifr/s > 1.

It is instructive to look into the predictions of the mean-field approximation near
the critical point g, for r/s < 1. In the healthy working regime (¢ > g.) we find

1
"~ “28 In(g —qc) (29)
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Fig. 2 Mean fraction of working agents 7 (left panel) and mean motivation per agent /7 (right
panel) at the end of a workday of duration 7 = 2000 as functions of the mean number of contact
attempts ¢ for (from top to bottom in both panels) s = 2, 1.5, 1, and 0.5. The other parameters are
N =15,r = 0.5, = 1, and @ = 1. The colored lines are the averages over 104 independent
agent-based simulations and the black lines are the equilibrium mean-field predictions. The data
for s = 0.5 is not shown in the right panel because /* diverges to negative infinity in the mean-field
approximation and the simulations yield results outside the range of the y-axis

and n; = s/(1 + s), whereas in the burnout regime (¢ < g.) we find

e — yan-4 (30)
P T+ 4

where

s(s —r)(1 —1/N)
4esG - +rd + 920 —1/N)

A=—In(l —r/s) 0. (31)

Hence, if we define the order parameter of the phase transition as § = n;‘; — n;’;,
then § ~ (g, — g) as we approach the critical point from the burnout regime. Thus,
the phase transition separating the healthy and the burnout working regimes is a
continuous phase transition regarding the order parameter 4.

We turn now to the study of the productivity of the agents and in Fig. 3 we show
the time-averaged cumulative productivity per agent pr as function of the duration
of the workday T'. In this case, the discrepancies between the mean-field predictions
and the simulations are very noticeable. Although in the case of large values of ¢
the agreement is very good, the mean-field approximation underestimates pr in
the other cases. The analytical approximation does a good job at the qualitative
level, however. As T increases, we find that pr tends to zero with 1/T in the
burnout regime, since for large negative values of the motivation variable I’ the
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Fig. 3 Time-averaged cumulative productivity per agent pr at the end of a workday of duration
T for a group of size N = 15. The mean number of contact attempts is (from bottom to top at
T = 400) g = 0.1,0.3,0.5, 1, and 3. The other parameters are r = 0.25,s = 1, 8 = 1, and
o = 1. The colored lines are the averages over 10° independent agent-based simulations and the
black lines are the mean-field predictions. Those lines are indistinguishable for ¢ = 3, otherwise
the mean-field results always underestimate the simulation results

instantaneous productivity 7 (/") (see Eq. (23)) is vanishingly small. However, o7
tends to constant value in the healthy working regime. Of course, the relevant
case is that for which the duration of the workday T is finite. In this case, we
note that the cumulative productivity increases with increasing g provided 7 is not
too small. This is not a straightforward conclusion since increase of g increases
socialization and hence decreases the number of agents that are actually working.
Interestingly, for very short workdays, say 7 < 30, this conclusion is reversed:
increase of ¢ results in a slight decrease of productivity. This is actually expected
since for such short workdays the decrease of productivity during a conversation
will not be compensated later with the boost of motivation resulting from the
conversation. Finally, since we have set 10 = ,00 = 0 and no = 1, we have
pst = m(0)/N = 1/(2N), and so pr exhibits a discontinuity at 7 = 0. In addition,
the maximum time-averaged cumulative productivity per agent is pr = 1/N, which
corresponds to the unattainable situation where the agent works with maximum
motivation during the entire workday. In this case the time-averaged cumulative
productivity of the group is Npr = 1.

We note that the time-averaged cumulative productivity per agent decreases with
increasing 7' in the burnout regime because the motivation to work becomes more
and more negative as the duration of the workday T increases, as illustrated in the
right panel of Fig. 1. We recall that we set the initial motivation at the neutral value
Ly = 0 for all k. In addition, pr may also decrease with increasing 7 in the healthy
regime if /7 tends to a negative value in the limit 7 — oo, which is the case of
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Fig. 4 Time-averaged cumulative productivity per agent o7 at the end of a workday of duration
T = 400 for a group of size N = 15 as function of the mean number of contact attempts g for
(from top to bottom) s = 3,2, 1, 0.5, and 0.25. We recall that s is a measure of the quality of the
social interaction. The other parameters are r = 0.25, 8 = 1, and « = 1. The lines are the averages
over 103 independent agent-based simulations

q = 1. However, if that value is positive, as in the case of g = 3, then we find that
pr actually increases with T for large T'.

To better appreciate the effects on the productivity of the two parameters of the
model that are more clearly influenced by the physical distancing measures, viz. g
and s, in Fig. 4 we show pr evaluated at T = 400. The results are similar to those
obtained at equilibrium (i.e., for T — 00), except that pr ~ 1/T = 0.0025 in the
burnout regime, but the choice of a finite duration of the workday is more realistic.
We have omitted the mean-field predictions to avoid cluttering the figure. We note
that in the burnout regime, pr is not affected by the parameter ¢. This regime occurs
for s < r and for ¢ < g, with g, given by Eq. (28) if s > r. The results highlight
that the properly averaged cumulative productivity per agent increases with both
the possibility of socialization, which is measured by ¢, and the quality of the social
interaction, which is measured by s. These findings agree with the widely publicized
reports that loneliness has an extensive negative impact on the economy [29]. As
already pointed out, the surprising prediction of our model is that regardless of how
likely the possibility of socialization g is, if the quality of the socialization s is lower
than a threshold value (7, in the case), then the productivity of the agents will be
negligibly small. As discussed before, an analogous threshold phenomenon occurs
if we fix s > r and decrease ¢g. Hence, similarly to the epidemiological thresholds
that determine the spreading of infectious diseases [30], the very measures aimed
to contain those diseases may result in the crossing of the thresholds that lead to
mental breakdown (burnout syndrome).



228 J. F. Fontanari

6 Conclusion

Before the Covid-19 pandemic, the World Health Organization had already declared
social disconnection a major public health challenge, since the socially isolated face
heightened morbidity and mortality risks [31]. In fact, prompted by a report that
about 13% of its population feel lonely some or all of the time and that this social
disconnection may be costing its economy 32 billion pounds a year [29], the UK
created a Ministry of Loneliness in 2018 to address this crisis. Against this current,
however, the Covid-19 pandemic has brought unprecedented efforts to enforce
physical distancing and quarantining measures all over the world. The research
reported in this chapter is part of a research program aiming at addressing from
a mathematical and computational perspective the socio-economic implications of
those measures.

Our main finding is that decrease of the frequency, quality, or duration of
social contacts leads the agents to enter a regime of burnout characterized by
the divergence to negative infinity of the motivation to work with the consequent
vanishing of productivity. The fact that the fraction of working (lone) agents, which
is the only observable quantity in our model, varies continuously at the transition
point makes it nearly impossible to perceive the proximity to this regime of mental
breakdown.

Another relevant finding is that in the healthy working regime, where the
motivation to work is finite, the decrease of the frequency or the quality of the social
interactions results in a productivity decrease, although no work is done while the
agents are socializing. This finding agrees with the popular expectancy of a positive
correlation between communication among workmates and productivity, which is
explained in the economic literature by the water-cooler effect, peer pressure, and
knowledge spillover [4, 5]. There are, however, some rare reports of increased
productivity in remote work experiments [32], which can also be studied (and
explained) within our framework by introducing stereotypes that differ in their
propensities to initiate a social interaction [19].

Throughout this chapter, we use the expression physical distancing rather than
social distancing because it can be argued that the use of technology to socialize
remotely may be a substitute for the old-fashioned face-to-face interactions [33].
As pointed out before, there are evidences that this is not the case [12], but,
nevertheless, it is a good argument against the claim that the frequency of social
interactions, measured by the parameter ¢ in our model, has decreased during
the Covid-19 pandemic. However, the quality of the social interactions during
the pandemic has most certainly decreased as attested by the Zoom fatigue and
many other anecdotal similar phenomena. Our model takes this point into account
through the parameter s > 0 that measures the efficacy of the social interactions in
improving the mood of the agents. In fact, even if the number of contact attempts is
unlimited (i.e., ¢ — 00) and the group size is very large (i.e., N — 00), an agent
can experience burnout in the case that s < r, where r is the probability that the
agent ends the social interaction.
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A word is in order about the prospects for future research. First, we note
that although we have stated that our agents can exhibit two behaviors only
(viz., working and socializing), there is actually a third behavior, viz., seeking a
conversation partner, which we have clumped with the working behavior, for the
sake of simplicity. In fact, whereas it is reasonable to assume that the motivation
to work decreases at the same rate when the agent is working or searching for
a partner, the instantaneous productivity should be starkly different in these two
situations, a point that our model fails to consider. Of course, this issue has no effect
on the onset of the phase transition, but it can make the model somewhat more
realistic regarding the productivity measure. Second, another move in the direction
of more realistic scenarios is to consider specific, real-world problems to be solved
by the work team and relate productivity with the efficiency of the team to crack
them as in the study of distributed cooperative problem-solving systems [34-36].
In this context, the motivation variable has only an informational dimension (i.e.,
knowledge spillover), since the interaction with workmates allows the agents to
copy partial solutions through social or imitative learning [37].

In sum, our agent-based model builds on a variety of experimental findings of
social psychology on the interplay between mood, social interaction, and produc-
tivity to advance a quantitative explanation for the widespread reports of decreased
productivity in the present-day pandemics. Since those studies are correlational in
nature, they do not specify quantitative relationships between mood and behavior
or between mood and productivity that are necessary to implement a simulation
of the workplace scenario. Providentially, we have developed a simple mean-field
theory that approximates the simulation results very well so that our framework can
be easily adapted to describe different choices for those relationships. However, we
stress that rather than offering a precise quantitative characterization of the work-
place dynamics, our model offers a flexible framework to study the consequences of
isolation and loneliness resulting from the physical distancing measures. The unex-
pected threshold phenomenon revealed by our analysis highlights our unfamiliarity
with the mental health consequences of those measures and the pressing need for
more quantitative studies on the interplay between mood, behavior, and productivity.
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Transmission Dynamics and Quarantine )
Control of COVID-19 in Cluster oo
Community

Qingwu Gao, Jun Zhuang, Ting Wu, and Houcai Shen

1 Introduction

Coronavirus Disease 2019 (COVID-19) is a recently described zoonotic disease
with a high infection rate which has spread rapidly and widely all over the world
in the past two years [9, 22]. As of September 7, 2021, the cumulative number of
infectious cases reported globally is now just over 220 million and the cumulative
number of deaths is over 4.5 million [4, 5]. The causative agent of COVID-19 is
identified as a novel coronavirus, which so far has four variants of concern: Alpha,
Beta, Gamma, and Delta, and then the severity of COVID-19 has far exceeded that
of SARS in 2003 [13]. The COVID-19 outbreak has attracted considerable global
attention. On March 11, 2020, the World Health Organization (WHO) officially
announced that this epidemic is a global pandemic, and since then has issued a
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series of interim guidelines to all countries on how to prepare for this emergency,
for example, how to monitor potential infected individuals, collect and test samples,
effectively communicate with the public on the COVID-19 [20]. And in China,
the government has implemented some unprecedented and extreme public-health
intervention strategies, including travelling and gathering restrictions, intensive
contact tracing followed by quarantine of individuals potentially exposed to the
disease, isolation of infected and symptomatic individuals, and free vaccinations
against this disease [18].

The novel coronavirus, which is the causative agent of COVID-19, is mainly
transmitted by close aerosol and close contact and has a significant aggregation
phenomenon in families and hospitals which are of a feature that they are all
clustered-populated, relatively confined, and isolated from society, with the name
“Cluster Community” [3]. The extent of the epidemic of COVID-19 has been
worsened by the occurrence of large clusters of infection linked to single individuals
and/or spatial locations. As a typical example, we take the Cruise ship “Diamond
Princess,” one of the most luxurious cruise ships in the world, which has recently
received extensive attention due to its growing epidemic of COVID-19. After the
pneumonia-related symptoms appearing in the first infectious case on January 23,
2020, the novel coronavirus has been spreading rapidly on the Cruise ship so that
712 individuals, or about 20% of the total, have been confirmed finally to be infected
by the COVID-19 [4, 11].

With the resuming of social and economic activities while continuing COVID-
19 transmission throughout the world, large masses of people are expected to
pour into their workplaces, schools, and other cluster communities, which can
increase the potential for an infectious agent to rebound substantially. Then, how
to effectively prevent, detect, and defend against the COVID-19 infection in the
cluster community is an extremely urgent and vital duty for the government officials.
Public-health efforts have been taken, for example, on February 5, 2020, the
“Diamond Princess” cruise ship was performed quarantine, and 10 infectious cases
were sent to hospitals for treatment; On February 13, an intervention measure that
passengers can choose to disembark for quarantine was issued, and on February
15, the authorities announced the disembarkation instructions [10]. Acknowledging
that the quarantine intervention is so expensive and resource-intensive that it could
interrupt social-economic activities to some extent, quantifying the effectiveness of
quarantine is of crucial importance for the “Diamond Princess” and other similar
cluster communities to prevent and control the outbreak of COVID-19.

As human, material, and financial resources are limited, governments and their
officials would like to identify the most appropriate, evidence-based interventions
and mitigation measures and to determine the intensity of such programs. For
a cluster community like the Cruise ship “Diamond Princess,” the quarantine
intervention could be affected by the following three key factors. The first one is the
current spreading scope of COVID-19. If the novel coronavirus that is the causative
agent of COVID-19 is just beginning to circulate in a small scope, less intervention
effort is needed. The second factor is the popularity of COVID-19. For super
transmitters with the greatest capacity to infect counter-parties, the transmission
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could be surprisingly fast, and more quarantine effort should be made. The third
factor is the effectiveness of different quarantine strategies. As the effectiveness
of these interventions could be different for COVID-19 with different scope and
popularity, it is imperative to investigate the efficiency of different quarantine
strategies.

Considering that an effective quarantine intervention may be a potential tool
to mitigate the magnitude and the speed of the COVID-19 outbreak, it is a study
of great importance and considerable interest not only to accurately predict the
tendency of COVID-19 transmission in the host population but also to effectively
fight against this prevalence by quarantine measure in a cluster community. In the
past decades, researchers have proposed mathematical models in an epidemiology
sense to describe the transmission dynamics of infectious disease and to discuss
the impacts of public-health interventions on reducing the size of the transmission
[8, 12]. As a highly contagious infectious disease, COVID-19 has been investigated
in an extensive literature after its outbreak throughout the world. For example, Yang
et al. [21] integrated real epidemiological data into the SEIR model to derive the
epidemic curve and used an Al approach to predict the epidemic and suggested
that a five-day delay in implementation would have increased epidemic size in
mainland China threefold. Kraemer et al. [7] used real-time mobility data from
Wuhan and detailed case data including travel history to elucidate the role of case
importation in transmission in cities across China and to ascertain the impact of
control measures, which shows that the control measures implemented in China
substantially mitigated the spread of COVID-19. Tian et al. [19] investigated the
spread and control of COVID-19 by using a data set that included case reports,
human movement, and public-health interventions, which indicates that Wuhan
shutdown was associated with the delayed arrival of COVID-19 in other cities by
2.91 days, and that cities that implemented control measures reported fewer cases
on average (13.0) compared with cities that started control later (20.6). Bellomo
et al. [1] proposed a multi-scale model of COVID-19 pandemic to consider the
interaction of different spatial scales, from the small scale of the virus itself and
cells to the large scale of individuals and further up to the collective behavior of
populations, which develops an interdisciplinary vision due to the contributions of
epidemiologists, immunologists, economists, and mathematical modelers.

We notice that the references mentioned above characterize the dynamics of the
COVID-19 spreading and discuss the impacts of control measures from a macro
point of view. To the best of our knowledge, there is no existing literature to
consider the interplay between transmission dynamics and quarantine intervention
in a cluster community with crowded population and confined spaces. Hence in
this study, we apply a non-linear ordinary differential equations (ODEs) system
to describe the transmission dynamics of COVID-19 and to capture the impact of
quarantine intervention, where the key characteristics of the spreading and control
of COVID-19 are parameterized. With the use of detailed epidemiologic data from
the Cruise ship “Diamond Princess,” we design a Transmission-Quarantine work-
flow to determine the case-specific parameters and validate the proposed model by
comparing the simulated curve with the real data. Firstly, we propose a general
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SEIR-type epidemiological model to investigate the transmission dynamics of
COVID-19 without quarantine intervention and present the analytic and simulation
results for the epidemiological parameters such as the basic reproduction number,
the maximal scale of infectious cases, the instant number of recovered cases, the
popularity level, and the final scope of the epidemic of COVID-19. Secondly,
we adopt the proposed Transmission-Quarantine interplay mechanism to predict
the varying trend of COVID-19 with quarantine intervention and compare the
transmission dynamics with and without quarantine to illustrate the effectiveness
of the quarantine measure. Finally, we conduct sensitivity analysis to simulate the
impacts of different parameters and different quarantine measures and identify the
optimal quarantine strategy that will be used by the decision makers to achieve the
maximal protection of population with the minimal interruption of economic and
social development.

The rest of this chapter is organized as follows. In Sect.2, we formulate
the mathematical models for the COVID-19 outbreak in a cluster community
with and without quarantine intervention. The main results of this chapter, i.e.,
analytic results, numerical results and case analyses, are presented in Sects.3
and 4, respectively, followed by discussion and concluding remarks in Sect. 5. The
corresponding proofs of this study are available in the Appendix.

2 Mathematical Modeling

According to the clinical progression of COVID-19, epidemiological status of the
individuals, and the performed quarantine measure, the life-cycle of the COVID-19
epidemic in a cluster community could be divided into two stages. The first stage
is the epidemic emerging stage, which refers to the time period between the point
when the first infectious case emerges and the point when the quarantine invention
is performed. The second stage is the epidemic quarantine stage, which refers to the
time period between the quarantine point and the epidemic ending point, namely
that the point when all the infected cases are recovered. The quarantine measure
implemented in the second stage can reduce the risk of exposure of individuals to
the novel coronavirus, and then the magnitude and the speed of COVID-19 outbreak
can decrease. We define the end point of the life-cycle as the point of time when the
number of the infectious cases becomes under one. The life-cycle of the COVID-19
epidemic is shown in Fig. 1.

In the emerging stage, the whole population in a cluster community is stratified
as susceptible (S), latent or exposed (E), infectious (), and recovered (R) groups;
and further in the quarantine stage, the population also consists of the quarantined
susceptible (Sp) and quarantined exposed (Eg) groups. In this chapter, we assume
that the population of the “Diamond Princess” cruise ship is relative homogeneous
mixing [6], and thus the coronavirus transmission process could be modeled at a
macro level. The definitions of all the above groups are summarized in Table 1.
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Voyage Begins Stage 1: Stage 2:
from Emerging Quarantine
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Fig. 1 Transmission process of COVID-19 in a community

Table 1 Definitions of the groups

Group Definition
Susceptible (S) People who have not been infected by COVID-9
Latent/Exposed (E) People who have been infectious but not yet symptomatic

in the latent time

Infectious (I) People who are infectious confirmed by their symptoms or
by clinical diagnosis

Quarantined Susceptible (Sq) | Quarantined people who are not infected

Quarantined Exposed (Eq) Quarantined and infectious cases without symptoms
Recovered (R) People who have recovered from COVID-19
Fig. 2 Transition diagram in e PiS(I+E)
Stage 1 |
yE
B2S(I+E) oE
vl
R 1

2.1 Stage 1: SEIR-Type Model Without Quarantine

In this section, we propose a general SEIR-type epidemic model to study the trans-
mission dynamics of COVID-19 without quarantine effort in a cluster community.
At the initial time point ( = 0), the population is all susceptible, except the initial
one infectious case. The proportions of the population in S, E, I, and R groups at
time ¢ are S(t), E(t), I (t), and R(t), respectively, with the normalization condition:
S() + E(t) + I(t) + R(t) = 1. Note that the entire population N of the cluster
community remains constant with time since this community is a closed and isolated
unit from society during the COVID-19 epidemic. The block diagram of SEIR-type
model with modeling parameters is shown in Fig.2. Table 2 shows notation and
parameters used in this model, and Table 3 shows a summary of the group transitions
and transition rates in Stage 1.

Combining Fig. 2, Tables 2 and 3, the transitions of population in Stage 1 are
detailed as follows:
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Table 2 Notation and parameters in SEIR-type model

Notation | Explanation

N Whole population in a cluster community

S(t) Fraction of susceptible individuals at time ¢

E(?) Fraction of latent individuals at time ¢

1(r) Fraction of infectious individuals at time 7

R() Fraction of recovered individuals at time ¢

Bi Infection rate of the susceptible by COVID-19

B Rate of the susceptible contacted but uninfected by COVID-19
o Transition rate from E to T

y Transition rate from E/I to R

Table 3 Transition events
and transition rates in Stage 1

Events | Rates of transition
S—E | BiS()AQ) +E@))
S—=R | BiS()AQ) +E@))

E—1 |oE(@)
E—R |yE(@®)
I-R | yI()

1. As a latent case of COVID-19 with no symptoms is of actively infectious
capacity, the infectious cases mentioned in this study include those who are the
latent cases and the confirmed infectious cases. When an infectious case contacts
a susceptible individual, the susceptible one may become a latent one with the
rate 1. Thus in the equation system, the proportion of individuals who transit
from group S to group E per time unit is 81 S(¢)(1 (t) + E(2)).

2. When an infectious case contacts a susceptible individual, the susceptible one
may not be infected by the new coronavirus and become a recovered one with
the rate B,. The proportion of individuals who transit from group S to group R
per time unitis B2 S(#)(1 () + E(2)).

3. A latent case transits into group / with rate ¢ when the latent one has symptoms
of COVID-19 or is detected by clinical diagnosis, where 1/o is the mean latent
period.

4. Using some sufficient treatment interventions, a latent case that is infectious but
asymptomatic one, or a confirmed infectious case becomes recovered at rate y,
where 1/y is the mean cure period through treatment interventions.

In the emerging stage before quarantine intervention, the transmission dynamics
of COVID-19 spreading in a cluster community is governed by the system of non-
linear ODEs as follows:
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S'(t) = —(B1 + SO (1) + E1)),
E'(t)=pSO)U@)+ E@) — (6 +y)E(1),
I'(t)y =0 E(t) —y1(1),

R'(t) = BoS)I (1) + E@)) + y (E(1) + 1 (1)).

)

Then in the first stage without quarantine control, we are interested in studying the
following questions:

1. Predicting the final scope of COVID-19 to access the cumulative close contacts of
infectious cases. In other words, without being intervened by quarantine measure,
how many people in a cluster community will be finally contacted by the novel
coronavirus/COVID-19? Moreover, we study how the rates of transition among
the four groups influence the final scope.

2. Predicting the maximal scale of the infectious cases, including the latent and
confirmed infectious cases. In other words, we aim to predict when would the
COVID-19 infection process arrive its peak, and what will be the maximal
number of infectious cases that exist? In this way, the obtained results can help
decision makers to evaluate the population of the asymptomatic and infectious
cases.

3. Calculating the population of recovered cases at any time point, which can
help decision makers to estimate how many people have already contacted the
infectious cases but not necessarily been infected by the new coronavirus.

4. Estimating the popularity level of COVID-19 epidemic. Once an infectious case
is detected, our model can estimate how fast the new coronavirus is transmitting
in a cluster community.

2.2 Stage 2: Transmission-Quarantine (TQ) Model

In this section, we consider the second stage of the COVID-19 epidemic with
quarantine invention. More specifically, a proportion, g, 0 < g < 1, of susceptible
individuals is quarantined, and then the transmission of COVID-19 is impacted by
the quarantine intervention. Figure 3 indicates the diagram of the Transmission-
Quarantine (TQ) epidemic model in Stage 2, involving group transition and
modeling parameters, Table 4 presents the modeling parameters in TQ model, and
Table 5 presents the group transitions and rates of transition in Stage 2.

Following the classical virus spreading model [6], the proposed TQ model starts
with a relative homogeneous mixing population in a cluster community. For a
specific virus/disease, the whole population in the community is assumed to be
fixed, and the infectious duration and infectious probability of the population are
homogeneous. Thus, we consider the novel coronavirus/COVID-19 transmission at
a macro level. Denote the proportions of the populations in the groups in Fig. 3 by
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Fig. 3 Transition diagram in Stage 2

Table 4 Parameters of TQ

> Parameters | Explanation
model except those in Stage 1

q The quarantine proportion
A Transition rate from S to S
0Q Transition rate from Eq to I

Table 5 Transition events and transition rates in Stage 2

Events including quarantine intervention | Rates of transition

S—E (1 = q)BiS(O)IE) + E(1))
S—R (1 = @)B2S(1)(I(r) + E(1))
S — Sq qBS@®)A) + E(@))

S — Eq aB1S@) 1) + E(1)

S — S ASq (1)

E—1 oE(t)

E—-> R yE(?)

Eq — 1 0QEq (1)

I—-R yI(t)

S(), E(t), 1(t), So(t), Eg(t), and R(t), respectively, satisfying the normalization
condition: S(¢) + E(t) + 1(t) + Sp(t) + Eg(t) + R(t) = 1, which means that the
cluster community has a fixed population because of its closed and isolated feature
during the COVID-19 epidemic.

From Fig. 3, Tables 4 and 5, we present the group transitions in TQ model of
Stage 2 as follows:

1. With contact tracing, the quarantine intervention is implemented to reduce the
risk of exposure of individuals to the novel coronavirus, a proportion g, 0 <
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g < 1, individuals exposed to the virus is quarantined. Then the proportion of
quarantined ones is g S(¢) in all. When ¢ = 0, the quarantine intervention is not
implemented or has no effect at all; when ¢ = 1, the quarantine intervention is
perfectly effective.

2. The quarantined individuals can either move to the group Eg or Sgp, depending
on whether they are effectively infected or not by COVID-19. Specifically, when
a quarantined one contacts an infectious case, she/he is effectively infected
by the disease and then becomes a latent one with the rate B;. Thus the
proportion of those who transit to quarantined exposed group E ¢ per time unit is
qP1S(t)(1(¢) + E(t)). Otherwise, the quarantined one is not infected and moves
to the quarantined susceptible group S¢ at rate 5. Thus the proportion of those
who transit to the group S¢ per time unitis gB8>S(#) (1 (t) + E(1)).

3. Considering that the great cost of human and material resources for quarantine
intervention, the quarantined susceptible individuals will be released from
quarantine control and transited to the susceptible group with rate A, where 1/
is the mean quarantine period.

4. Besides the susceptible individuals quarantined, the other proportion, 1 — ¢,
of susceptible ones missed from the contact tracing and move to the exposed
group E once effectively infected or move to the recovered group R otherwise.
Specifically, when the infectious case, either the latent one or the confirmed
infectious one, contacts a susceptible individual who is not quarantined, the
susceptible one may become a latent one with the rate 8;. Thus in the equation
system, the proportion of those who transit from the susceptible group S to the
exposed group E per time unit is (1 — q)B1S(¢)(I1(¢) + E(¢)). Otherwise, the
susceptible one may not be infected by the coronavirus, and become a recovered
one with the rate B,. The proportion of those who transit from group S to group
R per time unitis (1 — q)BS(#)(I(¢) + E(2)).

5. As time goes by, a latent case in groups E and E transits into infectious group
I with rates o and o, respectively, when the latent one is infectious confirmed
by COVID-19 symptoms or detected by clinical diagnose.

6. After some sufficient treatment interventions, an infectious case, including a
latent one or a confirmed one, becomes recovered at rate .

According to the statements mentioned above, the TQ model with quarantine
intervention can be formulated by the following non-linear ODEs system as:

S'(1) = —(B1 + B2)SU (1) + E1)) + 1So (1),
E't)=(0-@)pSO)U )+ E@®) — (0 +y)E(1),
I't) =0 E(t) + ogEg(1) — y1(1),
o) =qPaS)U (1) + E(1)) — ASo(1),

Ep(t) =g SOOI 1)+ E) —0ogEq(t)
R'(t)=(1—q)BSOU@) + E@) +y(E@)+1(1)).

(@)
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In Sect.4, we will use Runge-Kutta methods [2] to solve the differential
equation system (2), and analyze the impacts of different modeling parameters (e.g.,
transition rates) on the transmission process of COVID-19.

3 Analytic Results and Case Study for Emerging Stage

3.1 Analytic Results

Before the quarantine intervention, the novel coronavirus spreads fast and infects
almost individuals in a crowded and closed community. Hence, we firstly investigate
the expected final scope of COVID-19 caused by the novel coronavirus. In other
words, without being intervened by quarantine, how many people will contact the
infectious cases in the end? Let R be the final scale of the epidemic of COVID-19,
i.e., the fraction of recovered group R in the entire population at the end, R =:
R(oc0) € (0, 1), which can be used to estimate the number of close contacts tracked
cumulatively of COVID-19. By investigating the ODEs system (1), we draw the
two conclusions below. Because of the technical complexity, the formal proofs are
delayed to Appendix.

Theorem 1 Without quarantine intervention, R satisfies the following equation:
é:l—exp{—ﬂﬁ}. (3)
14

If% > 1, Eq. (3) has two solutions: zero and non-trivial solution R,O<R <1

Theorem 2 Given a fixed y, the non-trivial solution R increases as By increases.
Similarly, given a fixed B1, R decreases as y increases.

Remark 1 The above two theorems provide some insights to the COVID-19
transmission in the first emerging stage. Theorem 1 gives the implicit equation of
the final scope 13, which indicates that the final size of the COVID-19 transmission
is only dependent on two factors: B and y. The value of solution R and its relation

with 81 and y are shown in Fig.4a. In summary, when % > 1, the final scale

R can be non-zero, which means the new coronavirus would circulate among the
population; when B 1, this final scale is zero, which means the coronavirus
would not start circulating. The 3D plot and the contour plot in Fig. 4b, c further

illustrate how the final scale R vary over 81 and y.

It is shown from Fig. 4a that the parameter By plays a key role to determine the
final scope of the COVID-19 outbreak, which implies a theorem as follows:

Theorem 3 Without quarantine intervention, the outbreak of COVID-19 will

remain under control when % < 1 and uncontrollable when % > 1.
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Fig. 4 Analysis of final scale R of COVID-19

Remark 2 The parameter BL can be called the transmission control coefficient of

COVID-19. This coefficient is an important and useful parameter in sense that it
provides information about the COVID-19 transmission process, and it can be used
to predict whether the disease will propagate among the population or not. The
coefficient corresponds to the threshold value, known as the basic reproduction
number [8, 12] that can be helpful for determining the potential and severity of
an outbreak, and providing critical information for identifying the type of disease
interventions and intensity. Theorem 3 suggests when ’i—‘ > 1, the COVID-19

invades the population; when BL ~ 1, the COVID-19 will gradually disappear, and
then quarantine intervention may not be needed.

Subsequently, we devote ourselves to investigate the maximum scale of the
infectious cases, which include the latent cases and the confirmed cases. We define
Imax () as the maximum scale of the infectious cases, which satisfies the following
theorem.

Theorem 4 Without quarantine intervention, when S(t) = ﬁll the number of
infectious cases reaches its maximum scale as:

YV (a2 _h
Imax () = B+ B2 (ln B1 1) * B+ B2

From Theorem 4, it follows that at the point when the scale of the infectious cases
(i.e., E(t) + I(t)) reaches its maximum value, the proportion of the population in
recovered group Ris R(t) = 1 — % — Imax (). Finally, we discuss the impact of the
parameter % on the dynamic behavior of recovered cases with respect to susceptible
individuals.

Theorem 5 Without quarantine intervention, when S(t) > %, the scale of
recovered cases, R(t), increases slowly as S(t) decreases; when S(t) < % R(1)

increases sharply as S(t) decreases.
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Note that the parameter ﬁll is a sharp threshold value at which the transition from
case that R(¢) increases slowly to that R(¢) increases more quickly occurs, as S(¢)
decreases. The result shows the threshold value could play a critical role to control
the epidemic of COVID-19. Precisely, the decision makers should perform their
corresponding public-health interventions before the scale of susceptible individuals
reaches ll; otherwise, if the scale is smaller than ll, the novel coronavirus will
spreading sharply throughout the whole population, and the COVID-19 outbreak is
totally out of control.

The third and fourth questions stated in Sect.2.1 are analyzing the current
scope and popularity level of the COVID-19 epidemic. In other words, how many
people have been contacted by the infectious cases at any time, how many people
are infectious but pre-symptomatic in incubation period, and how fast the novel
coronavirus is transmitting in a cluster community? In the real world, government
officials and other decision makers can only know the number of the confirmed
infectious cases of COVID-19, including confirmed cases with symptoms, clinically
diagnosed cases, and even suspected cases. However, the majority of the population
who have been contacted by the infectious cases may not have any observable
spreading behavior. Moreover, it is difficult to directly observe how fast the novel
coronavirus will keep spreading. So in the following subsection, we demonstrate
our solution to these questions by numerically solving the ODEs system by using
real world case study. We design an implementation work-flow to derive the optimal
solution. The case study validates our model with real life data, and our model could
predict the future trend of the COVID-19 spreading.

3.2 A Real World Case Study for Stage 1

The Cruise ship “Diamond Princess” is one of the world’s top luxury cruises with
the largest volume and the most complete facilities, just like a five-star hotel on
the sea. Recently, however, the Cruise ship has attracted global attention due to
its increasingly serious COVID-19 outbreak. The “Diamond Princess” with 2666
passengers and 1045 crew onboard was departed from Yokohama, Japan, on January
20, 2020. And on February 1, a passenger who got off the ship on January 25 was
hospitalized with fever and diagnosed with COVID-19. This is the first confirmed
infectious case in the cruise ship, and the passenger developed pneumonia-related
symptoms on January 23. The ship abandoned its original journey and made
an emergency berth near Yokohama on February 3, and quarantine intervention
was performed for 14 days by Japanese government on February 5. During the
quarantine, all the undiagnosed passengers and crew were not allowed to disembark,
and only stay in their room to prevent the outbreak of COVID-19. By the end of
quarantine period on February 19, a total of 542 people were confirmed infectious,
and the passengers officially began to disembark. As of March 15, 712 cases, or
about 20% of the total, have been confirmed finally to be infected by COVID-
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Fig. 5 Timeline and events of COVID-19 in “Diamond Princess”

19. The timeline and related events of the COVID-19 epidemic in the ‘“Diamond
Princess” cruise ship are shown in Fig. 5.

The data employed in the chapter are official data provided by WHO [4],
Coronavirus Resource Center of John Hopkins University [5], Ministry of Health,
Labor and Welfare of Japan [11], and the official website of Diamond Princess [15].
Moreover, we manually collect the time stamps and the counts of infectious cases
from January 20 to February 22, which is 3 days after the end of quarantine period
on February 19 since the report date is approximately 3 days after the onset date
[11]. One day is set as the unit of time in this chapter. The data collected here can
provide the variation trend of the infectious cases, which is used to determine the
parameter values in the proposed models, to simulate the whole spreading process of
the novel coronavirus, and further to estimate the scope of influence of the COVID-
19 epidemic. It should be mentioned that in our models, the main variables 7 (¢) and
R(t) are the proportions of the infectious and recovered cases in each time step. The
two variables are measured by the population of the infectious and recovered groups
within each time interval.

In the following, we will design a work-flow to determine the case-specific
parameters of the epidemic emerging stage by our real life data. The work-flow
of numerical simulation is shown in Fig. 6. Firstly, a set of initial parameters are
put into system (1). Secondly, solving the ODEs system by the initial parameters,
we obtain the simulated variation trend of  (¢). Thirdly, we calculate the error term
|I(t) — I"(r)|. Finally, by iteratively updating the parameters, we minimize the
error term and obtain the optimal set of parameters that best fits the COVID-19
transmission process.

Now we use the analysis below to mathematically identify the real start time of
the COVID-19 outbreak in the “Diamond Princess” cruise ship. Consider that there
is only one infectious case at the very beginning of the voyage from Yokohama,
we know that when ¢t = 0, S(0) = %71, E(0) = 0, I(0) = 4, and R(0) = 0,
where N is the whole population in the cruise ship. At the early stage of the
coronavirus transmission, the numbers of latent, infectious, and recovered cases
are negligible relatively to the population N. Thus, the proportion of susceptible
individuals in the early stage is approximately invariant, i.e., S(#) & 1. By summing
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Fig. 6 Work-flow of
numerical simulation
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the second and third equations of system (1) and taking the integral, we have that
I1(t) = % exp{(B1 — y)(t + 1)}, where the notation 7o means that the date earlier 7
days than January 20 is the real start date of the COVID-19 epidemic in the cruise
ship. The number of infectious cases is approximately exp{(81 — y) (¢ 4 #9)}, which
implies that when 81 < y, the number of infectious cases is less than 1, and then
the outbreak of COVID-19 will disappear; and when 8; > y, the infectious cases
is persistent, and then the outbreak is uncontrollable. This conclusion is consistent
with Theorems 1 and 3.

We adopted Matlab as a tool to apply the curve fitting of the real data to minimize
|1(t) — I"(¢)|, which is shown in Fig. 7. The dot is the real data point of infectious
cases in each time point, and the line is the fitted function curve which is exp{(81 —
y)(t+19)} =~ exp{0.6188(r — 13)}. The result shows a good match with the real data
with a goodness of fit R-square = 0.9866. Hence, the estimated parameters satisfy
that 81 — y = 0.6188, and fp = —13 indicates that the date later 13 days than
January 20 is the real start date, namely February 1, of the epidemic of COVID-19.
In terms of the real data, the first infectious passenger in the “Diamond Princess”
was confirmed on February 1. However, there is no new infectious case confirmed
up to February 5, which is because the incubation period of the new coronavirus
is about 14 days. In fact, from February 5 this epidemic is gradually blooming.
The simulation result is in line with the real data from the Cruise ship “Diamond
Princess.”

The total number of all passengers and crew in the Cruise ship “Diamond
Princess” is N = 3711. From Lauer et al. [7], the estimated median incubation
period of COVID-19 was 5.1 days, then the transition rate from groups E to [ is
o = 1/5.1. According to the press conference of National Health Commission
(NHC) of China on February 4, 2020 [10], the average cure period is about 9.5
days. Then the transition rates from E to R and from I to R are both y = 1/9.5.
As B1 — y = 0.6188, the infected rate of susceptible individuals by the novel
coronavirus is 81 = 0.7241. Hence, the basic reproduction number of the COVID-
19 epidemic in the “Diamond Princess” is estimated as Ry = 6.88, with 98%
credible interval [6.097, 7.691]. Compared with the basic reproduction number of
SARS in 2003, that is 2.7 [8], the COVID-19 is more likely to develop in a cluster
with a higher severity. Finally, we estimate the rate f, of susceptible individuals
contacted but uninfected by COVID-19. Because the exact count of recovered
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Fig. 7 Curve fitting for real data in Stage 1

individuals in the cruise ship was not observable, we apply the real data from the
Health Commission of Wenzhou of China to estimate the rate 8. The idea is based
on the facts that the infection capacity of the novel coronavirus is similar anywhere,
and all the required data can be collected from the Health Commission of Wenzhou
[16], which is the most affected city by COVID-19 except the cities of Hubei, China.
Thus, the parameter 3, is determined by

14096

= —— = . 7,
6475000 x 31 00000

B2

where 14096 is the number of removed cases from medical observation during a
month from January 23 to February 23, 6475000 is the urban population of Wenzhou
City [17], and 31 is the number of days in a month.

We now substitute all the estimated case-specific parameters as above to the
SEIR-type model governed by ODEs system (1) and use the Runge-Kutta method
[2] to solve the solution of this system. Comparing to the number of infectious cases
in our data set, we see that the simulated trend of the infectious cases matches well
with the real trend, see Fig. 8.

Validated by the real life data, we adopt the proposed model (1) to predict
the future trend of COVID-19 epidemic without quarantine intervention. Using
the estimated parameter sets, we could simulate and calculate the populations
of the susceptible, latent, infectious, and recovered groups at any point of time
t. In the remainder of this section, we conduct three numerical simulations to
answer the third and fourth questions in Sect. 2.1. Firstly, we predict the spreading
trend of the novel coronavirus if no quarantine intervention is taken. As shown
in Fig.9a, we obtain the populations of all groups S, E, I, and R in Stage 1,
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among which we observe that without quarantine intervention, the coronavirus
will keep spreading until the whole population were affected by COVID-19. In
other words, the population of recovered group R eventually reaches 3705, and
then the final scale of COVID-19, 1§, is 0.998, which is the non-trivial solution
of implicit equation (3) with the estimated parameters §; = 0.7241 and y = 1/9.5.
The numerical simulation result in Fig. 9a is consistent with the theoretic result of
Theorem 1.

Secondly, we estimate the population of latent/exposed group at any point 7. It
is well-known that the latent cases have been infected by COVID-19 and actively
infectious but not yet symptomatic in their incubation periods. Hence, the latent
ones are quite dangerous for the entire population of a cluster community. For
government officials and other decision makers, it is necessary to make clear the
number of the latent cases. From Fig.9b, we show that the population of latent
group reaches its peak 15 days after the real start date of the COVID-19 outbreak in
“Diamond Princess” cruise ship, and the maximum number is approximately 931.
Furthermore, on the date 16 days after the COVID-19 outbreak, the infectious cases
including the confirmed infectious and latent ones can get its maximum value as
1568, when the number of susceptible individuals is about 507. This yields that
when S(¢) = 0.14, the maximum scale of infectious cases I,,,(f) = 0.42, which
generally coincides with the theoretic result of Theorem 2. These simulation results
shown in Fig. 9b demonstrate that the novel coronavirus can propagate quickly and
infect more cases in a cluster community.

Thirdly, we calculate the total number of people that are contacted by the
infectious cases at any time ¢. As decision makers could not observe the accurate
population impacted by the COVID-19, our model proposed in this study could be
used to estimate the current scope of this population, see Fig.9c. In our model,
by the time when the quarantine intervention begins to work, it is approximately
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Fig. 9 Dynamics of COVID-19 in Stage 1

estimated that 462 people have been contacted by the novel coronavirus, although
only 65 cases are infected.

4 Case Study and Sensitivity Analysis for Quarantine Stage

4.1 A Real World Study for Stage 2

In the second stage of the epidemic of COVID-19, the quarantine intervention is
implemented to the suspectable group to prevent and control the rapid transmission
of the novel coronavirus in a cluster community. On February 5, 2020, the officials
of the Cruise ship “Diamond Princess” announced that the quarantine intervention
was performed for 14 days. Considering that the report day is approximately 3 days
after the onset date, Fig. 10 shows how the number of infectious cases vary over
time from February 9 to February 21, that is the date later 2 days than February 19
on which quarantine intervention ended and passengers officially disembarked.

Similarly to Sect. 3.2, we firstly use the work-flow designed in Fig. 6 to determine
the optimal case-specific parameters ¢, A, o of the TQ model proposed in Stage 2.
Secondly, we implement the determined set of parameters to solve the ODEs system
(2). Finally, we compare the simulated solution with the real data from “Diamond
Princess” to validate the proposed TQ model.

As shown in Fig. 11, we apply the curve fitting of the real data to minimize |/ (t)—
17 (1)| of Stage 2, where the dot is the data point of number of infectious cases in
each time point, and the line is the fitted function curve. This curve fitting shows a
good match with the real data with a goodness of fit R-square = 0.9707. Arguing
as Sect. 3.2, it follows from Fig. 11 that the number of infectious cases in Stage 2
is approximately exp{[(1 — ¢)B1 — v1(t + 1)} =~ exp{0.1729(¢ + 21)}. Hence, the
quarantine proportion is estimated as ¢ = 0.62 with 81 and y the same as those
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in Stage 1, and 7o = 21 means that the date earlier 21 days than February 9 is
the real starting date of the COVID-19 outbreak, that is January 20, when the first
infected passenger boarded the “Diamond Princess” cruise ship. This simulation
coincides to the real data collected from this cruise ship. Following Lauer et al.
[7], the median incubation period of COVID-19 was 5.1 days, then the transition
rate from groups Eg to I is 0g = 1/5.1. According to the requirements of health
sector, the quarantine period is 14 days, then the transition rate from groups Sg to
Sisx =1/14.

Remark 3 The further explanations for the quarantine proportion g = 0.62 should
be emphasized from the following two aspects. On the one hand, the quarantine
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proportion is the coverage proportion of quarantine intervention in the whole
population of the susceptible group. This proportion 0.62 means that only 0.62
fraction of susceptible individuals were quarantined, the rest 0.38 fraction were
still exposed to the novel coronavirus, which is due to the high cost of human and
material resources for quarantine intervention. On the other hand, the quarantine
proportion represents the quarantine efficacy, where ¢ = 0.62 signifies that
the quarantine intervention is only effective for 0.62 fraction of all quarantined
susceptible individuals, namely that only 0.62 fraction of quarantined susceptible
individuals move to the group Sp, although all the passengers are quarantined
on the Cruise ship “Diamond Princess.” The partial efficiency of the quarantine
intervention may be the poor implementation of quarantine protection measure,
such as the ambiguous quarantine between fever area and non-fever area, absence
of infectious disease experts, under-supply of masks and talking among passengers
without masks, and walking around of fever patients. A recent New York Times
highlighted breaches in quarantine measures, such as sick crew members sleeping
in cabins with other members who were allowed to continue normal duties on the
ship [14].

Denote by f#( the real start time of the quarantine intervention working on the
susceptible group. From the results in Stage 1, the populations of existing S, E,
I, and R groups in the “Diamond Princess” at time #y are 3248, 223, 65, and 175,
respectively. As the quarantine proportion is estimated as ¢ = 0.62, the number
of quarantined susceptible cases at time #y is 2014, and the number of remainder
susceptible cases is 1234. The number of quarantined latent cases at time ¢y is 0.

We now substitute all the case-specific parameters estimated as above and those
in Sect. 3.2 into the TQ model governed by ODEs system (2), and apply the Runge-
Kutta method to derive the solution of this system. The comparison of the simulated
curve with the estimated parameters matches well with the real world data, see
Fig. 12.
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Fig. 13 Dynamics of COVID-19 in Stage 2

The TQ model in Stage 2 will help us to predict the varying trend of S(¢), E(¢),
I(t), So(t), Eg(t), and R(¢) under quarantine intervention. In what follows, we
carry out the following two simulations of the transmission of COVID-19 in the
“Diamond Princess” cruise ship. Firstly, we predict the transmission trend of the
novel coronavirus if quarantine intervention is taken. As shown in Fig. 13a, we
simulate and calculate the populations in all groups in Stage 2 at any point of time.
In particular, Fig. 13b gives the simulated numbers of the infectious cases including
the confirmed infectious, latent, and quarantined latent cases, which illustrates that
with the quarantine control measure, the number of infectious cases reaches its peak
value 1215 at approximately 14 days after the quarantine measure began, namely
at February 23; and it takes about 10 days for the sum of numbers of latent and
quarantined latent cases to reaches its maximum value 554, namely that the number
of latent cases reaches its peak at February 19. These results, along with Fig. 9a, b,
demonstrate that if the quarantine intervention is implemented, the fewer cases are
infected at a smaller speed. In addition, we observe from Fig. 13c that as time goes
by, the recovered cases will ultimately reach a population 3545, and the suspectable
cases will be persistent with a population of nearly 166, which indicates that with
the quarantine effort, the coronavirus does not pervade the whole population in the
cruise ship.

Secondly, we conduct some numerical simulations to illustrate the effectiveness
of the quarantine control strategy. See Fig. 14, we present the trend of infected cases
with quarantine and without quarantine in 7 days after the quarantine intervention
starts to work. Specifically, Fig. 14a demonstrates that the number of confirmed
infectious cases with quarantine is 454 less than that without quarantine. Figure 14b
depicts that the number of latent cases at the 7-th day with quarantine is 475
less than that without quarantine. From Fig. 14c, we see that the number of the
infectious cases (including those in I, E, and E ¢ groups) with quarantine is 928 less
than that without quarantine. The conclusions above indicate that with quarantine
control, the number of confirmed infectious, latent, and infectious cases in 7 days
will significantly decrease by about 60%, 58%, and 59%, respectively, compared
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Fig. 14 Dynamics with quarantine and without quarantine

with the scenario of no quarantine control. Hence, we conclude that introducing a
quarantine control into a cluster community is an effective tool to defend against the
outbreak of COVID-19.

4.2 Sensitivity Analysis

Sensitivity analysis is applied to identify the criticality of the modeling parameters
and the effectiveness of quarantine intervention during the COVID-19 outbreak.
So in the subsection, we use sensitivity analysis as a tool to explore how different
parameters and quarantine strategies will impact the disease control effectiveness.
Specifically, we aim to study how the final scope and the duration of COVID-19 are
impacted by various factors, including but not limited to the COVID-19 popularity,
and the number of initial quarantined/infectious cases.

Firstly, we compare the estimated final scope of the epidemic of COVID-19 with
quarantine and without quarantine, and how this final scope varies over the disease
infection rate ;. As shown in Fig. 15, the final scope of the COVID-19 epidemic
is hardly variable between the conditions with quarantine and without quarantine
when the novel coronavirus is not very popular, namely when 8; < 0.1067. As
the popularity of the virus increases, namely f; > 0.1067, the difference of the
numbers of recovered cases between the conditions with and without quarantine
firstly increases exponentially, which means the quarantine intervention plays a
crucial role to prevent and control the serious COVID-19 outbreak.

Secondly, we investigate how the end time of the outbreak of COVID-19 varies
over the number of initial infectious cases, where the end time is defined as the
time point when the number of infectious cases is less than one. From Fig. 16, the
duration of the COVID-19 epidemic increases concavely as the number of initial
infectious cases increases.
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Thirdly, we compare how the number of infectious cases and the final scope of
COVID-19 epidemic vary over the different numbers of quarantined suspectable
individuals at the start time of quarantine intervention. As shown in Fig. 17a, as the
number of quarantined suspectable individuals increases, the number of infectious
cases decreases much more rapidly. From Fig. 17b, it follows that the final scope
of COVID-19 outbreak decreases with the increase of the number of quarantined
suspectable individuals. Hence by Fig. 17a, b, we conclude that the more initial
number of quarantined suspectable individuals, the less the impact of the novel
coronavirus on the susceptible individuals and the earlier the COVID-19 outbreak
ends. As government officials or other decision makers would like to get rid of the
influence of the COVID-2019 as soon as possible, we now turn to study the end
time of the COVID-19 epidemic. The simulation of Fig. 17c illustrates that the end
time is decreasing with increasing marginal returns while adding more quarantined
cases, which is consistent with the results in Fig. 17a, b.

The massive quarantine intervention comes with large economic costs and social
disruption effects, which prompts a question of what optimal quarantine strategy can
be identified to restart economic and social activities as well as minimize the burden
of the epidemic. To this end, we study what fraction of the population would be
quarantined under the proposed contact-tracing and quarantine strategy. As shown
in Fig. 17c, we observe that from the quarantine number 1541 on, the end time
of the COVID-19 epidemic decrease sharply and have no recurrence. Hence, the
optimal number of quarantined individuals is 1541, about 41.5% of the population
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Fig. 17 Impact of initial number of quarantined individuals

3711 in the “Diamond Princess” cruise ship, and similarly the sub-optimal number
is 771, about 21%, which are certainly relevant fractions of the population, and
much better options compared with massive quarantine intervention affecting the
whole population in a long run. As a result, governments and decision makers could
determine the intensity of quarantine intervention according to the degree of close
contact with the infectious cases, so as to balance the COVID-19 epidemic control
and the economic and social development. Precisely, the fraction 41.5% (or 21%)
of the entire population in a cluster community is the optimal (or sub-optimal)
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quarantine proportion implemented to the exposed contacts according to the degree
of contact from more close to less close.

5 Discussion

Coronavirus Disease 2019 (COVID-19) is a recently described zoonotic illness
which has spread rapidly and widely throughout the world since December 2019
and is identified as a global pandemic by the World Health Organization. The
causative agent of COVID-19 is a novel coronavirus, which is mainly transmitted
by close aerosol and close contact and has a significant aggregation phenomenon in
cluster communities. The outbreak of COVID-19 has attracted considerable global
attention. Public-health interventions to prevent and control the transmission are
expected to have a substantial impact on reducing the size of the epidemic, among
which an effective quarantine measure is a potential tool to achieve the maximal
protection of population with the minimal interruption of social-economic activities.

In this chapter, we use an epidemiological method by ordinary differential
equations system to study the transmission dynamics and quarantine intervention
of the COVID-19 outbreak in a cluster community. We divide the whole life-
cycle of the COVID-19 epidemic into two stages. The first stage is emerging
stage, which refers to the time period between the coronavirus start point and the
official quarantine point. The second stage refers to the time period between the
quarantine point and the epidemic end point, namely that the point when all the
infected population are recovered, where the quarantine intervention implemented
can reduce the risk of exposure of individuals to the novel coronavirus, and then the
magnitude and the speed of COVID-19 outbreak can decrease.

In the first stage before quarantine effort, we consider the transmission dynamics
of COVID-19 in a cluster community. Before the appearance of the quarantine
intervention, we divide the whole population into susceptible (S), exposed (E),
infectious (I), and recovered (R) groups and then propose a general SEIR-type
epidemic model. We analytically study the epidemiological parameters of the
COVID-19 transmission, including the final scope of COVID-19 epidemic, the
maximal scale of infectious cases, and some threshold values which play a critical
role to control the epidemic of COVID-19. In the real world case study, we use
the epidemiologic data from the “Diamond Princess” cruise ship, design a work-
flow to determine the optimal case-specific parameters, validate the proposed model
by comparing the simulated curve with the real data, and estimate by our model
the varying trend and the popularity of COVID-19 epidemic without quarantine
measure.

In the second stage with quarantine intervention, we construct a novel
Transmission-Quarantine model to explore the interplay mechanism between the
transmission dynamics and quarantine intervention of the COVID-19 epidemic.
We solve the system and compare them with the real data from the Cruise ship
“Diamond Princess.” The real data matches well with our predicted solution. We
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predict the transmission trend of COVID-19 under quarantine intervention, which
indicates that if the quarantine intervention is taken, the fewer cases are infected at
a smaller speed, and the new coronavirus does not pervade the whole population in
a cluster community. Also, we present the trend of infected cases with quarantine
and without quarantine in 7 days after the quarantine intervention starts to work,
which illustrates the effectiveness of the quarantine control strategy, namely that
with quarantine intervention, the number of infectious cases in 7 days decreases by
about 60%, compared with the scenario of no intervention.

Moreover, we apply sensitivity analysis to identify the criticality of the modeling
parameters and the effectiveness of quarantine intervention during the COVID-
19 outbreak. Firstly, the quarantine intervention is not necessary when the novel
coronavirus is not very popular with 81 < 0.1067. However, when 81 > 0.1067,
the quarantine intervention is critical and could make a significant influence on the
final scope of COVID-19 epidemic. Secondly, the duration of COVID-19 epidemic
increases concavely as the initial number of infectious cases increases. Thirdly,
the more initial number of quarantined suspectable cases, the less the impact of
the novel coronavirus on the susceptible individuals and the earlier the COVID-
19 outbreak ends; and the end time decreases with diminishing marginal returns
while adding more quarantined cases. However, the quarantine intervention is at the
high price of economic loss and social disruption. Governments and policy makers
should determine the intensity of quarantine intervention according to the degree of
close contact with the infectious cases, so as to balance the COVID-19 epidemic
and the economic and social activities. Precisely, the fraction 41.5% (or 21%) of the
entire population in a cluster community is the optimal (or sub-optimal) quarantine
proportion implemented to the exposed contacts according to the degree of contact
from more close to less close.

Acknowledgment The research was supported by the National Social Science Foundation of
China (No.21BTJ029).

Appendix: Proofs of Theorems

Proof of Theorem 1 Consider the non-linear ODEs system (1), we divide the last
equation by the first one to have that

dR®) By
dS() B+ B B+ B)SD)

namely

14 n B2
(Br+B2)SH) P11+ B2

dR(t) = — ( )dS(t).
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Then, we take the integral on both sides of the above equation to obtain that

Y sy — P2

R(t) = —
B1+ B2 B1+ B2

S()+C, “)

where C is a constant determined by the initial conditions:

N -1 1
SO)=——=1, I0)=—=0, E0) =0 and R(0) =0,
0) N 0) N 0) 0)
following from the fact that there is only one infectious case who starts the trans-
mission of COVID-19 in the “Diamond Princess” cruise ship. Now we substitute
these initial conditions into (4) to get

c-_P
B1+ B2

This, along with (4), implies that R(¢) has the explicit expression with respect to
S(t) as

InS(1) — P2 S(t) + P2

14
B1+ B2 B1 + B2 Bi+ B’

As the end point of the COVID-19 outbreak is defined as the time point when the
number of the infectious cases is less than one, we observe that E(co) 4+ I (c0) = 0,
which, along with S(¢) + E(t) + 1(t) + R(t) = 1 for time r > 0, yields that
S()=1—R(xx)=1-— R. Thus from (5), it follows that when t — oo,

14 - B2 - B2
In(1 — R) — 1—R .
B1+ B2 n ) ﬁ1+ﬁ2( )+ﬂ1+/32

R(t) = — (5)

R=—

After a simple computation, we have

In(l1 — R) = —ﬁé,
%

which prove that the final scope R of COVID-19 satisfies the implicit equation (3)
in Theorem 1.

Obviously, R = 0 is a trivial solution of Eq. (3). Now it suffices to prove the

existence of the non-trivial solution R, 0 < R < 1, under the condition that % > 1.

B

Setting f(x) =1 —x — e77]x, 0 < x < 1, and taking the derivative of f(x) with

] 2 8

respect to x, we have that f/(x) = %677])6 —land f"(x) = — (%) 7Y <0,

which yields that f(x) is a concave function, see Fig. 18. Letting f’(xp) = 0, we

have xog = % In % where xg € (0, 1) since % > 1. Moreover, f(1) = —6_71 <0,
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0.1 T
y=1 -x-exp-{-xﬂ1 Iy

-0.1

-0.2

>-0.3

Fig. 18 Curve of y = 1 — x — exp{xp1/y}

and f(xg) = ﬁll (’?/—1 —1—1In %), where f(xg) > Osincelnx < x — 1 forx €
(0, 1). By the intermediate value theorem, the equation f(x) = O has a non-trivial

solution R such that 0 < xp < R < 1, which shows that when % > 1, there exists

the claimed non-trivial solution Ii’, 0<R<1. O

Taking into account the numerical values used in Sect. 3.2, namely that 8; =
0.8643 and y = 0.1, we conduct the numerical simulation to solve the Eq. (3), see
Fig. 19. This illustrates that R has two solutions: zero and non-trivial solution, of
which the numerical solution is nearly 1. The simulation result is consistent with
the real data from the Cruise ship “Diamond Princess.”

Proof of Theorem 2 Without loss of generality, we only prove that R increases as
B increases. Taking the partial derivative of R with respect 1 on the both sides of

Eq. (3), we have
dR ) (R IR
9p1 14 Yy v ip

which yields that
9R B gexp{—%ﬁ}
B b {_ﬂ }
1 , €XPp ” R
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Y=1-R-exp{-8.643R}
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Fig. 19 Curves of Y = 1-R-exp{—8.643R} and Y = 0

Letu = %, where u > 1 following from Theorem 1. So it remains to show that

1 — ue "R = 0. Note that R is the non-trivial solution of Eqg. (3) and also is a

function of ;. Hence, the point R is the point on the horizontal axis corresponding

to the intersection of line y = x and curve y = 1 — e~ **. As shown in Fig. 20, since

—uR —uR —uR.

—u is above curve y = 1 — ue ; and

l—e R > 1 —ye R curvey=1—¢

curve y = 1 — ue™"X cross the horizontal axis at x = ]“T“ Thus we can show that
1 —ue ™R > 0, if we prove that on the horizontal axis point x = 1“7” is on the left
—ulnwju o I g gL Inw o 0 Ip fact

7 u u : ’

we define a function f(u) =1 — % — lnT” and obtain that f(#) > O for any u > 1,
which is due to f'(u) = 1;‘—2” > 0and f(1) =0. |

side of x = Ié, in other words, 1 — e

Proof of Theorem 4 Summing the second and third equations of system (1), and
then diving the sum by the first equation, we have

dE@+1®) _ 14 B
ds(n) Bi+B)SWH) B+ B2’

that is,
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Fig. 20 Illustration of the proof of Theorem 2

Y B
Br+B2)S@) B+ B2

d(E@) +1(1) = ( )dS(t).

Now we take the integral on both sides of the above equation to obtain that

B1 14
S
B1+ B2 (t)+ﬁ1-l-ﬂ2

E®)+1(1) =— InS(r) + C,

where the constant C is determined by the initial conditions as those in the proof of
Theorem 1. So we get C = B1/(B1 + B2). Further, we derive that E(¢) + I (¢) satisfy
the explicit expression with respect to S(¢) as

14 B Bi
E®)+1@) = InS(t) — S() + . (6)
B1+ B2 B1+ B2 B1+ B2
From (6), letting %&I(l)) = 0 implies that
14
S(it)=—,
© Bi

at which we get the maximum value of E(¢) + I (¢) as:
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_ 7 Y A1
Fax (1) = B1+ B2 <ln Bi l> * B+ B

which is the maximum scale of the infectious cases (including the latent ones and
the confirmed ones). d

Considering the numerical values 81 = 0.8643, > = 0.00007, and y = 0.1,
used in Sect. 3.2, we implement the numerical simulation for the Eq. (6), shown
in Fig.21. It can be seen that the fraction of infectious cases reaches its curve
peak 0.6347 when the percentage of susceptible individuals is about 0.1141, which
coincides with the real data from the “Diamond Princess” Cruise ship.

Proof of Theorem 5 Using (5) and letting

dR(@W) __ PSO+y
ds(t) Br+B)S@) —
we have
14
S —,
@ = 5

whereas, letting Zl;((f)) < —1 leads to

0.7

06 N

0.5 b

~ 04 .

E)+It

0.1F ]

0 01 02 03 04 05 06 07 08 09 1
S()

Fig. 21 Curve of E(t)+I(t) with respect to S(t)
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1.2

0.8 b

R(t)

0 01 02 03 04 05 06 07 08 09 1
S(t)

Fig. 22 Curve of R(t) with respect to S(t)

14
St < —.
Bi
Then we conclude that when S(7) > %, the scale of recovered cases, R(t), increases
slowly as S(¢) decreases; while when S(7) < ﬁll’ R(t) increases sharply as S(¢)
decreases. m|

The function R(¢) with respect to S(¢) is expressed as (5), and its curve of
R(t) with respect to S(¢) is shown in Fig.22, where we see that the curve of
R(?) is relatively gentle when S(¢#) > 0.1157, whereas the curve of R(¢) becomes
considerable steep when S(¢) < 0.1157.
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A 2D Kinetic Model for Crowd Dynamics @)
with Disease Contagion et

Daewa Kim and Annalisa Quaini

1 Introduction

The goal of this chapter is to extend to 2D a 1D model presented in [29] to study
the early stage of an infectious disease spreading in an intermediate size population
occupying a confined environment, e.g., a ER wait room, for a short period of
time (minutes or hours). In this context, classical epidemiological models fail as
they rely on averaged large population behaviors over a long time span (weeks or
months). We focus on a kinetic theory approach [9, 12] for a disease that it spreads
with close proximity of individuals, e.g., measles, influenza, or COVID-19. In the
first part of the chapter, we present a model for the disease spreading based on
the simplifying assumption that people’s walking speed and direction are given. In
the second part, ideas from the simplified model are used to incorporate disease
spreading in a kinetic theory approach for crowd dynamics.

The COVID-19 pandemic has motivated a large body of literature in mathe-
matical epidemiology. Several possible models have been investigated, including
individual-based Markov models (see, e.g., [20]), Susceptible, Exposed, Infectious,
or Recovered (SEIR) models (see, e.g., [25]), and networks of nodes where each
mode dynamics has a SEIR structure (see, e.g., [15, 21]). Some works (e.g.,
[31]) model the evolution of the COVID-19 epidemics in combination with other
phenomena, such as fear. Other works focus a multiscale modeling approach. A
notable example that features an interdisciplinary framework including applied
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mathematics, immunology, economics, and virology is [11]. Similarly, modeling
and simulation of disease spreading in pedestrian crowds has recently become
a topic of increasing relevance. In [19], contact evolution is combined with
a stochastic infection spread model to simulate disease spreading in queuing
pedestrians. Agent-based numerical simulations of pedestrian dynamics are used in
[23] to assess the behavior of pedestrians in public places in the context of contact
transmission of infectious diseases and gather insights about exposure times and the
overall effectiveness of distancing measures. Finally, we mention the combination
of a microscopic force-based model with a contact tracking method in [32] to
simulate the initial spreading of a highly infectious airborne disease in a confined
environment.

The model that we propose for disease spreading in a walking crowd takes
inspiration from the work on emotional contagion (i.e., spreading of fear or panic)
in Ref. [13, 36]. In order to focus on the spreading mechanism, we first introduce a
simplifying assumption: the walking speed and direction are given. The key features
of the resulting simplified model are:

— A variable that denotes the level of exposure to people spreading the disease,
with the underlying idea that the more a person is exposed the more likely they
are to get infected

— A model parameter that describes the contagion interaction strength

— A kernel function that is a decreasing function of the distance between a person
and a spreading individual

We show preliminary results for a problem involving a small crowd in a square
walkable domain with no obstacles or walls.

In the second part of the chapter, the simplifying assumption is removed: the
walking speed and direction result from a kinetic model of crowd dynamics,
which incorporates a term to account for disease spreading. Kinetic models are
derived from observing the system at the mesoscale (see, e.g., [1, 5-10]), i.e., the
intermediate scale between the macroscopic one (see, e.g., [17, 26, 34]) and the
microscopic one (see, e.g., [3, 16, 18, 24]). The framework for mesoscale models
comes from the kinetic theory of gases, with the main difference that interactions
of “active” particles are irreversible, non-conservative, and, in some cases, non-
local and nonlinearly additive [2]. In general, one derives the kinetic model from
interactions at the microscopic scale and the same modeling principles can lead
to macroscopic (or hydrodynamic) models. See, e.g., Ref. [4]. We remark that
the approach to model crowd dynamics with disease contagion presented here is
different from the one in Ref. [28], where two models (one for pedestrian dynamics
and the other for disease spreading) are coupled.

The particular kinetic model for crowd dynamics that we extend to account for
disease spreading was first presented in [27]. Based on earlier works [1, 6], the
model’s main features are:

— Discrete walking directions
— Interactions modeled using tools of stochastic games
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— Heuristic, deterministic modeling of the walking speed corroborated by experi-
mental evidence [33]

In [27], the model has been shown to compare favorably against experimental data
related to egression from a facility of a medium-sized group of people (40 to 138
pedestrians) [35]. In addition, we demonstrated that realistic scenarios, such as
passengers moving through one terminal of Hobby Airport in Houston (USA), can
be reproduced [29].

The chapter is organized as follows. We introduce our simplified contagion
model in Sect.?2 and its numerical discretization in Sect.3. Numerical results are
shown in Sect. 4. Section 5 presents the kinetic theory approach for crowd dynamics
extended to incorporate disease spreading. Conclusions are drawn in Sect. 6.

2 A Simplified Two-Dimensional Kinetic Model

We start from an agent-based model. At the microscopic level, we consider a group
of N people divided between healthy or not spreading the disease yet (Nj) and
actively spreading (N;), with N = Nj, + N;. If person n belongs to the group of
healthy (or not spreading) people, we denote with g,, € [0, 1) their level of exposure
to people spreading the disease, with the underlying idea that the more a person is
exposed the more likely they are to get infected. If person r is actively spreading the
disease, then g, = 1 and this value stays constant throughout the entire simulation
time.

Let [fo, t¢] be a time interval of interest. Let x,, () = (x,(¢), y» )T and v, (1)
denote the position and speed of person n for t € [t, t7], with initial position
x,(tp) and initial speed v, (fp) being given. The microscopic model reads for
n=1,2,3,...,N:

dx d i K
X va(cosd, sing)T, ZI2 =y max{(g, —qn), 0}, ¢, = L=t nmn

N,
dt dt S Knm

e))

where the walking speed v, and walking direction 6 are assumed to be given. In
model (1), g,; corresponds to a weighted average “level of sickness” surrounding
person n, with k, ,, serving as the weight in the average. We define «;, ,, as follows:

R e .
if m is spreading,

Ko =D = e e+ RO @

Kn,m =

0 otherwise.

Notice that if person m is spreading the disease, the interaction kernel is a
decreasing function of mutual distance between two people and is parametrized by
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an interaction distance R. The value of R is set so that the value of «, ;, is “small”
at about 6 ft or 2 m. More details are given in Sect.4. The meaning of parameter
y in (1) is contagion strength: for y = 0 there is no contagion, while for y # 0
the contagion occurs and it is faster for larger values of y. Note that obviously the
level of exposure can only increase over time. In addition, the second equation in (1)
ensures that the people spreading the disease will constantly have g, = 1 in time.

In order to derive a kinetic model from the agent-based model (1), we introduce
the empirical distribution:

LN
N — ~ Z(S(x —x,(t)8(q — qn (1)),

n=1

where § is the Dirac delta measure. We assume that all people remain in a fixed
compact domain €2 for the entire time interval under consideration: (x,(¢), g, (¢)) €
Q c R forn =1,2,3,...,Nand ¢t € [t0,tf]. Let P(R3) be the space of
probability measures on R>. The sequence {1} is relatively compact in the weak*
sense (see, e.g., [14]). Therefore, there exists a subsequence {hNk}k such that ANk
converges to 1 with weak*-convergence in P(R?) and pointwise convergence in time
as k — oo.
Lety € Cé (R3) be a test function. We have

LN g = i<iia<x—x (1)5(q — 4a (1)) w>
PEI T gy N &~ g m

dt g

d
d—ﬁZw(xm),qn(t))
1 N

N Z (¢Xvn cos 0 + Yyv, sin6 + ¥4y max{(q, — qn), O})

n=1

= (W, YrvcosB)r 4 + (WY, Yyvsinb)y

N
%qumax{(m_%)’o}’ 3)

m=1Kn,m

where (-)x , means integration against both x and g.
Let us define

1 N
p(x) = N;(S(" —x)

and
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N N
1 1
m(x) = <q, v E 3(x —xm)é(q — qm)> =¥ E (X — Xm)gm-
m=1 x m=1

.q
We have

1 & 1 <
N Z k(|xp —Xml) = <K(|xn - x|, NmZZI 5(x — xm)>x =K * p(xy,),

m=1

1Y 1Y
N Z k(1Xp — Xmgm = <K(|xn —XxJ), N Z 5(x — xm)‘]m>x =Kk xm(xp),

m=1 m=1

where (-), means integration only in x. Then, we can rewrite Eq. (3) as

d .
E<hN, V)xg = (WY, Yyvcos )y g + (B, Yyvsinb)y 4
+y<hN,wq max{” s —q,0}> . @)
K * ps x.q

Via integration by parts, Eq. (4) leads to
hY +V - (v(cos 8, sin)ThN) + y (max{(¢g* — ), 0}n™), = 0, (5)
where ¢* is the local average sickness level weighted by (2):

X, q)qdqdx
_q qaq . ©)
,X,q)dqdx

JJ x(x —XDh(,
[[ k(lx —XDh(t

q*(t,x) =

Letting k — oo, we obtain the limiting kinetic model from the subsequence 4V :
hy + V - (v(cos 6, sin®) T h) + y (max{(¢* — ¢), 0}h)4 =0, @)

where h(t, x, q) is the probability of finding at time ¢ and position x of a person
with level of exposure g if g € [0, 1) or a person spreading the disease if g = 1.

It is convenient to switch to non-dimensional variables. Let D be the largest
distance a pedestrian can cover in domain 2 and V), the largest speed a person
can reach. Then, we can define characteristic time T = D/ Vy,. Moreover, let py
be the maximum people density per square meter. The non-dimensional quantities
are: position X = x/D, walking speed b = v/ V), time f = ¢/T, and distribution
function i = h /pum. For ease of notation though, we will drop the hat with the
understanding that all quantities are non-dimensional unless otherwise specified.
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3 Discretization in Space and Time

In this section, we present the numerical discretization of model (7).

Let us start from the space discretization. Divide the spatial domain into a number
of cells [x; _ 1 X, 1 1 [yj_ 1 Vit 1 ] of length Ax and Ay, respectively. The discrete
mesh points x; and y; are given by:

. Ax o1
X = iAx, xi+1/2=X1+—=<l+—)Ax,

2 2
. Ay o1
yj =JjAy, Yirip =yt 5 = (J+5)Ay,
fori = 0,1,...,Ny and j = 0,1,..., Ny. The contagion level domain is

partitioned into subdomains [qk_%, qk+%] of length of Ag withk € 1,2, ..., Ny.

Ag 1
Gk = kAq,  Gr+172 = qr + -5 = (k + 5>ACI-
Here, Ny, Ny, and N, are the total number of points in x—, y—, and g — directions,
respectively.
Let us denote &; j x = h(t, x;, ¥;, qr). The average level of sickness is computed
using a midpoint rule for the integrals in (6):

2 207 27 ki jhi G xak Ag Ax Ay

, ¥
Dok 27 ik ihi 7k AgAx Ay

q*([, Xi, yj) ~ q;jj =

where if at (x7, )7) there is nonzero probability of finding a person who is spreading
the disease:

R
K7 = ,
T (=32 + (0 — )P + RO

otherwise «; = = 0.
We start with a first-order semi-discrete upwind scheme for problem (7), which
reads

Mijk = Niztjk i jk — Pij—1k n ygi,j,k% - Ei,j,kf%

9 h:
ik Ax Ay Aq

= O,
9

where

Nijk =vCcoSOh; jr, ¢ijk=vsinbh; i, (10)
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£ jar) = MAX {q;jj — Gy 0} hi k. (11)

Next, let us discretize in time. Let At € R, " = 19 + nAt, withn =0, ..., Nt
and ¢ty = fo + N7 At, where t is the end of the time interval under consideration.
Moreover, we denote by y” the approximation of a generic quantity y at the time ¢".
For the time discretization of problem (9), we use the forward Euler scheme:

1 !
I I ! ! —
Mgk~ Mict ke Pijre = Pij—1k Ei,j,k% éi,j,kf
+ +y
Ax Ay Aq

0=

I+1 _ 1
hi’j,k_hi,j’k — At

12)

To construct a scheme that is of second order, we add a flux limiter. Let ¢ be a
slope limiter function. For example, one could choose the Van Leer function:

6]+ 6
0) = : 13
p(0) T (13)

The space discretized Eq. (7) now reads

Nijk —Ni-1,jk N ik — Di -1k

duhij +
1tk Ax Ay
Sijhrt —&iju) y Cijiert = Cija—} _o, (14
Aq Aq
where
_ Ni+l,jk — Nijk  ((Mijk — Ni—1,jk
Mijk = Nijk + — ’2 - so(” L ) (15)
Ni+1,j,k — Ni,jk
— Qi j+1.k — Pijk [ Pijk — Pij—1k
Gijk =i jk + —— =@ | = —— ], (16)
b o 2 Gij+1,k — Pijk
Gk T+ Gkt _ %
Dty = 75 Sijkrd T 9 T ket
Wi,j,k—% =hijk— hi,j,k—%
1 At Wikt
Cijkry = 5 Skl <1 T Aq Si,jk+1 )Wi,j,kéw <—W. ) (17
i,j.k—73

In Eq. (17), the subscript kK is k-1 if' s; ikt > 0 and k+1 if s, ik < 0. Recall that
ni,j.k in (15) and ¢; j x in (16) are defined in (10), while Sl. Jk+d is defined in (11).
Thanks to the flux limiter, scheme (14) is of second-order scheme in velocity.
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For the time discretization of problem (14), we adopt again the forward Euler
scheme

— — —l —l
WL A ( Mk ik Gijk— Pij—1.k
I sl l _ !
Ei,j,k+% é":i,j,k—% Ci,j,k—i—% Ci,j,k—%
+y ) as)
Ag Ag
The time step At for scheme (12) or (18) is set as
1 A A A
At=-min] =X Y 24 (19)
2 maxy ¢x maxg qr 2y maxg gk

to satisfy the Courant—Friedrichs—Lewy (CFL) condition.

4 Numerical Results

We assess the approach presented in Sect. 3 through a series of tests. For all the
problems, the computational domain in the xy-plane is [0, 10] x [0, 10] m? before
non-dimensionalization, while g € [0, 1]. The dimensionless quantities are obtained
by using the following reference quantities: D = 10v/2m, Vyy = 1 m/s, T = 10+/2
s, and py = 7 people/m?. In all the tests, we take the initial density to be constant
in space and equal to pys. So, the group occupying the walkable domain consists of
700 people.

We set the interaction distance R = 1 m since this choice makes the value of the
kernel function relatively small at a distance of 2 m (or about 6 ft). See Fig. 1.

To discretize the walkable domain, we take Ax = Ay = 0.1 m, while we set
Ag = 0.01. We will consider two values for the contagion strength: y = 50 and
y = 10. The time step is set to Az = 5- 107 s for y = 50 and to Az = 25- 107>
s for y = 10 according to (19). First, we keep the group of people still (i.e., v = 0)
to make sure that the level of exposure evolves as expected. Then, in a second set
of tests, we let people walk and observe how the motion affects the spreading of the
disease. We run each simulation for ¢ € (0, 10] s.

4.1 Testswithv =0

We adapt two initial conditions from [29]:
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— ICI: people who are certainly spreading (i.e., ¢ = 1) are located outside the
circle of radius 1 m centered at (5, 5) m, while within that circle we place people

who have certainly not been exposed (i.e., ¢ = 0). See Fig. 2 (left).

— IC2: people who are certainly spreading (i.e., g = 1) are located outside the circle
of radius 2 m centered at (5, 5) m, while the rest of the people located within that

circle have certainly not been exposed (i.e., ¢ = 0). See Fig. 2 (right).

The difference between the two boundary conditions is that all the healthy people
in IC1 are exposed to spreading people, while some healthy people in IC2 are not
exposed to spreading people. Thus, we expect that the level of exposure for the

people who are centrally located rises faster for IC1 than for IC2.
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Figure 3 shows the evolution of the distribution density % for initial conditions
IC1 and IC2 with y = 50, together with a view of the results on a section of the 3D
domain. We observe that the level of exposure of the central group of healthy people
in IC1 increases quickly. In particular, we see that the shape from ¢* quickly moves
away from being close to a sharp discontinuity and gets closer to a paraboloid, since
the level of exposure increases faster for the people closer to the circle separating
healthy people from spreading people. As expected, the rise in the level of exposure
is much slower for the simulation with initial condition IC2. This is evident when
comparing the second and fourth row in Fig. 3. Moreover, notice that the healthy
people close to the center of the circle in IC2 get very little exposure to spreading
people.

Next, we consider initial condition IC1 and compare the evolution of the
distribution density & for y = 50 and y = 10. See Fig. 4. We see that the level of
exposure of the central group of healthy people increases faster for larger values of
y, as expected. Parameter y plays a key role in the evolution of the disease spreading
according to model (7). If one was interested in modeling a realistic scenario, such
as the spreading of COVID-19 in a ER waiting room, y would have to be carefully
tuned.

This first set of tests was meant to verify our implementation of method described
in Sect. 3 and to check that the disease spreading term in Eq. (7) (i.e., the third term
on the left-hand side) produced the expected outcomes. Next, we will set people in
motion.

4.2 Tests with Prescribed Walking Velocity

We assign to all people walking speed v = 1 m/s and walking direction 6 = /4,
as if they were headed to the upper right corner of the domain in the xy-plane. Once
the people in the spreading phase of the disease have left the domain, we assume
they cannot spread to the people in the walkable domain anymore.

We consider again IC1 and IC2 with y = 50. Figure5 shows the evolution
of the distribution density % for both initial conditions. As one would expect, the
motion contributes to lowering the exposure level in the both cases, since some of
the spreading people leave the domain as soon as the motion starts. This difference is
obvious when one compares the second (resp., fourth) row in Fig. 3 with the second
(resp., fourth) row in Fig. 5.

Finally, we modify the initial conditions to show that our model can handle also
more complex scenarios featuring uncertainties. IC1 and IC2 are changed to:

— ICl1-bis: people are positioned like in IC1 but the probabilities of finding people
with ¢ = 1 and ¢ = 0 is reduced and another value of ¢ is assigned at a given
(x,¥), i.e., at every location in the walkable domain the initial distribution has
two bumps in g. See Fig. 6 (left).
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Fig. 3 Tests with v = 0: evolution of the distribution density /4 for initial condition IC1 (first row)
and corresponding results on section y = 0.5 (second row), and evolution of /4 for initial condition
IC2 (third row) and corresponding results on section y = 0.5 (fourth row). Note that in all the
subfigures time is dimensional while space is non-dimensional. In both cases, we set y = 50. The
white dashed line in the images on row two and four represents ¢*. The legend for all the images
is the same as in Fig. 2
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Fig. 4 Tests with v = 0: evolution of the distribution density 4 for y = 50 (first row) and
corresponding results on section y = 0.5 (second row), and evolution of i for y = 10 (third
row) and corresponding results on section y = 0.5 (fourth row). In both cases, the initial condition
is IC1. Note that in all the subfigures time is dimensional while space is non-dimensional. The
white dashed line in the images on row two and four represents g*. The legend for all the images
is the same as in Fig.2
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Fig. 5 Tests with prescribed walking velocity: the first row shows the evolution of the distribution
density A for initial condition IC1 and highlighted in green is the section whose results are reported
in the second row. The third row shows the evolution of / for initial condition IC2 and highlighted
in green is the section whose results are reported in the fourth row. Note that in all the subfigures
time is dimensional while space is non-dimensional. For both cases, y = 50. The white dashed
line in the images on row two and four represents ¢*. The legend for all the images is the same as
in Fig.2
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Cky)

Fig. 6 Tests with prescribed walking velocity: initial conditions IC1-bis (top left) and IC2-bis
(top right). The initial data on the section highlighted in green in the top panels is reported in the
corresponding bottom panel

— IC2-bis: people are positioned like in IC2 but the probabilities of finding people
with ¢ = 1 and ¢ = 0 is reduced and, similarly to IC1-bis, another value of ¢ is
assigned at a given (x, y). See Fig. 6 (right).

Figure 7 shows the evolution of the distribution density 4 for initial conditions IC1-
bis and IC2-bis with y = 50.

5 A More Complex 2D Kinetic Model

In this section, we remove the simplifying assumption used in Sect. 2, i.e., walking
speed v and direction 6 are no longer assumed to be given. Instead, they result from
the interaction with the surrounding people. Following [1, 27, 29], we account for
the granular feature of the system (i.e., the fact that the distance between pedestrians
can range from small to large) by discretizing 6. Instead of being continuous,
variable 6 can only take values in the set:
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Fig. 7 Tests with prescribed walking velocity: the first row shows the evolution of the distribution
density £ for initial condition IC1-bis and highlighted in green the section whose results are
reported in the second row. The third row shows the evolution of 4 for initial condition IC2-bis
and highlighted in green the section whose results are reported in the fourth row. Note that in all
the subfigures time is dimensional while space is non-dimensional. In both cases, we set y = 50.
The white dashed line in the images on row two and four represents ¢*. The legend for all the
images is the same as in Fig. 6
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i—1
d

192{9,'2 27’[:i=1,...,Nd},

where N, is the maximum number of possible directions. As for the walking
speed v, we assume it depends on the local level of congestion as demonstrated
by experimental studies. Thus, variable v is treated as a deterministic variable.

Let x = (x, y) denote position. For the above-mentioned assumptions on 6 and
v, the distribution function can be written as

Ng
FU.x.0) =" fi(t.x)86 —6), (20)

i=1

where f!(z, x) represents the people who, at time ¢ and position x, move with
direction 6;, and § denotes the Dirac delta function. Like for the model in Sect. 2, it
is convenient to switch to non-dimensional variables: position x = x/D, walking
speed b = v/Vy, time f = ¢/T, and distribution function f = f/pm. Once
again, we will drop the hat for ease of notation though, with the understanding
that all variables from now on are non-dimensional. Due to the normalization of f
and the f; functions, the dimensionless local density is obtained by summing the
distribution functions over the set of directions:

Ng .
pt,x) =" f'@, ). 1)
i=1

The model in [1, 27, 29] features two key parameters:

— «a € [0, 1], which represents the quality of the walkable domain: if o« = 1 the
domain is clear, while if « = 0 an obstruction is present. Note that o could be
dependent on space (and possibly time) in a prescribed way.

— ¢ € [0, 1], which represents the overall level of stress: ¢ = 0 indicates no stress,
while ¢ = 1 indicates a high stress situation.

Parameter « plays a role in determining the walking speed: where o« = 1 people can
walk at the desired speed (i.e., Vi), while where o = 0 people are forced to slow
down or stop. See, e.g., [27] on how to define the walking speed v = v[p](¢, x, @),
with the square brackets denoting that v depends on p in a functional way. Parameter
¢ plays a role in the selection of the walking direction when interacting with
other pedestrians. Indeed, the choice of the walking direction among the possible
directions in Iy results from four competing factors:

1. The goal to reach a target, e.g., the gate of an airport terminal
2. The desire to avoid collisions with the walls and other obstacles
3. The tendency to look for less crowded areas

4. The tendency to follow the stream or “herd”
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Parameter ¢ weighs between 3 (prevailing when stress is low) and 4 (prevailing
when stress is high).

In order to explain how the four factors are modeled, we need to introduce some
terminology. Interactions involve three types of active particles (or people):

— Test particle with state (x, 6;): they are representative of the whole system.

— Candidate particle with state (x, 6;,): they can reach in probability the state of the
test particle after individual-based interactions with the venue (walls, obstacles,
or target) or with field particles.

— Field particle with state (x,0): their interactions with candidate particles
determines a possible change of state.

Note that if a test particle changes their state (in probability) into that of the test of
the test particle as a result of the interactions with field people, the test particle loses
their state.

We call Ay (i) the probability that a candidate particle with direction 6, adjusts
their direction to 6; (the direction of the test particle) due to the interaction with the
venue. The transition probability that the candidate particle changes their direction
to 6; (direction of the test particle) in the search for less crowded areas if their stress
level is low or to 6, (direction of the field particle) if their stress level is high is
denoted by By (i). The sets of all transition probabilities A = {A()}n,i=1,...N,
and B = {8k ()} k,i=1,..,n, form the so-called tables of games that model the
game played by active particles interacting with the venue and other particles,
respectively. See, e.g., [27] for more details.

In order to state the mathematical model, we need two more ingredients:

— The interaction rate with the venue w[p] : it models the frequency of interactions
between candidate particles and the venue and it is assumed to have a functional
dependence on p. In fact, it is easier for pedestrians to see the walls, possible
obstacles, and their target if density is low.

— The interaction rate with other pedestrians 5[p]: it defines the number of binary
encounters per unit time. This rate depends on p in a functional way too since if
the local density increases the interaction rate also increases.

For possible ways to set u[p] and n[p], see, e.g., [27].

In order to derive the mathematical model, one has to take the balance of particles
in an elementary volume of the space of microscopic states, considering the net flow
into such volume due to transport and interactions. Let J7[ f] be the net balance of
particles that move with direction 6;:

. Na 1 .
T %, 9) = lp] Zfo ) 10, %, andan — £t x, )
h=1

Na 1 pl
el 3 /0 /0 B i) £ (0, %, qn) 140, %, g danday

h,k=1
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—fi(t,x,q)p(t,x)) (22)

due to interactions with the venue (first term at the left-hand side of (22)) and with
the surrounding particles (second term at the left-hand side of (22)). Then, the model
is given by:

af! ;
a_J; +V. (v(cosei, sin0)" f1(t, x, q))

R 9 * ’0 i
= JfNx ) + v (maX{(qaq 9). 0/7) 23)

fori =1,2,..., Ng. Problem (22)—(23) is completed with Eq. (21) for the density
and a suitable law v = v[p](¢, x, ) that relates the walking speed to the density.

While modeling motion in 2 dimensions (x and y), Eq. (23) is a 3D problem
in variables x, y, and ¢. Its numerical approximation requires a carefully designed
scheme to contain the computational cost. Here, we are only going to present ideas
on how to design such a scheme. Numerical results will be presented in a follow-
up paper. Following what we have done in [30] for emotional contagion, we will
split model (23) into subproblems that are easier to solve using operator splitting
(see, e.g., [22]). For example, with the Lie splitting algorithm one could break
problem (23) into: (i) a pure advection problem that features the contagion term,
i.e., the last term in Eq. (23), and (ii) a problem involving the interaction with the
venue and other pedestrians. Then, suitable finite difference scheme will be applied
for the space and time discretization of problems (i) and (ii).

6 Conclusions

We presented a way to design a kinetic type model to simulate the early stage of an
infectious disease spreading in an intermediate size population occupying a confined
environment for a short period of time.

In order to focus on the spreading mechanism, in the first part of the chapter we
adopted a strong simplifying assumption: people’s walking speed and direction are
given. The disease spreading is modeled using three main ingredients: an additional
variable for the level of exposure to people spreading the disease, a parameter for
the contagion interaction strength, and a kernel function that is a decreasing function
of the distance between a person and a spreading individual. For such a simplified
model, we propose a first-order and a second-order finite difference scheme. We
tested our numerical approach on simple 2D problems and verified that the level of
exposure evolved as expected, even in scenarios featuring uncertainties.

In the second part of the chapter, we used ideas from the simplified model to
incorporate disease spreading in a kinetic theory approach for crowd dynamics.
The appealing feature of kinetic (or mesoscopic) models for crowd dynamics is the
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flexibility in accounting for multiple interactions (hard to achieve in microscopic
models) and heterogeneous behavior in people (hard to achieve in macroscopic
models). Modeling crowd dynamics and disease contagion in two spatial dimensions
requires the solution of a 3D problem, the additional variable being the contagion
level. The design of an efficient numerical scheme for such problem will be an object
of a follow-up paper.
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Multiscale Derivation of a m)
Time-Dependent SEIRD ke
Reaction-Diffusion System for

COVID-19

Mohamed Zagour

1 Introduction

The outbreak of the new coronavirus, called COVID-19, caused by severe acute
respiratory syndrome coronavirus 2 (SARS-CoV-2) appeared in December 2019,
apparently occurred in Wuhan, China. The spread of the epidemics has been very
fast, thus covering almost all countries in the world. The World Health Organization
declared it to be a pandemic on March 11, 2020. Thus, pandemic has severely
affected the economy, health, and security of the society all over the world. Data are
impressive, as by February 2021 more than 100 million people have been infected
and more than 2 million people died [1].

Mathematical models can contribute both to crisis managers and to research
in epidemiology, however without naively claiming that mathematics can tackle
the problem of derivation of models by a standing alone approach. For example,
models can depict a variety of epidemic scenarios depending on the models’
parameters. In addition, they can contribute to a deeper understanding of the
contagion mechanisms. Accordingly, models may help in decision making, for
instance, about containment measures, lock-down, and vaccination campaigns.

Several models have been proposed to describe the evolution of epidemics, which
can be denoted as collective or network models. Collective models describe the
spread of the epidemic in a population using a limited number of collective variables
with a small number of parameters. For instance, logistic models [27, 41], gener-
alized growth models [16], Richards models [34], susceptible-infected-recovered
(SIR) models [4, 27], and SEIR (susceptible-exposed-infectious-removed) mod-
els [16].
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Note that SIR, SEIR, and other similar models belong to the class of compart-
mental models, see [13, 16, 35, 37], while an exhaustive presentation, which includes
qualitative analysis and biological applications, is delivered in [32].

Network models treat a population as a network of interacting individuals, and
the contagion process is described at the microscopic level; see [24, 42]. Data on
the spread of the epidemics are available in [19, 29, 31]. Modeling of vaccination
dynamics and medical actions are treated in [28, 39].

New concepts that look forward to challenging research perspectives are given
in [18], where the author introduces the interested reader to conceivable derivation
of compartmental models as natural development of classical SEIR models but also
new concepts are proposed on the contagion dynamics on short- and long-range
interactions somehow related to droplets and breathing, on the role of transportation
networks, on the immune reaction to the virus, and on the role of vaccine. See
also [20] for developments of SEIR models to account for Covid-19 biological
dynamics. A multiscale approach is proposed in [8] by coupling the individual-
based contagion dynamics to that of the in-host competition in the lung of infected
individuals by a dynamics, where full recovery, need of hospitalization, and eventual
death are related to proliferation of the virus contrasted by the virus. The interested
reader is addressed to [8, 18] not only for a broad reference to the existing literature
but also for various challenging research perspectives.

In this chapter, we deal with a multiscale approach to derive time-dependent
SEIRD reaction—diffusion system (1) from kinetic theory model by using the micro—
macro decomposition method. First, we rewrite the kinetic model as a coupled
system of microscopic part and macroscopic one and subsequently macroscopic
models are derived by low order asymptotic expansions in terms of a small param-
eter. This approach has been applied to the micro—macro application in different
fields. For instance, chemotaxis phenomena related to the celebrated Keller—Segel
model [5] and formation of patterns induced by cross-diffusion in a fluid [3, 6, 9].
This technique motivated the design of numerical tools that preserve the asymptotic
property, for instance [23, 26]. These methods design stable numerical schemes in
the limit along the transition from kinetic to macroscopic regimes.

Section 2 presents a phenomenological derivation of a macro-scale model of
virus contagion and diffusion in space. In Sect.3 we briefly present the micro—
macro method, which leads to the derivation of system (1) from a kinetic model.
Section 4 is devoted to the development of an asymptotic preserving numerical
scheme in one dimension, inspired by paper [3]. The method guarantees uniform
stability with respect to the parameter ¢, related to the mean distance between
particles, as well as consistency with the reaction—diffusion limit. In Sect. 5, we
provide some numerical simulations obtained with micro-macro formulation and
with the macroscopic scheme, where we show the asymptotic preserving numerical
scheme property. In addition, we demonstrate the effect of the diffusion terms in
system (1), and its sensitivity with respect to the transmission function.
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2 Phenomenological Modeling of Diffusion Population
Dynamics

Let us consider a population constituted by Ny individuals, which can be subdivided
into a number of sub-population, in short SP, each characterized by a different
biological state. In more details we consider the following SP whose states are
defined by their number, referred to as Ng, depending on time and space, where
individuals correspond to:

. N(z, x) Alive

. S(t, x) Susceptible
. E(t, x) Exposed

. I1(t, x) Infected

. R(t, x) Recovered
. D(t, x) Died

AN N AW =

The aforementioned normalization with respect to Ny implies that
N, xS, xHE (@, xH (t, x)+ R, xHD(t, x)=1, t >0, x e,

where €2 is a bounded domain within which the population is confined.
The derivation of the mathematical model can be obtained according to the
following assumptions:

1. Individuals diffuse within Q2 by a diffusion coefficient ¢(x) depending on a
spatial distribution, which considers the preferred directions of propagation.

2. The interaction dynamics is modeled by a source term involving the different
interactions of SP as shown in Fig. 1.

3. Modeling of interactions’ accounts uses the parameters reported in Table 1,
which also reports the parameters underlying the assumptions of the models of
the interactions shown in Fig. 1.

4. Susceptible may become Exposed with a transmission function B(¢) due to
contact with infectious individuals. While exposed can become infectious with a
& rate and infectious SP recover with a y rate.

5. A time-dependent transmission rate function is considered. It incorporates the
impact of government action (i.e., total or partial lockdown), wearing the mask
and respecting sanitary protocol such as the social distance. A typical example is
a step-wise function; see Sect. 4.
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Natural death Flu related death

Fig. 1 The flow diagram of spatially homogeneous SIERD model

Table 1 Description of the parameters of the SEIRD system

Parameter Description

A Recruitment rate assumed A = u N

I Natural death rate for susceptible individuals
B(t) Transmission rate function

& Rate of progression from exposed to infectious
y Recovery rate of infectious individuals

o Virus-induced average fatality rate

Assumptions 1-5 lead, by straightforward calculations, to the following model:
1
S =diV-(p1(x)VS) + A —uS - ﬁ(t)SN,
1
WE =doV - (@2(x)VE) + ,B(I)Sﬁ —(n+8)E,

ol =dsV - (3(x)VI) +EE — (v + p+ ), M

R =dsV - (p4(x)VR) +yI — iR,

a;D ZOlI,

where d;, i = 1, - - - , 4 are the diffusion coefficients considered positive constants.
Mathematical model (1) is implemented with the following initial and boundary
conditions:

0S _9E 9l _dR _

— = =—=—=0, x€d2, t>0,

v v v v

$(0.x) = So(x), E(0,x) = Eg(x), 1(0,x) = Ip(x), x € Q. 2)
R(0,x) = Ro(x), D(0,x) = Do(x), x € Q.

Assuming ¢x) = 1 and B(¢) = By yields a spatially inhomogeneous SEIRD
problem [30, 36]. However, if d; = 0, system (1) reduces to a spatially homogeneous
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SEIRD problem; see, e.g., [2, 17, 21, 22, 25, 33]. In this case, if A = u = 0 and
& = oo, system (1) is reduced to the classical SIR system.

Our chapter proposes a new model with additional features: (1) a transmission
rate function rather than a constant and (2) the diffusion of individuals depends
on a spatial distribution, which considers the preferred directions of propagation
modeled by the functions ¢;(x) for i = 1,...,4, which models the diffusion
coefficient in the territory. Concretely, the model takes into account both transport
and diffusion and, subsequently, the modeling of these terms takes into account
the specific geography of the territory and, in particular, the transport network.
Recent literature on this subject has been developed in [10-12]. We mention that
the diffusion can be nonlinear. So, ¢; = ¢;(x, h;) fori = 1,...,4 where hy = S,
h)=FE,hy=1,and hy = R.

Considering a time-dependent transmission function can help to modeling the
different strategies taken to defeat the virus, for instance, partial or total lockdown
and the vaccination campaign. In general, the growth of the viral epidemic can be
estimated by the basic reproduction ratio, denoted by Ry, which is the classical
epidemiological measure associated with the reproductive power of the disease. For
our system (1), it is given by the following function:

3
R = , 3
D= o et ®

which provides a threshold for disease-free equilibrium point stability. Precisely, if
Ro(r) < 1, the disease declines and disappears; while if Ro(¢#) > 1, an epidemic
develops; see, e.g., [21, 40].

3 From Kinetic Theory Model to SEIRD Reaction-Diffusion
System

Let us consider a multiscale approach to derive time-dependent SEIRD reaction—
diffusion system (1) from a kinetic theory model by using the micro—macro
decomposition method. First, we present its properties. Next, we rewrite it as a
coupled system of microscopic part and macroscopic one and subsequently we
derive macroscopic model by low order asymptotic expansions in terms of a small
parameter.

3.1 Kinetic Theory Model

According to the parabolic—parabolic scaling limit [14], the kinetic theory model
can be stated as follows fori =1, ..., 4:
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1
Salﬁ—i_v'vx_fi:g(]vi[fls"'1ﬁ—11ﬁ+11"'1f4](ﬁ)+€Gi(fls~--7f4)a

0:D =oz/ fzdv,
v

fi(0,x,v) = fiolx,v), D(0, x) = Do,

“)
where f1(¢,x,v),---, fa(t,x,v) are the distribution functions describing the
statistical evolution of susceptible, exposed, infected, and recovered individuals,
respectively. t > 0, x € R, v € V are, respectively, time, position, and velocity.
The term 7; is the stochastic operator representing a random modification of
direction of individuals and the operator G; (i = 1,...,4) describing the gain—
loss balance of individuals. The mean free path ¢ measures the distance between
individuals.

The micro-macro decomposition method is based on the assumptions in the
following.
The turning operator 77; is decomposed as follows:

7~i[f1$"' ?fl'*lv fi+1v 7f4](fl)=7_[1(fl)+87-12[f1’ ’fifl? fi+17 7f4](fi)s

where ’7? represents the dominant part of the turning kernel and is assumed to be

independent of f1, ---, fi—1, fi+1, -, fa. The operators TIJ fori =1, ---,4and
j = 1,2 are given by:

71 (f) =/ (T W, ) fi e, x,0%) = T (0, 07) fi (1, x, v))dv*, 5)
|4

where Tij is the probability kernel for the new velocity v € V given that the previous
velocity was v*.
We assume that the operators 7; satisfy

/fr,-dv=/7;‘dv=/fr§dv=o, i=1,...,4 (6)
\%4 \%4 \%4

and that there exists a bounded velocity distribution M;(v) > 0 independent of ¢
and x such that

T (v, v)M; (v*) = T (0%, v) M (v) (7)
holds.

The flow produced by these equilibrium distributions vanishes and M; are
normalized, i.e.,
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/ vM;(v)dv =0, /Mi(v)dvzl, i=1,...,4 ®)
14 1%
Regarding the probability kernels, we assume that Tl.1 (v, v*) is bounded, and there
exist a constanto; > 0 (i € {1, ..., 4}), such that

T (v, %) = 01 M; (v), ©)

forall (v,v*) e VxV,x € Qandt > 0.
Using the same arguments as in [3], the operator ']"l1 has the following properties.

Lemma 1 Assuming that hypothesis (6), (7), and (8) are satisfied. The following
properties of the operators '7'l1 fori=1,...,4 hold true:

d
(i) The Operal‘or‘f?1 is self-adjoint in the space 12 (V, v E) )).
i(v

d
(ii) For f € Lz, the equation"/—il(g) = f has a unique solution g € 12 (V, 7] E) )>,
i (v

satisfying
/g(v)dv=0 = / fw)ydv=0.
v 14

(iii) The equation 7'}(g) = v M;(v), has a unique solution denoted by 6;(v) for
i=1,...,4
(iv) The kernel 0f‘7',~1 is N(‘T}) = vect(M;(v)) fori =1,...,4.

3.2 Micro-Macro Formulation

We rewrite the kinetic theory model (4) as a coupled system of microscopic part and
macroscopic one. The main idea of the micro—macro method is to decompose the
distribution function f; fori =1, ..., 4 as follows:

filt,x,v) = M;(Vu;(t, x) +egi(t, x, v),
where

ui(t,x) = (fi(t,x,v)) ::/ fi(t,x,v)dv.
Vv

Then (g;) = 0fori =1, ..., 4. Inserting f; in the kinetic model (4) and using the
above-stated assumptions and properties of the interaction and the turning operators
yields
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1 1
0 (M; i) + edy i + —vMi(v) - Vui +v - Vgi = =T} (1)

1
_7’2 st s Ji—1, Ji s T Mll
+-Tilh fi—1, fir1 fal(Mju;) (10)

T2 f1s s fimts fitts s fal(@) + Gi(fis oo, fa),

0:D = aqus.

The micro—macro decomposition method is based on two steps. First, we use the
projection technique to separate the macroscopic density u; (¢, x) and microscopic
quantity g;(¢,x,v) for i = 1,...,4. For that, we consider Py, the orthogonal
projection onto N('Til), fori =1, ..., 4. It follows

dv
Py (h) = (WYM; (v), f het?|(v, , i=1,...,4.
M;(v)(h) = (h)M; (v) or any ( M,»(v)) i

Inserting the operators I — Py, into Eq. (10), using known properties for the
projection Py, i = 1,---,4, and integrating this equation with respect to the
variable v yields the following micro—macro formulation:

1 1 1
0igi + M) - Vi + —(I = Py)(v - Vi) = 8—27‘}(&-)
1 2
+g7"l~ Lo, ficts fivts oo, fal(Miu;)

1
FTH S s fimts firts -5 fal(gi) + S = Pu)Gi(fis--. fo),

atui + <U : vgt) = <Gi(f17 RN} f4)>s

0D = aus.
1)
The following proposition shows that micro—macro formulation (11) is equiva-
lent to kinetic model (4).

Proposition 1

(i) Let (f1, ..., fa) be a solution of kinetic theory model (4). Then
(u1,...,u4,81,...,84) is a solution of micro-macro formulation (11)
associated with the following initial data fori =1, ...,4:

1
uit =0 =uj0="(fio), &t=0=go= g(fi,o — M;u; o). (12)
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(ii) Conversely, if (uy,...,us, g1, ..., 8ga) is a solution of micro—macro formula-
tion (11) associated with the following initial data (u1 0, . .., 44,0, 81,0 - - - » 84,0)
such that (gi.0) = 0, then (f1, ..., fa) is a solution of the kinetic theory model

(4) with initial data f; 0 = M;u; o+ €gi.0 and we have u; = ( f;) and (g;) =0,
fori=1,...,4

In order to develop asymptotic analysis of system (11), we assume that the
interacting operators ‘7'1.2 and G; satisfy the following asymptotic behavior in the
limit
T2 Myuy +eg1, ..., Mi—yui—y +egi—1, Mig1ttis1 + €git1, ..., Maug + egal :
= 7'1'2[M1”17 v Miquio, Mipiuig, ..o, Maug] + O (e),
(13)
and
Gi (M @i +egu. ... Ma(yug + ega) =Gi (Mi@ur. ... Ma(yus) +0(e),
(14
fori =1,...,4 . The micro—macro formulation (11), which is equivalent to kinetic
theory model (4), allows to obtain a general macroscopic model as ¢ goes to 0.
Indeed, using (14) and (11), we obtain fori =1, ...,4
TH(ei) = vM;(v) - Vu; — THMur, ..., Mi_qui—y, Mit1uigt, . .., Maugl(Miu;).
From Lemma 1, property (i7), the operator 77; is invertible. This implies
-1
& = (‘T,l) (UMi NVup — THMyuy, ..o, Mi—yui—y, Migittig, ..., Maus)
(Miwy)). (15)

Inserting (15) into the second equation in (11) yields the following macroscopic
system:

du; + <v : V(‘Til)_l(vMi(v) Vu;
~T2Muy, ..., Mi—jui—y, M1z, - . ., M4M4](Miui))>

= (G @i, ... M)+ 0(@),

atD = xus.
(16)
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Thanks to the following equalities:

(o vah ™ (vMiw) - Vui)) = V- (0@ 6:) - Vui),

and

/-\

i

VDT (TAMun, - Mo, Misitig, . Maugl (M) ))
S i (T2 Myuy, ... Mi—qui—1, Mistisy, ... M4u4](Mi)>,

M. Zagour

where 6; (v) are given in Lemma 1 fori = 1, ..., 4, we obtain the following general

reaction—diffusion system:
Oiu; +V - (Fi(ul, e Ui L Ui, - ug)U — dy - Vui)
= H;(uy,...,us) + O(e),

0D = aus,
where d; and the functions I'; and H; are given by:

di = —(v®6;(v)),

HiGuy, ... ug) =<Gi(M1(v)u1,...,M4(v)u4)>, fori=1,....

” ui‘Tiz[Mlul,---,Mi—lui—l,Mi+1ui+1,---,M4M4](Mi)>,

A7)

(18)

19)

(20)

To derive system (24), we consider in (4) specific choices of the appeared terms in

the kinetic theory model (4). Namely,
ur=S, ur=FE, wus3=1, us=R.

The probability kernel Tl.1 is given by:

, fori=1,...,4.
)
This implies

7_}(g) = —o,-(g — M,-(v)(g)) =—0,g fori=1,...,4.

21
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Using (8), (21) and Lemma 1, then 6; is given by:

1
9,' = ——UM,'(U).
Oi

The other probability kernel Ti2 is given by:

oidi Mjv
72 = ZG YV .v(—), fori=1,...,4.
i 7 (14 ¢i(x)) M or i
From (5) and Eq. (19), we obtain
d
F,:u—(l-l-(pl(x))Vu,

i

The modeling of the interaction operators G; is given by:

1
Gi(fiv-eo f9) = (A = ufi - pi Al

1
Gz(fl,---,f4)=—(ﬂ(l)fl——(u+§)f2)

|‘1/| (22)
G3(f1,..., fa) m(éfz—()“l—u-#“)fa)

1
G4(f1,~~-»f4)=m(l/f3—uf4)

where n = 1 — Z fi — D. Then, using the definition of H; in (20) to obtain from

i=1
(22) the following equality:

I
Hi(S.E. 1. R) = A~ uS = p()S .

1
H (S, E, I, R)Z,B(t)SIN—(M+E)E, (23)

Hy(S,E,I,R) =§FE — (y + 1+ o),
Hi(S.E,I,R) = yI — uR.

Collecting the previous results, we obtain the time-dependent SEIRD reaction—
diffusion system (1) of the order O (¢)
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1
S =diV-(p1(x)VS) + A — usS — ﬁ(t)SN + O(e),

1
WE =doV - (2(x)VE) + ﬂ(t)Sﬁ —(u+8EEH O(e),

24
0l =d3V - (p3(X)VI) +EE — (y + n+ )] 4+ O(e), 9

R =dyV - (pa(x)VR) +yI — pR + O(e),

BZD =uol.

4 Numerical Method

We adopt an asymptotic preserving numerical scheme in one dimension based on the
micro—macro method developed in Sect. 3. This method designs uniform stability
with respect to the parameter ¢, related to the mean distance between particles, as
well as consistency with the reaction—diffusion limit. The discretization of micro—
macro formulation (11) is carried out with respect to each independent variable
(time, space, and velocity).

4.1 Semi-Implicit Time Discretization

We present a time discretization of micro—macro formulation (11). We denote by
At a fixed time step, and by #; a discrete time step such that fy = k At k € N. The
approximation of u; (¢, x) and g; (¢, x, v) at the time step #; are denoted, respectively,
by uf? ~ ui(f, x) and g; ~ g;(f, x, v).

In the first microscopic equations of (11), the only term that presents a stiffness

1
in the collision part, for small ¢, is —‘T",-l(gi). Hence, we take an implicit scheme

to ensure the stability for this term, while the other terms are still explicit.
Consequently,

k+1 k
8  — &

1 k 1 k 1 k+1
M Vi (= Py Vgp) = 8—2771(&. )

1
+8_27~12[M1u]1<’ ey Mi_1uf_1 , Ml'+1u{»€+1, e, M4M§](Miuf~()
(25)

1
+g‘7',-2[M1u’f, cees Mi—luf'{_l» Mi+1uf+1, ces M4M§](g,k)

1
+-U - Pu)Gi (X, b, ub, ub).
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In the second macroscopic equations of (11), we take the function g at the time #1,
which gives

Wk

S+ 0 V) = (Gt b ). (26)
Proposition 2 The time discretization (25) and (26) is consistent with (16) in the
limit.

4.2 Fully Discrete Asymptotic Preserving Numerical Scheme
in 1D

We construct a suitable space discretization of (25) and (26). The domain under
consideration is [—a, a]. The velocity space [—V, V] can be treated by using a
standard discretization. 4

We define a staggered grid x; = jAx, j = 0, ..., Ny with N, = A_x and

the cell center points X1 = (- %)Ax, j=0, ..., Ny + 1. Letu andg |

-2

be approximations of u; (f, x;) and g; (f, x =L v), respectlvely. The m1croscoplc
2

equation (25) is discretized at points x ., 1, while the other macroscopic equations
2

Jj+
(26)) are discretized at point x ;. Then, we obtain

k+1 k k k
8. .18 . 1 uk ok 8 .18 . 1
ij+y  Cijt+y 1 ij+1 T U 1 ij+y Cij—4%
#-{-—ZUM(U) ! ] +—(I_PM,~)<U+#
At e e Ax
k k
8 — 8. .
Ljt3 iLjt3 1 k+1 k
+ —THg + - = Pu)Gis .\,
Ax 82 (l]+1) ( M) ( ; 4J+1)
1
+—THMuS o Mo , M u® v, Myu® M;u*
g2 il e e T ) atty g Mig ;1)
M, MR , M qu® s, My®
+=T7[M; 1j+d i—1 i—1,j+1 i+1 i+1,j+1 4 4]+1](glj+1)
and
uk+1 _ uk g{({rl = g{‘{rl |
ij ij Lits Li=2 k k
+{v =(Gi(u1j,~~~,u4j)),
At Ax ’ ’
_ UWijyrtui
where ui’j+% = =
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Proposition 3 The time and space approximation in 4.2 of kinetic equation (4) in
the limit € goes to zero satisfy the following discretization:

o - [rh (om O I Y T

At Ax Ax Ax
—T%[Mlu]iH%, e M,»_luf,‘_l’H%, Mi+1uf,‘+l’j+%, e M4u§’j+%](M,-uff’j+%)
_7“}2[M1ulij7%, R Mi_lufil,jf%’ Mi+1ui'{+1,j7%’ e, M4ui,j7%](M"uij7%))]>
=(Gi | yoee oy )

which is consistent with the first equation of (15).

4.3 Boundary Conditions

For the numerical solution of the kinetic equation (1), usually the inflow boundary
conditions are prescribed as follows:

ﬁ(h xmins U)zf‘i,l(v)3 v >07 ﬁ(ts xmaXs U):ﬁ,r(v)’ v <O3
fori=1,...,4.

Thus, the inflow boundary conditions can be rewritten in the micro—macro formula-
tion (11) as follows:

i (X0 My (0) + 5 (810 3y, ) + 810, x_1.0) = fuu@). v <0,

&
ui(t, xnIMi(v) + 2 (it xy 1. 0) + 8it xy 1, 0) = fir@), v>0.

We consider the following artificial Neumann boundary conditions for the other
velocities:

gi(t,x%, v) = gi(t,x,%, v), v<0,
gi(tv-xNX_;’_%av)=gl'(t5'xNx_%av)a v>0'

Furthermore, the ghost points can be computed as follows:
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2 () =g w1 0) — 11 0=,
k+1 €
gty = @
g{<+l

1
Ly

=

, v <0,
and

2 k+1 +1
g(f,~,,(v) — M (v)) g v <0,

k+1
gi,Nx+% - (28)
k+1

v > 0.
gi,Nx_%

Finally, from (4.2) we have

2A1 k1 _ ok At k+1
(14 Sa Mo Juig! = b = {0+ v =0l

2”z+ k k
+ - Tfl(v)>At Gi(ul,o, Ty, u4’0),

(29)
2At k+l ok At 20~
(1- M, ) )ul it =uky - ol A
_(v_v +v )gk+1 |)+AtGi(u]1(,NX"“’ufl,NX)'

5 Numerical Results

In this section, we provide some numerical simulations obtained both with the
micro—macro formulation presented in Sect.4 and from the macroscopic scheme.
First, we show the asymptotic preservation numerical scheme property. Second, we
demonstrate the effect of the diffusion terms on the evolution of individuals and its
sensitivity for the different choices of the reproduction ratio Ry. Finally, we show
how the transmission function g(¢) influences the evolution of the pandemic.

We consider that the velocity space is the interval V. = [—1.1] with the
number of grids N, = 164, which can provide sufficient precision for numerical
simulations [15]. The step time is 7 = 1073 and the space domain is the interval

= [—2,2] with the number of cells Ny, = 200. We take the following set
of parameters as an example to analyze the results by varying some of them:
uw = 1/83, o = 0.006, & = 1/4,and y = 1/8. Three cases of the diffusion
coefficients are considered: (a) without diffusion (d; = 0), (b) with diffusion,
namely d; = 0.05, d» = 0.025, d3 = 0.001, and d4 = 0, the same as Reference
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[36] where the functions ¢;(x) = 1, and (c¢) same as the case (ii) with diffusion
coefficient depending on x, namely, ¢;(x) =| x |. Finally, we take the following
initial conditions:

So = 2.6 (exp(_(x(;;gs)z) + exp(—(%)%)/(o.%),
(1) Y Ip = 0.04 exp(—2 x2),
Eyp = Rp =0,

and

So = 0.96 exp(—10(£)?),
(ii) § Iy = 0.04 exp(—2x2),

5.1 Test 1: Asymptotic Preserving Numerical Scheme Property

In this test we aim to validate the asymptotic preserving numerical scheme property.
We consider the initial conditions (i), the diffusion case (b), and the reproduction
ratio is Rp = 2. In Fig. 2, we show the numerical results of susceptible, exposed,
and infected individuals obtained with micro-macro scheme presented in Sect. 4
and with macroscopic numerical scheme at successive instants + = 0.5, 1, 5, 10.
We observe that the obtained numerical results have almost the same profiles in the
limit when the parameter ¢ = 2 x 10_k, with k = 0, 1, 2, 3, 4, 6, goes to zero.
This confirms that the asymptotic preserving numerical scheme is uniformly stable
along the transition from kinetic regime to macroscopic regime, which illustrates
the result in Proposition 3.

5.2 Test 2: Diffusion Effect

In this test we demonstrate the effect of diffusion over the interacting individuals.
We consider the initial conditions (i7) and the reproduction ratio is Ry = 2. Figure 3
shows the numerical results of susceptible, exposed, and infected individuals
obtained with asymptotic preserving scheme where ¢ = 107 in three cases: without
diffusion, case a) illustrated in sub-figures (a)—(c), with diffusion case (b) illustrated
in sub-figures (d)—(f), and with diffusion case (c) illustrated in sub-figures (g)—
(i). We observe that the individuals are all centered around the axis x = 0 in
the absence of diffusion. Whereas, when we consider diffusion with ¢; = 1, it is
clear that individuals are more spreading within the domain. In the last case, where
@i (x) =| x |, we notice that the spreading is limited around the axis x = 0.
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Fig. 2 Dynamics of the densities f (first column), f> (second column), and f3 (third column)
obtained with the asymptotic preserving numerical scheme for ¢ = 2 x 0% k=0,1,2 34,6
and with the macroscopic numerical scheme using initial conditions (i) at successive time ¢t =
0.5, 1,5, 10

5.3 Test 3: Role of the Transmission Function

Here we show how the transmission rate function influences the evolution of the
pandemic. First, we consider constant values of 8 = 0.03, 0.075, 0.1799, 0.7497,
1.12, 2.2491 (the corresponding reproduction ratio is Ry = 0.2, 0.5, 0.8, 1.2, 5,
15, respectively). Figure 4 shows the variation over time of susceptible, exposed,
and infected individuals with diffusion case (b) at x = 0 performed with the
initial condition (i). We observe that for small values of the transmission rate,
the proportion of infected individuals is low. In addition, steady state results in a
relatively small proportion of the population in the recovered individuals, while
the bulk of the population remains in the susceptible individuals (who have not
caught the disease). However, for relatively high and moderate values of g, a large
proportion of individuals are found at equilibrium in recovered individuals. This
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(a) (b) (©

(d) (e) ()

(g) (h) &)

Fig. 3 Evolution of densities fi, f2, f3 obtained with the asymptotic preserving numerical
scheme for ¢ = 107 and initial condition (ii): without diffusion case (a) (sub-figures (a), (b),
(¢)), with diffusion case (b) (sub-figures (d), (e), (f)), and with diffusion case (c) (sub-figures (g),
(h), (i)). The reproduction ratio is Ry = 2

means that most of the population caught the disease and got infected, and then
recovered. Note that in this case only a relatively small proportion of the population
remains in the susceptible individuals. Finally, we notice that infected and exposed
individuals disappear after a reasonable period of time, while susceptible and
recovered individuals reach a non-zero constant at steady state.
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Fig. 4 Time variation of the numerical results obtained with the asymptotic preserving scheme
using initial condition (ii), & = 107°, and diffusion case (a) at x = 0. The transmission rate
values are § = 0.03, 0.075, 1.12, 0.1799, 0.7497, 2.2491

Now, let us consider a time-dependent transmission rate () giving by the
following step-wise function:

,B(I) = 0.12]1[(),1/3](1) + 2~2491]1]T/3,2T/3](t) + 0-015]1]2T/3,T](t)7 (30)

where T = 100.

Figure 5 shows time variation of infected and died individuals obtained with
the asymptotic preserving numerical scheme with ¢ = 107°, diffusion case (b),
and initial condition (ii) at x = 0. It is clear that the numbers of infected and
died individuals increase from time ¢ = 10. In fact, this occurs because of the
value of B, which corresponds to Ro(z) = 15 > 1. As time progresses, we notice
that the numbers of infected and died individuals decrease at time 7 > 20. This
happens thanks to the choice of the transmission rate function, where a small value
of Ro(t) = 0.2 < 1 is considered.
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Fig. 5 Time variation of infected and died individuals obtained with asymptotic preserving
numerical scheme using initial condition (ii) and diffusion case (b), at x = 0. The transmission
rate function B(¢) is given by Eq. (30) and & = 10~°

6 Conclusion and Perspectives

In this chapter, a time-independent Susceptible-Exposed-Infectious-Recovered-
Died reaction—diffusion system for the virus pandemic has been proposed. This
system is derived from kinetic theory model using the multiscale approach.

Various promising numerical simulations have been provided in three tests. First,
the asymptotic preserving numerical scheme has been shown to be uniformly stable
along the transition from the kinetic regime to the macroscopic regime. Second, how
the diffusion terms affect the spreading of the pandemic has been performed with
three cases. Finally, the role of the transmission rate function has been demonstrated.

We think that this chapter opens interesting perspectives such as extension of
the proposed macroscopic model by adding cross-diffusion terms, and looking for
applications in other fields, e.g., the mechanism of normal and infected cells [7, 38].
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